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Abstract 
We assume that it is useful for a robot to construct 
a spatial representation of its environment for naviga- 
tion purposes. In addition, we assume that robots, like 
people, make occasional errors in perceiving the spatial 
features of their environment. Typical perceptual er- 
rors include confusing two distinct locations or failing 
to identify the same location seen at different times. 
We are interested in the consequences of perceptual 
uncertainty in terms of the time and space required to 
learn a map with a given accuracy. We measure accu- 
racy in terms of the probability that the robot correctly 
identifies a particular underlying spatial configuration. 
We derive considerable power by providing the robot 
with routines that allow it to identify landmarks on 
the basis of local features. We provide a mathematical 
model of the problem and algorithms that are guaran- 
teed to learn the underlying spatial configuration for a 
given class of environments with probability 1 - 5 in 
time polynomial in l/S and some measure of the struc- 
tural complexity of the environment and the robot’s 
ability to discern that structure. Our algorithms ap- 
ply to a variety of environments that can be modeled 
as labeled graphs or deterministic finite automata. 

Introduction 
In previous work [Basye et al., 19891, we have ar- 
gued that robot map learning - inferring the spa- 
tial structure of an environment relevant for naviga- 
tion - can be reduced to inferring the labeled graph 
induced by the robot’s perceptual and locomotive ca- 
pabilities. Following Kuipers and Byun [Kuipers, 1978, 
Kuipers and Byun, 19SS] and Levitt et al. [Levitt e2 
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a/., 19871, we assume that the robot has sensory ca- 
pabilities that enable it to partition space into regions 
referred to as docaldy distinctive places (LDPs), and 
that the robot is able to navigate between such regions 
reliably. 

The graph induced by the robot’s capabilit,ies has 
vertices corresponding to LDPs and edges correspond- 
ing to navigation procedures. In an office environment, 
the LDPs might correspond to corridors and the junc- 
tions where corridors meet and the navigation proce- 
dures to control routines for traversing the corridors 
separating junctions [Dean et al., 19901. 

We are interested in algorithms for learning the in- 
duced graph in cases where there is uncertainty in sens- 
ing. Uncertainty arises when the information available 
locally at an LDP is not sufficient to uniquely identify 
it (e.g., all L-shaped junctions look pretty much alike 
to a robot whose perceptual apparatus consists solely 
of ultrasonic range sensors). Uncertainty also arises as 
a consequence of errors in sensing (e.g., occasionally a 
T-shaped junction might be mistaken for an L-shaped 
junction if one corridor of the junction is temporarily 
blocked or the robot is misaligned with the walls of the 
corridors, resulting in spurious readings from specular 
reflections). 

In general, it is not possible for a robot to recover the 
complete spatial structure of the environment [Dudek 
et al., 19881 (e.g., the robot’s sensors may not allow it 
to discriminate among distinct structures). As a result, 
we will be satisfied if the robot learns the discemable 
structure of its environment with high cm2;fidence. In 
the following sections, we will define precisely our use 
of the terms ‘discernable’ and ‘high confidence.’ 

Preliminaries 
To formalize the problem, we represent the interaction 
of the robot with its environment as a deterininistic 
finite automaton (DFA). In the DFA representation, 
the states correspond to LDPs, the inputs t,o robot 
actions (navigation procedures), and the outputs to 
the information available at a given LDP. A DFA is a 
six tuple, A4 = (Q, B, Y, C, Qo, 7)) where 
e Q is a finit e nonempty set of states, 
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e B is a finite nonempty set of inputs or basic actions, 
0 Y is a finite nonempty set of outputs or percepts, 
o 5 is the transition function, ( : Q x B --f Q, 
e 40 is the initial state, and 
Q y is the output function, y : Q - Y. 
Let A = B* denote the set of all finite sequences of ac- 
tions, and ]a] denote the length of the sequence a E A. 
Let q(a) be the sequence of outputs of length ]a] + 1 
resulting from executing the sequence a starting in Q, 
and qu be the final state following the execution of the 
sequence a starting in q. An automaton is said to be 
reduced if, for all q1 # q2 E Q, there exists a E A 
such that ql(u) # 42(u). A reduced automaton is used 
to represent the discernable structure of the environ- 
ment; you cannot expect a robot to discern the differ- 
ence between two states if no sequence of actions and 
observations serves to distinguish them. A homing se- 
quence, h E A, has the property that, for all ql, q2 E Q, 
ql(h) = ax(h) implies qlh = qnh. Every automaton has 
a homing sequence; however, the shortest homing se- 
;;;;Te may be as long as ]&I2 [Rivest and Schapire, 

There are a variety of sources of supplementary 
knowledge that can, in some ca.ses, simplify inference. 
For instance, it may help to know the number of states, 
IQ], or the number of outputs, ]Y I. It often helps to 
have some way of distinguishing where the robot is or 
where it was. A reset a.llows the robot to return to 
the initial state at any time. The availability of a reset 
provides a powerful advantage by allowing the robot to 
anchor all of its observations with respect to a uniquely 
distinguishable state, qo. A homing sequence, h, allows 
the robot to distinguish the states that it ends up in 
immediately following the execution of h.; the sequence 
of observations q(h) constitutes a unique signature for 
state qh. Rivest and Schapire [Rivest and Schapire, 
19891 h s ow how to make use of a homing sequence as 
a* substitute for a reset. A sequence, d E A, is sa.id 
to be a distinguishing sequence if, for all ql, q2 E Q, 
ql(d) = q2(d) implies q1 = q2. (Every distinguishing 
sequence is a homing sequence, but not the other way 
around.) A distinguishing sequence, d, allows the robot 
to distinguish the states illat it starts executing d in; 
the sequence of observations q(d) constitutes a unique 
signature for q. Not all automata have a distinguishing 
sequence. 

Uncertainty in Observation 
In this paper, we are interested in the case in which 
the observations ma.de at an LDP are corrupted by 
some stochastic noise process. In the remainder of this 
paper, we distinguish between the output function, y, 
and the observation function, ‘p. We say that the out- 
put function is unique if Vq,, q2 E Q, yy(ql) = y(q2) 
implies q1 = 42; otherwise, it is sa.id to be ambiguous. 
If the output function is unique and cp = y, then there 
is no uncertainty in observation and learning is easy. 

The case in which the output function is ambiguous 
and cp = y has been studied extensively. The prob- 
lem of inferring the smallest DFA consistent with a set 
of input/output pairs is NP-complete [Angiuin, 1978, 
Gold, 1978l.l E ven finding a DFA polynomially close 
to the smallest is intractable assuming P#NP [Pitt 
and Warmuth, 19891. Angluin [Angluin, 19871, build- 
ing on the work of Gold [Gold, 19721, provides a 
polynomial-time algorithm for inferring the smallest 
DFA given the ability to reset the automaton to the 
initial state at any time and a source of counterex- 
amples. In Angluin’s model, at any point, the robot 
can hypothesize a DFA and the source of counterex- 
amples will indicate if it is correct and, if it is not, 
provide a. sequence of inputs on which the hypoth- 
esized and actual DFAs generate different output,s. 
Rivest and Schapire show how to dispense with the 
reset in the general case [Rivest and Schapire, 19891, 
and how to dispense with both the reset and t,he 
source of counterexamples in the case in which a 
distinguishing sequence is either provided or can be 
learned in polynomial time [Rivest and Schapire, 1987, 
Schapire, 19911. 

This last result is particularly important for the task 
of learning maps. For many manlmade and nat,ura.l 
environments it is straightforward to determine a dis- 
tinguishing sequence. Iii most office environnient,s, a 
short, randomly chosen sequence of turns will serve to 
distinguish all junctions in the environment. Large, 
complicated mazes do not have this propert’y, but we 
are not interested in learning such environments. 

The case in which cp # y is the subject of t,his paper. 
In particular, we are interested in the case in which 
there is a probability distribution governing what the 
robot observes in a state. There are several alt,ernatives 
for the sample space of the distribution governing the 
robot,‘s observations. 

ln this paper, we concentrate on the case ii1 which 
each visit’ to a location is an independent, trial. To 
avoid pathological situations, we assume t,hat t,he robot, 

better than proba.bilit’y observes t,he a&,ual output wit,h 
chance; that is, 

bl E Q, Wcp(q) = Y(d) 2 (2 > 0.57 

where, in this case, p(q) is a random varia.ble ranging 
over Y. This model is a special case of the hidden 
Markov model [Levinson et al., 19831 in which state 
transitions are deterministic and the stochastic pro- 
cesses associa.ted with the observations of states are 
restricted by the above requirement. The closer Q is 
to l/2, the less reliable the robot’s observations. In 
the following section, we provide algorithms that al- 
low the robot to learn the structure of its environment 
with probability 1 - S for a given 0 < 6 < 1. We 
are interested in algorithms that learn the environment 

‘There has to be some requirement on the size of the 
DFA, otherwise the robot could choose the DFA corre- 
sponding to the complete chain of inputs and outputs. 
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in a total number of steps that is polynomial in l/5, 
l/(a - l/2), and the size of the automaton, Ih/rl. 

We do not consider the case in which the robot re- 
mains in the same state by repeating the empty se- 
quence of actions and observes the output sufficiently 
often to get a good idea of the correct output. Our 
rationale for not considering this case is that the inde- 
pendence assumption regarding different observations 
of the same state are not even approximately satisfied 
if the robot does not take any overt action between ob- 
servations, whereas if there are overt actions between 
observations, the observations are more likely to be in- 
dependent. 

Learning Algorithms 
In the following, we present a high-probability, 
polynomial-time procedure, Localize, for localizing the 
robot (directing the robot to a state that it can dis- 
tinguish from all other states), and then show how 
this procedure can be used to learn environments in 
which the robot is given a distinguishing sequence.2 
Finally, we discuss how Localize might be used to learn 
a distinguishing sequence in certain cases in which a 
distinguishing sequence is guaranteed to exist. We do 
not assume a reset. We do, however, assume that the 
transition graph is strongly connected, thereby avoid- 
ing the possibility that the robot ca.n become trapped 
in some strongly connected component from which it 
can never escape. 

The localization procedure 

The procedure Localize works by exploiting the fact 
that movement is deterministic. The basic idea is to 
execute repeatedly a fixed sequence of actions until the 
robot is certain to be “going in circles” repeating a 
fixed sequence of locations visited, corresponding to a 
cyclic walk in the underlying deterministic automaton. 
If we knew the period of repetition of the sequence of 
locations, we could keep separate statistics on the out- 
puts observed at each location. These statistics could 
then be used to deduce (with high probability) the cor- 
rect outputs at those locations, and hence to localize 
the robot by supplying a signature for the state the 
robot is in. 

The problem then is to figure out the period of repe- 
tition of the walk with high probability. We keep statis- 
tics for the alternative hypotheses for the period of the 
cycle, which are then analyzed to determine with high 
probability the true period of the cycle. 

Recall that the Markov assumption implies a sta- 
tionary probability distribution over the outputs at 

2 In [Kaelbling et al., 19871, we consider a more effi- 
cient approach for the case in which y is unique which, 
under more restrictive conditions than those required .in 
this paper, infers the underlying automaton by estimating 
the transition probabilities on the observed states (i.e., the 
probability of observing i next given that the robot ob- 
served j last). 

each state. If the states are numbered from 1 to n 
and the outputs are oj for j = 1,2,. . . , k, let ai,j de- 
note the probability of observing symbol oj given that 
the robot is in state i. 

We assume an upper bound m on the number of 
states of the automaton. Let s = blb2 . . .b~~l be a se- 
quence of one or more basic actions; we assume that 
s is a distinguishing sequence for the underlying au- 
tomaton. Let pi be the state reached after executing 
the sequence of actions P+‘, that is, m repetitions of 
s followed by i repetitions of s. The first m repetitions 
ensure that the robot is in the cyclic walk. The se- 
quence of states qo, ql, q2, . . . is periodic; let p denote 
the least period of the cycle. Note that p < m. Our 
main goal is to determine (with high probability) the 
value of p. 

For each e = 0, . . . , Is] - 1, we also consider the 
sequence of states qf reached after executing the se- 
quence of actions sm+“brb2 . . . be. That is, y% is the 
state reached from q; by executing the first e Isa.sic ac- 
tions from the sequence s. For each e, the sequence 
d,dd&... is also periodic of period p. 

For each e, consider the sequence of (correct) outputs 
from the states sf: 7% = y(qf). The output sequence 
Y~,YLY~,.*.. is also periodic, of some least period pe 
dividing p. Since we are not assuming the outputs are 
unique, pe may be smaller than p. However, p will be 
the LCM of all the pe’s. 

It is clear that p is a multiple of each pe, so suppose 
instead that the LCM p” of all the pe’s is a proper divi- 
sor of p. This implies that as we traverse the cycle of p 
distinct states, qo, ql, . . . qP, the output sequences qi (s) 
must repeat with period p” < p, which implies that 
two distinct states have the same sequence of outputs, 
contradicting the assumption that s is a distinguishing 
sequence. 

Thus, it would suffice if we could determine each of 
the values pe, and take their LCM. In fact, what we will 
be able to do is to determine (with high probability) 
values qe such that pe divides qe and qe divides p - this 
also will be sufficient. To avoid the superscripts, we 
describe the procedure for the sequence qo, ql, qa, . . .; 
it is analogous for the others. 

Consider any candidate period x 5 m, and let 
g = gcd(p, 4. For each 0 5 i 5 x - 1, consider 
the sequence of states visited every 7r repetitions of 
s, starting with m + i repetitions of s. This will be the 
sequence of states qi, qi+, qi+sx, qi+3*, . . . . Since qi is 
periodic of period p, this sequence visits each state of 
the set {qi+hg : k = 0, 1, . . . , p/g - 1) in solne order, 
and then continues to repeat this cycle of p/g states. 

Hereisanexampleforp= 15,7r= lO,g=5. Inthis 
case, row T of Table 1 gives the indices of the states 
visited every 10 repetitions of s, starting from m + 1 
repetitions of s, assuming that the basic period of the 
states under repetitions of s is qo, q1, . , . , q14. 

Note that in Table 1, the set of states visited for row 
Y is the same as the set of states visited for row 13 + 5, 
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Step # I States visited 
0 10 5 0 10 5 . . . 
1 11 6 1 11 6 . . . 
2 12 7 2 12 7 . . . 
3 13 8 3 13 8 . . . 
4 14 9 4 13 9 . . . 
5 0 10 5 0 10 . . . 
6 1 11 6 1 11 . . . 
7 2 12 7 2 12 . . . 
8 3 13 8 3 13 . . . 
9 4 14 9 4 14 . . . 

Table 1: Sequences of visited states 

for 0 5 r 5 4. This holds in general: the set of states 
visited every x repetitions of s starting from m + 1 
repetitions of x is the same as the set of states visited 
every 7r repetitions of s starting from m + T + g repeti- 
tions of 7r. Thus, the sequence of sets So, S1, . . . , S,-1 
is periodic with period g. 

In the special case x = p, row 1’ will consist exclu- 
sively of visits to state qr. In the special case g = 1, 
that is, 7r and p relatively prime, each row will consist 
of repetitions (in some fixed order) of a visit to each of 
the p states. 

What we observe Of course, what we can observe 
is just the stochastically determined output at each 
state the robot visits. The overall operation of the 
algorithm will be to repeat the action sequence s a 
total of m + m2t times, with t chosen to ensure that 
we know the true output frequencies accurately, with 
high probability. For each candidate period 7r 5 m we 
form a table with 7r rows numbered 0 to 7r - 1, and k 
columns, one for each possible output symbol gj. In 
row r and column j we record the relative frequency 
of observations of symbol aj a.fter executing P+l’+‘* 
for 21 = O,l,...,mt - 1. Since T 5 m and r 5 T - 1, 
these observations are all available in a run containing 
nz + m2t repetitions of s. 

If in this table each row has a “majority output” 
whose observed frequency is a.t least + + $sep, where Y 

the table is said to be plausible. Otherwise, the table 
is ignored. If the table is plausible, we then take the 
sequence of 7r majority outputs determined by the rows 
and find the minimum period r’ (dividing 7~) such that 
the sequence of majority outputs has period K’. As our 
candidate for the period of the sequence of outputs we 
take the LCM of all the numbers r’ obtained this way 
from plausible tables. 

Justification Why does this work? When x = p, 
the rows of the table correspond exactly to the dis- 
tinct states qr, so with high probability in each row 
we will get a frequency of at lea.st a + $sep for the 
correct output (provided t is large enough) from each 

state, and therefore actually have the sequence of cor- 
rect outputs for the cycle of p states, whose period is 
(by hypothesis) p’. Thus, with high probability the ta- 
ble corresponding to 7r = p will be plausible, and one 
of the values 7r’ will be p’ itself. 

When 7r # p, as we saw above, the set of states S, 
visited in row T is determined by g = gcd(r, p) and 
1’ mod g. In the limit as t becomes large each state in 
S,. is visited equally often and the expected frequency 
of aj for row r is just the average of oi,j over i E S,. . 
Since the sets S,. are periodic over 1’ with period g, 
the expected frequencies for a given symbol in rows 
0,1,2 )...) ?r- 1 is periodic, with least period dividing 
g. Thus, provided t is large enough, if the table for x 
is plausible, the value K’ will be a divisor of g (with 
high probability), and so a divisor of p. 

Thus, with high probability, the value we determine 
will be the LCM of p’ and a set of values 7r’ dividing p, 
and therefore will be a multiple of p’ and a divisor of 
p, as claimed. Recall that we must repeat this opera- 
tion for the sequences qf determined by proper prefixes 
of the action sequence s, and take the LCM of all the 
resulting numbers. However, the basic set of ohserva- 
tions from m + m”t repetitions of s can be used for all 
these computations. 

Required number of trials In this section, we de- 
termine a sufficient bound on t to guarantee that with 
probability 1 - 5, the observed output frequencies con- 
verge to within asep = +$(a - $) of their true values. 
Recall that p denotes the least period of the sequence 
qo, (11,427 ’ * . . 

First consider the frequency table for 7r. Let g = 
gcd(p, X) and p = gh. Let Sr = {qil,qi2,. . . ,qi,> be 
the set of states visited in row 1’ of the table. Let V, 
denote the number of visits to state qi, used in calcu- 
lating row 7’. The expected frequency of observa.tions 
of output Uj in row 1’ is 

The total number of visits to states in row I* is mt, 
and the states are visited in a fixed cyclic order. Since 
h 5 m, each state in S,. is visited at least t times in 
row 1’. More precisely, for each U, U, is either Lmt/hJ 
or [mt/hj. 

If we choose t sufficiently large that for each state 
i in S,. the observed frequency of output gj is within 
$sep of ai,j with probability at least l-S/lsll;~~~, then 
with probability at least 1 - 6/lslkm”, the observed 
frequency of symbol gj in row 7’ will be within isep 
of its expected value fr,j, and with probability at least 
1 - S/Is/m, each of the at most km entries in the table 
for K will be within $sep of its expected value. In this 
case, the probability will be at least l-S/Is1 that all the 
values in all the (at most m) tables will be within $sep 
of their expected values. We repeat this operation for 
each of the IsI proper prefixes of s, so, in this case 
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the probability is at least 1 - 6 that all the observed 
frequencies in all the tables considered for each prefix 
of s will be within $sep of their expected values. 

We consider what happens in the case that all the en- 
tries in all the tables are within fsep of their expected 
values. In the case x = p, the expected value of the cor- 
rect output for state q,. and hence row Y of the table is 
at least o, which means that the observed frequencies 
for the correct outputs will all exceed $ + $sep, and 
the table will be plausible and the “majority outputs” 
will be the correct outputs, of period p’ by hypothesis. 

In the case of ?r # p, no output aj whose frequency 
f,*,j in a row is at most $ can have an observed fre- 
quency exceeding 3 + $sep. Thus, each output with 
an observed frequency exceeding i + isep has a true 
frequency of greater than $, and so is uniquely deter- 
mined for that row. This guarantees that if the table 
for x is plausible, then the “majority output” from 
row T is uniquely determined by the set S,. , and the se- 
quence of “majority outputs” will be periodic of some 
period dividing g = gcd(r,p), as claimed. Thus, as- 
suming all the values in all the tables are within $sep 
of their expected values, the LCM of the values of 7r’ 
will correctly determine a value q that is a multiple of 
p’ and a divisor of p. Since this is true for each prefix 
of s, the correct value of p is determined. 

In the extended version of this paper, we show that 
it is sufficient to repeat s 

times in order to guarantee that Localize succeeds with 
probability at least 1 - 6. 

The algorithm Based on the discussion above, we 
now present Localize. 

For simplicity, we assume that all the possible out- 
puts are known and correspond to the integers 
1 Y”‘, L. Build a table T(;rr, !Z, ?a, j) of size m x IsI x 
m x Ic. Initialize all the table entries to zero.3 

Execute the sequence s m times to ensure that the 
robot is in a closed walk that it will continually tra- 
verse for as long as it continues to execute s.~ 

Initialize the sequence counter: R - 0 and the step 
counter: c - 0. 

Execute s at least N times, incrementing R each 
time. After executing each individual step, do: 

(a) Increment the step counter: c - c + 1. Let 
e = c mod IsI, and j be the label observed im- 
mediately following execution. 

31f the labels are not known, then the table can be 
constructed incrementally, adding new labels as they are 
observed. 

4Following Step 2, the next action should be the first 
action in s. 

(b) For each 7r = 1.2.. . . , m - 1, the table entry 
I 

T( 7r, e, R mod 7~, j) is incremented by 1. 

Let 

Let P be the LCM of all 7r’ such that there exist T 
and e such that for all Y < K there exists j such that 
F(~F, -!Z, T, j) > 4 + ;sep and X’ is the period of the 
outputsargrnaxjF(;lr,4?,r,j)forr=O,l,..., X-1. 

Conclude that the robot is currently located at 
the state corresponding to row T = R mod P in 
the main table for P, and return as the hypothe- 
sis for the correct outputs of the distinguishing se- 
quence s from this state the sequence of outputs 
arg maxj F(P, 4!, T, j) for 4! = 0, 1, . . . , IsI - 1 followed 
by arg maxj F(P, 0, (r + 1) mod P, j). 

The map learning procedure 

Now we can define a procedure for learning maps given 
a distinguishing sequence, s. Suppose for a moment 
that Localize always returns the robot to the same state 
and that the robot can always determine when it is in 
a state that it has visited before. In this case, the 
robot can learn the connectivity of the underlying au- 
tomaton by performing what amounts to a depth-first 
search through the automaton’s state transition graph. 
The robot does not actually traverse the state transi- 
tion graph in depth-first fashion; it cannot inana.ge a 
depth-first search since, in general, it cannot backtrack. 
Instead, it executes sequences of actions corresponding 
to paths through the state transition graph starting 
from the root of the depth-first search tree by return- 
ing to the root each time using Localize. When, in the 
course of the search, a state is recognized as having 
been visited before, an appropriate arc is added to the 
inferred automaton and the search ‘backtracks’ to t(he 
next path that has not been completely explored. 

The algorithm we present below is more complicated 
because our localization procedure does not nccessar- 
ily always put the robot in the same fina. stat,e and 
because we are not able to immediately ident’ify the 
states we encounter during the depth-first sea.rch. The 
first problem is solved by performing many searches 
in parallel ,’ one for each possible (root) state that 
Localize ends up in. Whenever the Localize is executed 
the robot knows (with high probability) what state it, 
has landed in, and can take a step of the depth-first 
search that has that state as the root node. The second 
problem is solved by using a number of executions of 

5The idea of using multiple searches starting from the 
states resulting from Localize is similar to the way in which 
Rivest and Schapire [Rivest and Schapire, 19891 run mul- 
tiple versions of Angluin’s L’ algorithm [Angluin, 19871 
starting from the states the robot ends up in after execut- 
ing a given homing sequence. 
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the distinguishing sequence from a given starting state 
to identify that state with high probability. 

The algorithm, informally, proceeds in the following 
way. The robot runs Localize, ending in some state q. 
Associated with that state is a depth-first search which 
is in the process of trying to identify the node at the 
end of a particular path. The actions for that path are 
executed, then the distinguishing sequence is executed. 
The results of the distinguishing sequence are tabu- 
lated, then the robot begins this cycle again with the 
localization procedure. Eventually, the current node 
in some search will have been explored enough times 
for a high-probability determination to be made about 
its unique signature. Once tha.t is done, if a node with 
the same signature has been identified previously in 
this search, the two nodes are identified in the hypoth- 
esized state transition graph and the search backtracks. 
If the signature is new, then a new node with the corre- 
sponding signature is added to the hypothesized graph 
and the search proceeds to the next level of depth. We 
now explain the algorithm more formally. 

The algorithm With each state, q, that the robot 
ends up in using Localize, we associa,te a. set, Vq , of pairs 
(x, y), where x is a sequence of basic actions represent- 
ing a path through the state transition graph and y is 
a. high-probability estimate of the sequence of outputs 
obtained by executing the distinguis-hing sequence, s, 
after executing the actions in d: starting from Q. That 
is, with high probability qx(s) = y. In addition, each q 
has a current path, xg and signa.ture estimation table, 
Tu. The signature estimation table is indexed in one 
dimension by IsI, the length of the distinguishing se- 
quence, and in the other dimension by rl-, the number of 
possible outputs. The set of states in the hypothesized 
automaton is acquired over time from the output of 
Localize and the high-probability signatures obtained 
in identifying states. We will refer t,o states and their 
signatures interchangeably. Each time a new signa.ture 
is encountered, the robot initia.lizes the associated data. 
structures as follows. 

1. v4 - ww>l 
2. xq - First(B) 
3. For each 0 5 i 5 IsI and 1 5 j 5 k, T,[i, j] t 0. 

Here we assume that the set of basic actions, B, is 
ordered and that First(B) denotes the first action in 
B. The null sequence is denoted A. Using the above 
initialization subroutine, the map-lea.rning procedure 
is described as follows. 

1. Execute Localize, ending in some state q. 

2. If q is new, then initialize it. 
3. Execute x9. 

4. For current output aj, increment Tq [0, j]. 
5. For i from 1 to IsI, 

(a.) Execute next basic a,ction in s, getting output aj. 

(b) Increment T4 [i, j] . 
6. If sum of the entries in a row of Tp equals M (in this 

case the distinguishing sequence has been executed 
M times from the end of the current path), then 

(4 
(b) 
(4 

(d) 

Let y = s1 . . . ~1~1, where si = argmaxj Ty [i, j]. 
Add (xg , y) to VP. 
If there is no other entry in Vq with signature equal 
to y, then set xg to the concatenation of x9 and 
First(B), else backtrack by setting xg to t#he next 
unexplored path in a depth-first search of Vq or 
return Vq if no such path exists. 
For all 0 < i 5 IsI and 1 5 j 5 k, T,[i, j] - 0. 

7. Go to Step 1. 

Required number of steps The above procedure 
will return the results of the first depth-first search 
that is finished. The returned Vq contains all of the 
information required to construct the sta.te t8ra.nsition 
graph for the automaton with high probability xssum- 
ing that Localize succeeds with high enough probabil- 
ity and that the estimations used in identifying sta.tes 
are correct with high enough probability. Suppose that 
p = 1 -S is the probability that Localize succeeds. The 
parameter p must be chosen so that 1/(2tr) < [3 < 1, 
by setting N appropriately. In the extended version of 
this paper, we show that for fixed /3 if 

1 
M = 2(Q@ - l/2)2 In 

2WmPI 
. ql 

then the above algorithm will learn the map exactly 
with probability at least 1 - 7, and so the algorithm is 
polynomial in l/(c~ - i), IBI, Ic, m, IsI, and l/11. 

Learning distinguishing sequences 
The above procedures rely on the robot having a distin- 
guishing sequence. If we are not given a distinguishing 
sequence but, know that such sequences exist, it, would 
be useful to be able to learn one. Unfortunately, even 
if outputs are deterministic and the target DFA has a 
distinguishing sequence (but we don’t know it), we can- 
not hope to find a distinguishing sequence in polyno- 
mial time by exploration only, in general. (The reason 
is that the adversary argument that shows that DFAs 
cannot be learned using membership queries only can 
be modified so that the target DFAs all have distin- 
guishing sequences.) Suppose, however, that the robot 
has a generator of candidate sequences that (i) gen- 
erates sequences of length at most polynomial in t,he 
number of states, and (ii) generates correct distillguish- 
ing sequences with a probability bounded below by an 
inverse polynomial in the number of states. In this 
case, we can learn a map in polynomial time with high 
probability. 

The idea is that if we have two candidate sequences s 
and s’ one of which is a correct distinguishing sequence 
and one of which is not, we can build two maps M and 
n/r’ using them, and with high probability the correct 
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sequence produces the correct map. Then, given two 
maps M and M’ that are not isomorphic, we can find 
a sequence of actions for which they make a different 
prediction. We execute the sequence of actions and 
check the resulting observation. The correct map has 
a probability of at least alpha of agreeing with the ob- 
servation, the incorrect map has a probability of at 
most 1 - a. This is repeated sufficiently often to have 
a high probability of the correct map succeeding more 
often. Thus, we can specify a method of comparing two 
maps with the property that a correct map wins the 
comparison with high probability. If this is used on a 
sufficiently large set of candidates from the generator, 
then with high probability there will be a true distin- 
guishing sequence in the set and the overall winner will 
be a correct map. 

Collclusions 
In this paper, we provide general methods for the in- 
ference of finite automata with stochastic output func- 
tions. The complete analysis of the algorithms pre- 
sented in this paper are provided in an extended ver- 
sion available upon request. Practically speaking, the 
running times given in the proof% for the theorems de- 
scribed in this paper are unacceptable; ultimately, we 
are interested in algorithms whose effort in relatively 
benign environments is bounded by some small con- 
stant factor of the size of the environment. Our ob- 
jective here is foundational; we are trying to under- 
stand the fundamental sources of complexity involved 
in learning about the structures induced by perception. 
Given our best attempts to devise efficient algorithms, 
it would seem that robots with perceptual systems that 
are not capable of consistently identifying any location 
with probability better than cy, where a is not much 
greater than 0.5, or are unable to make multiple in- 
dependent observations of their current state are seri- 
ously disadvantaged. 

In previous work [Basye ell cl!., 19891, we concen- 
trated on problems in which the state transition func- 
tion is stochastic. In future work, we intend to com- 
bine our results to handle uncertainty in both move- 
ment and observation. We are also interested in iden- 
tifying and exploiting additional structure inherent in 
real environments (e.g., office environments represent 
a. severely restricted class of planar gra.phs) and in ex- 
ploring more forgiving measures of performance (e.g., 
it is seldom necessary to learn about the entire envi- 
ronment as long as the robot can navigate efficiently 
between particular locations of interest). 
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