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Abstract 

This paper presents a fast probabilistic method 
for coordination based on Markov processes, pro- 
vided the agents’ goals and preferences are suffi- 
ciently compatible. By using Markov chains as the 
agents’ inference mechanism, we are able to ana- 
lyze convergence properties of agent interactions 
and to determine bounds on the expected times 
of convergence. Should the agents’ goals or pref- 
erences not be compatible, they can detect this 
situation since coordination has not been achieved 
within a probabilistic time bound and the agents 
can then resort to a higher-level protocol. The ap- 
plication, used for motivating the discussion, is the 
scheduling of tasks, though the methodology may 
be applied to other domains. Using this domain, 
we develop a model for coordinating the agents 
and demonstrate its use in two examples. 

Introduction 
In distributed artificial intelligence (DAI) , coordina- 
tion, cooperation, and negotiation are important in 
many domains. Agents need to form plans, allocate 
resources, and schedule actions, considering not only 
their own preferences, but also those of other agents 
with whom they have to interact. Making central deci- 
sions or deferring to another agent may not be possible 
or practical, because of design constraints or political 
considerations. In these situations, agents will need 
some mechanism for coming to an agreement without 
reference to an outside authority. There are other ad- 
vantages to having a distributed negotiator. Commu- 
nication patterns may become more balanced when a 
central node or set of nodes do not have to partic- 
ipate in every interaction. Information is localized. 
Each person’s information is only contained by the 
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local agent and can be more closely controlled. Fur- 
ther, as each person’s (or set of persons’) schedule is 
maintained by a separate agent, the system would de- 
grade gracefully if some of the agents were to go off 
line. Given that there exists at least one satisfactory 
agreement that satisfies all the agents’ constraints, we 
want to find such an agreement within a reasonable 
amount of time. If such an agreement does not ex- 
ist, we would like to find an approximate agreement 
satisfying as many constraints as possible. 

In this paper, we propose a probabilistic method us- 
ing Markov processes for the coordination of agents, 
using the domain of scheduling tasks. We make two as- 
sumptions about the capabilities of the agents: Agents 
have a planning system capable of generating sets of 
possible plans and they have a high-level negotiation 
system capable of exchanging messages about goals, 
tasks, and preferences. Each agent has a set of tasks 
that it has to accomplish. Some of these tasks re- 
quire the participation of other agents. The agents 
may have some preference for who does which tasks. 
While it is possible for the agents to enter into full- 
scale negotiations immediately, we propose to have the 
agents first go through a brief phase of trading offers 
and counteroffers. Should the agents’ goals and prefer- 
ences be sufficiently compatible, the agents will come 
to an agreement with high probability without the need 
for full-scale negotiation. Otherwise, the agents would 
realize this and resort to the higher-level negotiation 
protocol.’ 

We propose that the agents would simultaneously 
post their proposed schedules. Based on these post- 
ings, the agents would compute their next proposal 
and repost until they had synchronized on a sched- 
ule. In order to calculate each posting, each agent has 
a Markov process generating its next schedule based 

‘If the high-level protocol takes time T, the low-level 
protocol takes time t, and the low-level protocol succeeds 
some fraction p of the time for a set of k tasks, then pre- 
processing is worthwhile if 
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on the current postings of all the agents; this process ule under this constraint is to use Markov procedures. 
would involve a lookup operation and possibly a ran- Informally, a AJurlcov procedure is a function that gen- 
dom coin flip. By combining the Markov processes of erates an action taking only the agent’s current world 
the individual agents, we obtain a Markov chain for the state as the input. 3 Since many rounds of negotiation 
entire system of agents. We can then analyze the prop- may be necessary to come to a satisfactory agreement, 
erties of the system by analyzing the Markov chain and Markov procedures are promising candidates for use in 
determine if the agents will converge to an agreeable such a system; for each iteration, all that is potentially 
schedule and the expected time of convergence. needed is a single lookup or a simple computation. 

If the agents have a model of the other agents’ tasks 
and preferences, they can then conjecture a Markov 
chain corresponding to the entire system of agents. 
Given this information, the agent can estimate the 
number of iterations needed to achieve coordination 
for a given probability. If coordination has not been 
achieved by this time, the agent then knows that its 
model of the other agents was incorrect (or that it has 
been very unlucky) and can then use the higher-level 
protocol. 

In the rest of the paper, we will develop a methodol- 
ogy for using Markov processes and give several illus- 
trative examples of how task scheduling would work 
using Markov processes. In the next section, we give 
some basic definitions and lay the groundwork for the 
use of Markov processes as a method of negotiation. 
Next, we define convergence properties and expected 
times. In the following section, we give two examples 
in a task scheduling domain demonstrating the use of 
Markov processes. Finally, we discuss related work and 
summarize our current results. 

Each agent is controlled by a Markov process, a vari- 
ant of a Markov procedure. A Markov process is a 
function that takes the system state and a randomly- 
generated number and yields an action. In our model, 
the system state is the set of offers made by the agents 
during the last clock tick. The action is the agent’s 
offer for the next clock tick. Thus, given the set of all 
offers, 0, and a system state, S, we have an evalua- 
tion function, &, such that given an o E 0, &(o) is 
the probability that the agent should offer o in system 
state S and CoEL7 ES(O) = 1. Let & be the state of 
the ith agent at -time t. So, given a random number 
generator, we car Q define a Markov process, M to gen- 
erate each agent ‘s next offer based on fs. Given that 
there are n agents and D is a random number such 
that 0 _< p _< 1 , df+’ ‘= Mi(Ai,Ai,. . .,dk,p) for 
the ith agent. A starting state is specified by each of 
the agents either by choosing an action randomly or 
by choosing a preferred action based on some criteria. 
Practically speaking, the entire Markov process for an 
agent will probably never be explicitly specified as it 
could contain an exponential number of states. For ex- 
ample, the number of possible ways to allocate a set 
of tasks among a group of agents is exponential in the 
number of tasks. More likely, the system states will be 
divided into equivalence classes, for which only a sin- 
gle set of actions will be considered. Furthermore, the 
agents’ constraints and preferences may preclude them 
from even considering many possible ways of allocat- 
ing the tasks. For an effective system, the number of 
these classes should be sub-exponential. We shall see 
an example of how system states collapse into a fewer 
number of equivalent classes. 

Basic Architecture 
In this paper, we consider a scenario where a group 
of agents needs to come to an agreement. We assume 
that the agents communicate by posting messages si- 
multaneously at discrete times called cZocl% t&s and 
that the posted messages are visible to all the agents 
concerned.2 At a clock tick, each agent is required to 
post some message. If it fails to do so for some reason, 
a default will be specified whose definition depends on 
the application. First let us consider the process of 
coming to an agreement from the perspective of an in- 
dividual agent and then examine the process from the 
perspective of the entire system of agents. 

After each clock tick, an individual agent in the sys- 
tem can examine the current postings of all the agents 
for that clock tick. Based on this information, the 
agent needs to generate its proposed schedule by the 
next clock tick. One method for generating a sched- 

2 These assump tions provide a model that is simpler 
to analyze and may be later extended to cover agent-to- 
agent messages. They also allow us to postpone consider- 
ing agents that are Byzantine and otherwise malicious. For 
example, consider playing a game of Stone, Scissors, Paper. 
If one player delays slightly, it can win with knowledge of 
the the opponent’s move. Similarly, if the players are com- 
municating through an intermediary, the intermediary can 
distort the game by passing false information or delaying 
it. 

In order to learn something of the properties of 
this system, we can consider ail the agents-and their 
Markov processes as a single Markov chain.4 We call 
this the -System Markov Chain or simply the system 
chain. Using the above notation, the system process, 
SM, can be represented as St+i = SM(St, P) where 
St = (AE,d;,...,A;) and P is the n-tuple of ps, as 
defined above for Markov processes. As it is a Markov 
chain, certain properties including convergence and the 
expected times of convergence may be computed in 
many cases. 

3While ignoring most of the history of an agent may 
seem to be restrictive, it has been shown to be effective, for 
example, in cases such as the Tit-for-Tat Algorithm for the 
Prisoners’ Dilemma [Axelrod, 19841. 

4 See [Freedman, 19831 for a more complete discussion of 
Markov chains and related topics. 
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Convergence and Expected Times 
We now define whether the system chain converges or, 
in other words, whether the agents come to an agree- 
ment. First we need to define absorbing states for a 
system; a state S is defined to be an cabsorbing state 
if and only if given the system is in state S at time 
t, it will be in state S at time t + 1 with probabil- 
ity 1. If a Markov chain has at least one absorbing 
state, it is called an absorbing Markov chain. If an 
absorbing Markov chain has a non-zero probability of 
reaching some absorbing state from every state, let us 
call it a converging Markov chain, since eventually the 
Markov chain will end up in one of these states. If 
the system chain is a converging Markov chain and 
all the absorbing states are possible valid agreements, 
the agents’ Markov processes will lead to one of these 
agreements. Let us call this chain a converging system 
chain. In this case, a valid agreement is one where ei- 
ther all the agents’ constraints are satisfied or, if that 
is not possible, a satisfactory approximate solution is 
reached. Thus, if we can have the agents generate 
Markov processes which lead to a converging system 
chain, we know that they will eventually come to an 
agreement. 

In our case, the convergent states consist of those 
where all of the agents issue the same offer during one 
time-step and the subsequent states for all the agents 
is that same state. We can take advantage of partially 
convergent states when agents agree on the assignment 
of subsets of their tasks. If agreeing on these tasks 
does not preclude reaching an absorbing state, then 
the agents can reduce their search-spaces, by fixing the 
agreed-upon task assignments. 

We can also try to figure out the expected conver- 
gence time. Given a Markov chain M and a distri- 
bution D of initial system states, the expected time of 
convergence, T(M) D) is defined to be: 

T(M,D) = giP,(M,D,i) 
i=o 

where PC(M,V, t) is the probability that the Markov 
chain M will reach an absorbing state at time t. This 
latter quantity can be computed by either solving the 
recurrence relations derived from the specification of 
the Markov chain or by framing the Markov chain as 
a network-flow problem and simulating it. Thus, prov- 
ing convergence and calculating the time of conver- 
gence for the system chain will let us know whether 
an agreement is guaranteed and, if so, approximately 
when. 

The Scheduling of Multiple Tasks 
In this section, we show how to apply Markov processes 
to scheduling tasks. We will give two examples and an 
analysis of their expected times of convergence. 

Each of the agents in the system has some set of 
tasks that it has to schedule, possibly the empty set, 

1. 
2. 

3. 

4. 

5. 

Exchange task lists with other agents. 
Using task lists, forxn a Markov process to generate schedule 
offers either randomly or weighted according to the agent’s 
preferences or constraints. 
Form Markov chain using the agent’s Markov process and 
the agent’s estimates of the others’ Markov processes. 
Determine estimated time of convergence using the Markov 
chain. 
Run Markov process until the time bound, established in 
Step 3, is reached or a suitable agreement is found. 
If an agreement is found, return the agreement. Otherwise, 
resort to higher-level protocol. 

Figure 1: Outline of the first-cut coordination protocol. 

Assume that there are n agents and they are concerned 
with a set of m available time slots. For the rest of the 
paper, we assume that the tasks take unit time and are 
independent. Each of the tasks requires some number 
of agents to complete it. 

Initially, the agents trade lists of tasks that need 
to be assigned and the available times for the tasks. 
By not communicating constraints and preferences in 
this protocol, agents may avoid having to calculate, 
communicate, and reason with these types of facts. 
Each of the agents then generates a Markov process 
M, as defined above, based on the set of task sched- 
ules that it considers valid. Each of the schedules 
consists of sets of the agents’ tasks that should be 
done during a particular time slot. Thus, the tuple 
({Au, Bb}, {Bc}, {Au, Bd}) indicates that the agent 
suggests that the agents A and B do tasks a and b 
in time 1 respectively, B does task c in time 2, and A 
and B do tasks a and d in time 3 respectively. Since 
the agent does not know the other agents’ constraints, 
some or all of the schedules generated by one agent 
may not be valid for other agents. If the agent has 
some information about the other agents’ constraints 
(or it is willing to make some assumptions in the ab- 
sence of this information), it can now form a system 
chain. By calculating the expected time of convergence 
for the system chain, it now has an estimate on how 
long the protocol will take and it can use that informa- 
tion to decide when to go to the higher-level protocol. 
The agents will then trade offers until an agreement is 
reached or a deadline is passed. This process is out- 
lined in Figure 1. 

For this system, there is an exponential number of 
possible schedules for tasks, and thus both the agents’ 
Markov processes and the system chain could have ex- 
ponential size if they were represented explicitly. How- 
ever, often it is possible to store the agents’ Markov 
processes implicitly. Further, we can reduce the num- 
ber of system chain states by defining equivalence 
classes over the system states. For example, the set 
of states where everyone has agreed on a schedule can 
be dealt with as a single class. In the following exam- 
ple, we show how this fact can be used and give an 
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System state names: abcdefghijklanop 3J8 
Agent A’s action equivalence classes: ebdsdeaccaedsdbe 
System state equivalence class: 1221213223121221 
Agent states at time t: AgentA:lilil1l122222222 

AgentB:1111222211112222 
AgentC:11221l221i22il22 
Agent D: 1 2 I 2 1 2 1 2 i 2 1 2 i 2 i 2 

Corresponding agent actions at time : + 1: AgentA 821~1R1122~2~2111 
AgentB:Ri2~2B221~~in12n 
AgentC:Bl2k2~22il~ln12~ 
AgentD:Rzi~l~1122~2k2ln 

Read system states down vertically. 

Figure 2: Markov processes for two teams of two agents 
coordinating usage of a resource. (‘R’ in the table 
above corresponds to a equiprobable random choice 
between ‘1’ and ‘2’.) 

overview of the procedure. In the second example, we 
sketch a case where the agents’ constraints are partially 
incompatible. 

Example 1: A Constrained Resource 
Suppose there are 4 agents: A, B, C, and D. There 
are two tasks that need to be done: tl and t2. Let A 
and D be the team that has to do tl and let B and 
C be the team that has to do t2. Finally, assume that 
both tasks utilize some resource that can only be used 
by one set of agents at a time and there are two time 
slots available: 1 and 2.5 This example could represent 
two teams of agents having to use a particular tool in a 
job-shop or two sets of siblings having to share a tele- 
vision set. Assuming that the agents find the resource 
equally desirable during both time slots, and that all 
the agents have equal input into the decision, we need 
to decide an order in which the agent teams get to use 
the resource. While workers in a job-shop or family 
might have other means for coming to a decision, we 
can abstract the situation and use Markov processes to 
come to a decision. The agents can specify their choice 
by a ‘1’ or a ‘2’. ‘1’ will indicate that the agent offers 
to do its task first, while a ‘2’ indicates that it offer to 
go second. Thus, we design the Markov process shown 
in Figure 2 for each of the agents. 

In this Markov process, each of the agents has to re- 
act to one of sixteen possible system states. As shown 
in Figure 2 for Agent A, each of the states falls into 
one of five equivalence classes for the agents, each of 
which corresponds to an action: (a) the agents are co- 
ordinated; (b) the agents are almost coordinated and 
to achieve coordination, I need to flip state; (c) the 
agents are almost coordinated and to achieve coordi- 
nation, the other person in my pair needs to flip state; 
(d) the agents are almost coordinated and to achieve 
coordination, one of the people in the other pair needs 

5A simpler example consists of two agents trying to co- 
ordinate on a coin, where both of them decide on heads or 
tails. This is an example of a consensus problem as in [Asp- 
nes and Waarts, 19921. The solution for the given example 
can be easily modified to give a solution to multi-agent 
consensus. 

118 

Figure 3: The resulting system chain for Example 1. 
(State labels correspond to system state equivalence 
classes from Figure 2 and arc labels are probabilities 
of transitioning between the two given states.) 

to flip state; and (e) the agents are uncoordinated and 
need to flip randomly. Similarly, the system states fall 
into three equivalence classes: (1) the agents are unco- 
ordinated, (2) the agents are almost coordinated (and 
will get coordinated in the next time step), and (3) 
the agents are coordinated and need to flip randomly. 
These three equivalence classes are used to form the 
system chain shown in Figure 3. This Markov chain 
converges and the expected time to reach a convergent 
state is 2 .6 

In this example, using Markov processes leads to 
a satisfactory solution in a relatively short expected 
time. The solution is fair since both outcomes are 
equally probable and no agent had more influence than 
any other agent. While there is no deterministic time 
bound for the agents coming to an agreement, there 
is no chance of deadlock which may result from a de- 
terministic protocol. Further, we do not depend on 
ordering the agents or on an external device for insur- 
ing honesty. Of course, there are situations where the 
agents can sabotage the efficiency or the convergence 
of such a method. Suppose that Agent D has decided 
that it prefers the first time slot. It can raise the prob- 
ability of choosing that slot to greater than $ or even 
go to the extreme of choosing it no matter what, thus 
increasing the expected time of convergence. Further, 
if Agent A decides that it must have the second time 
slot, we are left in a situation that has no satisfactory 
schedule. While such situations appear to lead to inef- 
ficiency or inability to come to a satisfactory solution, 
they may be used to take preferences into account and 
discover situations where there are irreconcilable con- 
flicts among the agents. An agent can be probabilisti- 

‘The details of the expected time calculations is left to 
the full-length version of this paper. 
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tally certain that something unexpected is happening 
when the system has not converged to an agreement 
within a time bound. 

If the agents have a model of each other, then they 
can construct the system chain for their particular 
case. Given the chain, the agents can either analyt- 
ically determine the time of convergence for simple 
chains or derive it empirically for more complex ones. 
Similarly, they can use the cutoff for negotiation as 
an indication that they are not making progress. For 
example, if they assume the model described above, 
they would converge to a solution over 90% of the time 
within seven iterations. Thus, they can use seven as 
a cutoff to indicate that there might be incompatible 
preferences such as the ones described above for Agents 
A and D. 

Example 2: Non-compatible Goals 

In the second example, we have two agents whose goals 
are not sufficiently compatible. Even though coordina- 
tion failures may occur in this system, there is still a 
significant probability that the agents will coordinate 
on a plan and thus will not have to resort to a higher 
level protocol. It further demonstrates how conver- 
gence on a partial solution can lead to fast convergence 
during the remainder of the protocol. 

Suppose there are two agents, A and B. Their goal 
is to move a set of objects to one of three locations: 
1, 2, or 3. Agent A would like to have objects a, 
b, and c at the same location, and Agent B would 
like to have objects b, c, and d at the same location. 
There are twelve possible tasks consisting of moving 
the four objects to the three locations, such as task 
al which consists of moving object a to location 1. 
The agents each have two time steps available dur- 
ing which they can schedule their actions. The initial 
communications would contain the tasks each agent 
needs done and the time frame. For example, Agent A 
would send ((al, bl, cl, ~2, b2, c2, a3, b3, c3), (27, T2)) 
indicating the nine tasks that it is interested in and the 
two time steps. Note that only the tasks were commu- 
nicated without any reference to constraints or pref- 
erences. The computation and communication of this 
information is left to the higher-level protocol, should 
it be necessary. 

Since we assume that tasks are of unit time and do 
not depend on each other, each agent can just enter the 
new tasks into its list of things to do and expand its 
Markov process to include them as a possibility. If this 
operation is not straightforward, as it is in this case, 
the agents might pop out of this low-level protocol and 
proceed with a higher-level one at this point. 

The agents’ offers would consist of the possible ways 
to do their tasks combined with the possible ways they 
believe that the other agent’s task could be incorpo- 
rated. For example, Agent A’s possible offers, at this 
point, consists of 216 possibilities: Each of the tasks 
needs to be assigned an agent, a time, and a location 

with the constraint that a, b, and c are assigned the 
same location. These can be represented by each of 
the agents implicitly. At each time step, the agents 
would suggest one of these offers and then compare to 
see they have made any progress. 

At this point, the agents can take advantage of par- 
tial coordination. If an assignment of tasks to agents, 
tasks to time slots, or tasks to locations has been 
agreed on, the agents then fix those parameters and ac- 
cordingly reduce the number of offers that they would 
consider for the next round. Let us first consider the 
assignment of the objects to locations. There are 81 
possible outcomes in this case. With probability & 
the agents will coordinate on a possible assignment of 
locations; with probability &, the agents will result 
in a state from which an acceptable plan cannot be 
reached; with probability &, the agents will still be in 
the initial state; and with g, the agents will be par- 
tially coordinated where the probability is better than 
$ that they will eventually agree on an acceptable plan. 
Thus, the termination of this part of the schedule has 
an expected time of at most nine steps. 

In the other portion of the schedule, where we as- 
sign tasks to agents, there is no chance of a partial 
solution leading to a deadlock state. The agents sim- 
ply agree on how to put four tasks in four slots. Any 
partial solutions in this part of the schedule will con- 
strain subsequent actions leading to an agreement. 

Thus we see several important features of this 
methodology. The protocol is able to restrict the space 
of possible schedules by utilizing partial agreements. 
Even in an unfavorable situation, it will lead to an 
acceptable schedule in more than half the cases. Fur- 
ther, we were able to use this coordination protocol 
even though the two agents were unaware of the con- 
straints of the other agents. By using a quick offer- 
counteroffer protocol, there would be no need to trade 
this information and to do the computations associated 
with incorporating the information into the planner 
and/or the higher-level coordination protocol’s data 
structures. Even if our protocol was unsuccessful, it 
may provide us with some useful information for the 
higher-level protocol. 

Summary of Current and 
In this paper, we draw on a variety of sources. Previ- 
ous work in coordination and cooperation includes the 
game-theoretic approach taken by Genesereth, Rosen- 
schein, and Ginsberg as in [Ginsberg, 19851, for ex- 
ample. One advantage of our method is that knowl- 
edge of explicit payoff matrices is not necessary. Our 
method is also applicable to the more current work on 
the Postman Problem[Zlotkin and Rosenschein, 19891. 
Our method is more similar contract nets[Davis and 
Smith, 19831, though our approach is more like hag- 
gling than bidding for a contract. 

In [Ephrati and Rosenschein, 19911, [Ephrati and 
Rosenschein, 19921, [Jennings and Mamdani, 19921, 
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and [Wellman, 19921, higher-level protocols are pro- 
posed for agent coordination and negotiation. These 
may be suitable for use with our protocol in part or in 
their entirety. Other work is related to providing com- 
ponents for a system for coordination and negotiation. 
For example, [Gmytrasiewicz et QZ., 19911 provides a 
framework whereby agents can build up a data struc- 
ture describing other agents with whom they interact, 
and [Kraus and Wilkenfeld, 19911 provides a frame- 
work for incorporating time as part of a negotiation. 
Our protocol might also be adapted for use in multi- 
agent systems such as those described in [Shoham and 
Tennenholtz, 19921. 

Taking these considerations into account, we have 
decided to use a probabilistic method with Markov pro- 
cesses and chains to try to guarantee that the agents 
will come to some agreement; the randomness provides 
us a tool for avoiding potential deadlock among the 
processes. Further, using Markov processes provides 
us with methods for determining whether a system of 
agents will converge to an agreement and, if so, in what 
expected time. We have demonstrated how Markov 
processes and Markov chains can be used for coordi- 
nating tasks. These techniques may also be useful for 
other domains involving coordination or negotiation. 

We are currently looking at applying Markov pro- 
cesses to the scheduling of elevators, job shops, and 
other resource allocation problems. We are also work- 
ing on implementing these procedures to test them em- 
pirically. There are also several general problems that 
need to be examined. In order to make this technique 
more convenient, we need to look at how to generate 
Markov chains from a formal specification of a prob- 
lem and how to recognize equivalence classes. To make 
the method less restrictive, it would be useful to try to 
relax the requirement that messages be posted simul- 
taneously. Further, it might be useful to employ di- 
rect messages between agents instead of having them 
post their messages. Finally, we would like to incorpo- 
rate profit/cost metrics and more complex interdepen- 
dent tasks with temporal or ordering constraints. As it 
stands, we see Markov processes as a useful technique 
for exploring agent coordination and, subsequently, ne- 
gotiation. 
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