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Abstract be very high (Shafer 1992) making this algorithm un- 
usable for those cases. 

A simple Monte-Carlo algorithm can be used 
to calculate Dempster-Shafer belief very ef- 
ficiently unless the confiict between the evi- 
dences is very high. This paper introduces 
and explores Markov Chain Monte-Carlo algo- 
rithms for calculating Dempster-Shafer belief 
that can also work well when the conflict is 
high. 

1. Introduction 

Similar problems have been found for Monte-Carlo 
algorithms in Statistics, and also in Bayesian networks. 
A common solution is to use Markov Chain Monte- 
Carlo algorithms (Smith & Roberts 1993, Geyer 1992, 
Hrycej 1990) f or which the trials are not independent, 
but are instead governed by a Markov Chain (Feller 
1950). Such methods are used when it is very difficult 
to simulate independent realizations of some compli- 
cated probability distribution. 

Dempster-Shafer theory (Shafer 1976, 1990, Dempster 
1967) is a promising method for reasoning with un- 
certain information. The theory involves splitting the 
uncertain evidence into independent pieces and cal- 
culating the combined effect using Dempster’s rule of 
combination. A major problem with this is the compu- 
tational complexity of Dempster’s rule. The straight- 
forward application of the rule is exponential (where 
the problem parameters are the size of the frame of 
discernment and the number of evidences). A num- 
ber of methods have been developed for improving the 
efficiency, e.g., (Laskey & Lehner 1989, Wilson 1989, 
Provan 1990, Kennes & Smets 1990) but they are lim- 
ited by the #P-completeness of Dempster’s rule (Or- 
ponen 1990). However, the precise value of Dempster- 
Shafer belief is of no great importance-it is sufficient 
to find an approximate value, within a small range of 
the correct value. Dempster’s formulation suggests 
a simple Monte-Carlo algorithm for calculating DS- 
belief, (Pearl 1988, Kampke 1988, Wilson 1989, 1991). 
This algorithm, described in section 3, involves a large 
number of independent trials, each taking the value 0 
or 1 and having an expected value of the Dempster- 
Shafer belief. This belief is then approximated as the 
average of the values of these trials. The algorithm can 
be used to efficiently calculate Dempster-Shafer belief 
unless the conflict between the evidences is very high. 
Unfortunately there are cases where the conflict will 

In this paper we develop Markov Chain algorithms 
for the calculation of Dempster-Shafer belief. Section 
4 describes the algorithms and gives the convergence 
results. Convergence of the algorithms is dependent on 
a particular connectivity condition; a way of testing for 
this condition is given in section 5. Section 6 discusses 
the results of computer testing of the algorithm. Sec- 
tion 7 shows how the algorithm can be extended and 
applied to the calculation of Dempster-Shafer belief on 
logics, and on infinite frames, and section 8 briefly dis- 
cusses some extensions to these algorithms which may 
work when the connectivity condition is not satisfied. 

elief 

Let 8 be a finite set. 8 is intended to represent a 
set of mutually exclusive and exhaustive propositions. 
A mass function over 0 is a function m: 2e + [ 0, 1 ] 
such that m(B) = 0 and CAEze m(A) = 1. Function 
Bel: 2@ + [ 0, l] is said to be a belief function over 
8 if there exists a mass function m over 8 with, for 
all X E 2’, Bel(X) = CACX m(A). Clearly, to ev- 
ery mass function over 8 there corresponds (with the 
above relationship) a unique belief function; conversely 
for every belief function over 8 there corresponds a 
unique mass function (Shafer1976). 

Belief functions are intended as representations of 
subjective degrees of belief, as described in (Shafer 

Uncertainty Management 269 

From: AAAI-94 Proceedings. Copyright © 1994, AAAI (www.aaai.org). All rights reserved. 



1976, 1981). Mathematically, they were derived from 
Dempster’s lower probabilities induced by a multival- 
ued mapping (Dempster 1967), and Dempster’s frame- 
work (using what we call source triples) turns out to 
be more convenient for our purposes. ’ 

A source triple over 0 is defined to be a triple 
(Q, P, I?) where s1 is a finite set, P is a probability func- 
tion on St, and F is a function from Sl to 2*, such that 
for all w E Q, I’(w) # 8 and P(w) # 0. 

Associated with a source triple is a mass func- 
tion, and hence a belief function, given respec- 
tively by m(X) = C, :r(wj=x P(w) and Bel(X) = 

c w : J?(w)CX w+ c onversely, any mass/belief func- 

tion can be expressed in this way for some (non-unique) 
source triple. Each belief function (or source triple) 
is intended to represent a separate piece of evidence. 
The impact of a set of independent evidences is cal- 
culated using Dempster’s rule2, which (in terms of 
source triples) is a mapping sending a finite set of 
source triples {(Q, Pi, Fi), for a’ = 1,. . . , m}, to a triple 
(0, PDF, I’), defined as follows. Let a = s2i x - . . x Cl,.,,. 
For w E a, w(i) is defined to be its ith component 
(sometimes written wi), so that w = (w(l), . . . ,w(m)). 
Define I’% + 2e by I”(w) = ny=, I’&(a)) and prob- 
ability function P’ on a by P’(w) = n:, Pi(w( i)), 
for w E a. Let a be the set (w E a : l?(w) # 0}, let 
I’ be I” restricted to a, and let probability function 
PDF on 52 be P’ conditioned on Q, so that for w E s1, 

pDS(u) = P’(w)/P’(Q). The factor l/P’(Q) can be 
viewed as a measure of the conflict between the evi- 
dences (Shafer 1976). 

The combined measure of belief Be1 over $ 
is thus given, for X C Q, by Bel(X) = 
Pns((w E a : l?(w) E X}), which we abbreviate to 
Pns(I’(w) C X). Letting, for i = 1, . . . , m, Beli be 
the belief function corresponding to (Szi, Pi, I’i), then 
Be1 = Bell @ - - - @ Bel, where @ is Dempster ‘s rule for 
belief functions as defined in (Shafer 1976). 

Since there are exponentially many subsets of 0, we 
are never going to be able to calculate the belief in all 
of them for large 8. Instead, it is assumed that, for a 
fairly small number of important sets X C 8, we are 
interested in calculating Bel(X). 

3. A Simple Monte-Carlo 

Algorithm 
Since, for X E $, Bel(X) = P&F(W) C X), the ob- 
vious idea for a Monte-Carlo algorithm for calculating 
Bel(X) is to repeat a large number of trials, where for 
each trial, we pick w with chance PDS(W) and let the 
value of the trial be .I if I’(w) E X, and 0 otherwise. 
Bel(X) is then estimated by the average value of the 
trials. We can pick w with chance PDS(W) by repeat- 
edly (if necessary) picking w E n with chance P’(w) 
until we get an w in s1. (Picking w with chance P’(w) 
is easy: for each i = 1, . . . , m we pick wi E Szi with 
chance Pi(wi) and let w = (wi , . . . , w,,,).) 

The time that the algorithm takes to achieve a given 
accuracy is roughly proportional to I@jm/P’(n), mak- 
ing it very efficient for problems where the evidences 
are not very conflicting (Wilson 1991).3 

If, however, there is high conflict between the evi- 
dences, so that P’( $2) is extremely small, then it will 
tend to take a very long time to find au w in Sz. 

Example Let 0 = (21, ~2, . . . , a~,,.,}, for each i = 
1 , m let Qi = {1,2), let Pi(l) = Pj(2) = *, let 
I’$) = (ti} and let I’i(2) = 0. The triple (&Pi, I’i) 
corresponds to a simple support function (see (Shafer 
1976)) with mi((zi}) = 3 and mi(@) = 3. The conflict 
between the evidences is very high for large m since we 
have P’(Q) = (m + 1)/2” so the simple Monte-Carlo 
algorithm is not practical. 

Here we consider Monte-Carlo algorithms where the 
trials are not independent, but instead form a Markov 
Chain, so that the result of each trial is (probabilis- 
tically) dependent only on the result of the previous 
trial. 

4.1 The Connected Components of R 

The Markov Chain algorithms that we will consider re- 
quire a particular condition on s1 to work, which we will 
call connectedness. This corresponds to the Markov 
Chain being irreducible (Feller 1950). 

For i E {l,..., m) and w, w’ E Sz write w pi w’ if 
w and w’ differ at most on their ith co-ordinate, i.e., 

1 It also seems to be more convenient for justification of Demp- 
ster’s rule, see (Shafer 1981, Wilson 1993). 

2There has been much discussion in the literature on the 

soundness of the rule, e.g., (Pearl 1990, IJAR 1992); justifica- 
tions include (Shafer 1981, Ruspini 1987, Wilson 1989, 1993). 

3 Of course, the constant of proportionality is higher if greater 
accuracy is required. 

If this algorithm is applied to calculate unnormalised belief 
(Smets 1988), which has been shown in (Orponen 1990) to be 
a #P-complete problem, then the l/P’(n) factor in the com- 
plexity is omitted; this means that we have, given any degree of 
accuracy, a low order polynomial efficiency algorithm for calcu- 
lating an ‘intractable’ problem (up to that degree of accuracy). 
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if for all j E (1, . . . , m) \ (i}, w(j) = w’(j). Let R 
be the union of the relations pi for i E { 1, . . . , m}, 
so that w R w’ if and only if w and w’ differ at most 
on one co-ordinate; let equivalence relation G be the 
transitive closure of R . The equivalence classes of E 
will be called connected components of $2, and $2 will 
be said to be connected if it has just one connected 
component, i.e, if f is the relation S2 x Q. 

asic Markov Chain 
Monte-Carlo Algorithm 

Non-deterministic function PDSN(wo) takes as input 
initial state wo E 0 and number of trials N and returns 
a state w. The intention is that when N is large, for 
any initial state WO, Pr(PDSN(wo) = w) w Pus 
for all w E 0. The algorithm starts in state wo and 
randomly moves between elements of $2. The current 
state is labelled w,. 

FUNCTION PDSN(wo) 

WC := w(-J 
for n = 1 to N 

for i = 1 to m 

wc := operutioni(w,) 
next i 

next n 
return w,. 

Non-deterministic function operationi changes at 
most the ith co-ordinate of its input w,--it changes it 
to y with chance proportional to Pi(y). We therefore 
have, for w, w’ E Sz, 

Pr(operationi(w’) = w) = F’pi(w(i)) 
1 

ft~e~~i~~; 
. 

The normalisation constant CU,~ is given by cy,,l = 

c w li WI Pi+(i)). 

4.3 The Calculation of 

Now that we have a way of picking w with chance ap- 
proximately Pus we can incorporate it, in the obvi- 
ous way, in an algorithm for calculating Bel(X). This 
gives function Bg(wo) with inputs wg, N and K, where 
wg E Q is a starting value, N is the number of trials, 
and K is the number of trials used by the function 
PDSK(.) used in the algorithm. The value BE(wo) 
can be seen to be the proportion of the N trials in 
which I’(w, 

b 
C X. 

In the BK (WO) algorithm, for each call of PDSK( .), 
Km values of w are generated, but only one, the last, 
is used to test if I’(w) C X. It may well be more effi- 
cient to use all of the values, which is what BELN(wo) 
does. The implementation is very similar to that for 
PDSN(wo), the main difference being the extra line in 

the inside for loop. The value returned by BELN(wo) 
is the proportion of the time that I’(we) & X. 

FUNCTION 

WC := wo 

s := 0 
for n = 1 to N 

wc := PD!qw,) 
if IY(w,) 5 x 

thenS:=S+l 
next n 
return + 

for n = 1 to N 

for i = 1 to m 

wc := operationi 
if IY(w,) C X 

thenS:=S+l 
next i 

next n 
return & 

The key result is the following. 

Theorem Suppose 0 is connected. Then 

given E > 0 there exists N’ such that for all 
N 2 N’, any w E s1 and any starting value wo, 
1 Pr(PDSN(wo) = w) - PDS(W)/ < E; 

given E, 6 > 0 there exists K’ and N’ such that 
for all K 2 K’ and N 2 N’ and any wo, 
Pr(lBz(wo) - Bel(X)l < E) 2 1 - S; and 

given E, 6 > 0 there exists N’ such that for all 
N 1 N’ and any wg, Pr(lBELN(wo) - Bel(X)l < 
E) 2 1 - 6. 

This shows that PDSN approximates PDs to arbi- 
trary accuracy, and that Bg and BELN approximate 
Bel(X) to arbitrary accuracy. The proof of this theo- 
rem is a consequence of general convergence results for 
Markov Chain Monte-Carlo algorithms; a summary of 
these can be found in (Smith & Roberts 1993). How- 
ever, the main problem with the convergence results is 
that, in general, it is very difficult to assess when we 
have reached the desired precision. 

The reason that we require that s1 be connected is 
that that, in the algorithms, the only values that w, 
can take are the members of the E-equivalence class of 
the starting position wg. 

ing up Intersections 

In the implementation of Bg and BELN we have to 
perform operation operationi( which involves chang- 
ing the ith co-ordinate of w to y, with a probability 
proportional to Pi(y). The main difficulty lies in that 
the new w’ has to belong to R, that is, F(w’) # 8. In 
order to find possible values of w’, we have to calculate 
the intersection of all the sets l?j(wj) for j # i. This 
calculation is of order O(l@((m - 1)). 

Wowever, this operation can be speeded up. De- 
fine, for each w E 0, a function h, : 8 + AJ given 
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by h,(0) = Cr=r lr,(w,)(0) where I,i(,i)(‘) is equal 
to 1 if 8 E l?;(w;) and 0 otherwise. Suppose we have 
stored the function h,. If we calculate h, - Irj(wi) 

then the desired intersection is given by the elements 
of 0 with a maximum value of this difference. 

Suppose now that we have randomly picked a new 
ith co-ordinate, y. We can calculate the new h- 
function, h,t by just adding lpjtY) to the above dif- 
ference. This method allows us to calculate the inter- 
section in O(l0l). 

5. The Connectivity of a 
For the above algorithms Bf: and BELN to converge 
we require that 0 be connected. Many important cases 
lead to a connected a; for example, if the individual 
belief functions Beli are simple support functions, con- 
sonant support functions, discounted Bayesian or any 
other discounted belief functions (i.e., with mi(@) # 0) 
then a will be connected. Other cases clearly lead 
to non-connected s2, for example, if each Beli is a 
Bayesian belief function. Unfortunately it will some- 
times not be at all clear whether s1 is connected or not, 
and the obvious way of testing this requires a number 
of steps exponential in m. In 5.1 we construct a method 
for dealing with this problem. 

5.1 Using 0 to Find the Connected 
Components 

63, the core of 9, is defined to be UwenI’(~). For 
0 E 8, let t9* s 52 be the set (w E Sz : I’(w) 3 t9) and, 
for i E (l,...,m), 9; = {Wi E sli : l?i(Wi) 3 0). 

Define relation R’ on 8 by 0 R’ $J _ w R w’ 

for some w E 0* and w’ E @ (relation R was defined 
at the beginning of section 4). Let equivalence relation 
E’ be the transitive closure of R’ . 

Proposition 

(9 

(ii) 

Suppose 8, II, E 9. Then 0 R’ 1c, a for at 
most one i, the set (0; n $t) is empty. 

A one-to-one correspondence between the equiv- 
alence classes of E’ and = is given by 
X + Ueex e*, for G’ -equivalence class X. 
The inverse of this mapping is given by W --) 

U wEW Wf for E-equivalence class W. 

Part (i) implies that R’ can be expressed easily 
in terms of commonality4 functions: 0 R’ t+b +a 

Qi({e,$}) = 0 for at most one i E (1,. . . ,m}. 
The most important consequence of this proposition 

is that it gives an alternative method for testing if Sz is 
connected: we can use (i) to construct the equivalence 

‘The commonality function & cm~esponding to a mass func- 
tion m is defined by Q(X) = c,,, m(A) for X E 8. 

classes of G’ ; by (ii), Cl is connected if and only if 
there is a single E’ -equivalence class. Often 8 will 
be very much smaller than 0, so this method will be 
much more efficient than a straightforward approach. 

5.2 Finding a Starting Position w. E R 

The algorithms require as input a value 00 in a (and 
any element will do). It might seem hard to find such 
an element we if Q is very much smaller than 0. How- 
ever, we should have no problem in picking an ele- 
ment 8 in 8, the core of 0, since the core consists 
of possibilities not completely ruled out by the evi- 
dence. But then, for i = 1,. . . , m, we can pick wi such 
that l?i(wi) 3 8. Letting we = (WI,. . . ,w,,,), we have 
I’(wo) 3 8 SO w. E R as required. 

5.3 Barely Connected R 

The convergence theorem guarantees that the algo- 
rithms will converge to the correct value for connected 
Q, but it does not say how quickly. The following ex- 
ample illustrates that the convergence rate will tend 
to be very slow if 52 is only barely connected (i.e., if it 
is very hard for the algorithm to move between some 
elements of Q). 

Example Let m = 2k - 1, for some k E AJ, and let 
8 = {zi,zz}. For each i = 1,. . . , m let Q = {1,2}, 
let Pi(l) = Pi(2) = 3, let I’i(2) = 0 and, for i 5 k, 

let Fi(l) = {xl}, and, for i > k, let I’i(1) = (x2). 
Each triple (sli , Pi, Pi) corresponds to a simple support 
function. Q is very nearly not connected since it is the 
union of two sets (xl}* (which has 2k elements) and 
{x2}* (which has 2 ‘-l elements) which have just a 
singleton intersection ((2, . . . ,2)}. 

Suppose we want to use function Bg(wc) or function 
BELN(we) to estimate Bel((xl}) (which is just under 
3). If we start with we such that F(we) = (21) then 
it will probably take of the order of 2” values of w to 
reach a member of {x2}*. Therefore if k is large, e.g. 
k = 30, and we do a million trials then our estimate 
of Bel((xl}) will al most certainly be 1. Other starting 
positions we fare no better. 

Since P’(Q) = 3/2’ the simple Monte-Carlo algo- 
rithm does not perform satisfactorily here either. Gen- 
erally, if 0 is barely connected, then it will usually be 
small in comparison to n, so the contradiction will tend 
to be high, and the simple Monte-Carlo algorithm will 
not work well either. 

6. Experimental Testing 

The performance of the three Monte-Carlo algorithms 
for estimating Bel(X), MCBELN, BE and BELN, was 
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tested experimentally; MCBELN is the simple Monte- 
Carlo algorithm described in section 3, where N is the 
number of times an element w E a is picked with 
chance P’(w) (so the number of useful trials will be 
approximately NP’(SZ)). 

We considered randomly generated belief functions 
on a frame 8 with 30 elements. The number of focal el- 
ements (i.e, sets with non-zero mass) was chosen using 
a Poisson distribution with mean 8.0. Each focal ele- 
ment A was determined by first picking a random num- 
ber p in the interval [ 0, 11, and then, independently for 
each 8 E 0, including 8 in A with chance p. 

Two experiments were carried out. In the first one, 
six belief functions were combined and a set X C 0 was 
randomly generated. The exact belief of this event was 
calculated and 100 approximations were made for each 
of the three Monte-Carlo algorithms, with N = 5000, 
K = 6. This was repeated for ten different combina- 
tions and ten randomly selected sets X. The second 
experiment was very similar: the only difference being 
that 10 belief functions were combined and K = 10. 

The calculation times of the different algorithms 
were similar. In the light of the results we can con- 
elude: 

- The Markov Chain Monte-Carlo algorithms per- 
formed significantly better than the simple 
Monte-Carlo algorithm; e.g, in the first experi- 
ment, the mean errors of the Markov Chain al- 
gorithms were typically about 0.005, whereas in 
the simple algorithm, mean errors were typically 
about 0.01. 

- There was no significant difference between the 
performance of the two Markov Chain Monte- 
Carlo algorithms. In BELN we use more cases of 
the sample, but in BE there is a greater degree 
of independence between the cases. 

It also appears that when m is increased, the rel- 
ative precision of the Markov Chain algorithms with 
respect to the simple algorithm increases. This is due 
to the fact that the degree of conflict increases with m. 
Detailed results will appear in (Moral & Wilson 1994). 

7, xtensions and Applications 

Calculation of Belief on Logics: Dempster-Shafer 
theory can easily be extended to logics (see also (Pearl 
1990, Wilson 1991)). For example, let L be the lan- 
guage (i.e. the set of well-formed formulae) of a propo- 
sitional calculus. To extend the definitions of mass 
function, belief function, source triple and Dempster’s 
rule we can (literally) just replace the words ‘over 8’ 
by ‘on L’, replace 2e by fZ, replace 8 by I, E by b and 

intersection n by conjunction A.5 To adapt the algo- 
rithms we just need to change the condition I’(w,) E X 
to the condition I’(we) b X in the functions Bg(wo) 
and BELN(wo). 

nite frames: The Monte-Carlo algorithms open 
up the possibility of the computation of Dempster- 
Shafer belief on infinite frames 8, with perhaps also 
an infinite number of focal elements (so that 52 is in- 
finite). Clearly we will need some effective way of in- 
tersecting the focal elements; for example, this may be 
practical if 0 C L&Y for some n, and the focal elements 
are polytopes. 

The algorithms can also be used for calculating 
Dempster-Shafer belief in belief networks, and in 
decision-making, for calculating upper and lower ex- 
pected utility, see (Moral & Wilson 1994). 

iscussio 
Although the Markov Chain Monte-Carlo algorithms 
appear to often work well, there remains the problem 
of cases where Q is not (or is barely) connected. We 
will briefly discuss ways in which the algorithm could 
be improved for such cases. 

locking Components: A technique sometimes 
useful in Gibbs samplers is to block together compo- 
nents (see (Smith & Roberts 1993)); for our problem, 
this amounts to changing simultaneously more than 
one co-ordinate of w at a time; this can connect up 
components which were previously not connected (but 
will increase the time for each trial). 

Artificially Increasing s1: Recall that the state 
space Sz was defined to be {w E n : I”(w) # 0). If we 
use 52’ as the state space where 0 C 52’ C n, and 
define relations pi , R and c on 52’, then the functions 
B$(wo) and BELN(wo) will converge to Bel(X), given 
that 52’ is connected, so long as we don’t count trials 
where w E 0’ \ St ( i.e, we don’t increment S or the 
trial counter for such an w). This means that if St is 
not connected or is barely connected then we could 
improve the connectivity by judiciously adding extra 
points to Sz. 

Weighted Simulation: Another approach to solv- 
ing this type of problem, is to sample from a wrong 
but easier model and weighting to the distribution of 
interest (also known as ‘importance sampling’). This 
method has been used in Bayesian networks (Fung & 

5Note that now a belief function does not determine a unique 
maus function. 

These definitions also work for many other logics, such as 
modal lo&s, or L could be the set of closed formulae in a first 
order predicate calculus. 
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Chang 1990). It could be used directly, or in conjunc- 
tion with the algorithms given here to improve the con- 
nectivity of 0. 

Several combinations of the above procedures could 
produce optimal results in diflicult situations. A sim- 
ple strategy is to combine first by an exact method the 
groups of belief functions with a high degree of conflict, 
and then to combine the results with a simulation pro- 
cedure. 
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