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Abstract 

There has been some recent interest in intelli- 
gent backtracking procedures that can return to 
the source of a dif&ulty without erasing the in- 
termediate work. In this paper, we show that 
for some problems it can be counterproductive 
to do this, and in fact that such “inteIIigence” 
can cause an exponentkd increase in the size of 
the ultimate search space. We discuss the reason 
for this phenomenon, and we present one way to 
deal with it. 

1 Introduction 
We are interested in systematic search techniques for 
solving constraint satisfaction problems. There has 
been some recent work on intelligent backtracking pro- 
cedures that can return to the source of a di&ulty 
without erasing the intermediate work. In this paper, 
we will argue that these procedures have a substantial 
drawback, but first let us see why they might make 
sense. Consider an example from (Ginsberg 1993). 
Suppose we are coloring a map of the United States 
(subject to the usual constraint that only some fixed 
set of colors may be used, and adjacent states cannot 
be the same color). 

Let us assume that we first color the states along 
the Mississippi, thus dividing the rest of the problem 
into two independent parts. We now color some of the 
western states, then we color some eastern states, and 
then we return to the west. Assume further that upon 
our return to the west we immediately get stuck: we 
find a western state that we cannot color. What do we 
do? 

Ordinary chronological backtracking (depth-first 
search) would bayktrack to the most recent decision, 
but this would be a state east of the Mississippi and 
hence irrelevant; the search procedure would only ad- 
dress the real problem after trying every possible col- 
oring for the previous eastern states. 

*This work has been supported by the Air Force Office 
of Scientific Research under grant number 92-0693 and by 
ARPA/Rome Labs under grant numbers F30602-91-C-0036 
and F30602-93-C-00031. 
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Backjumping (Gaschnig 1979) is somewhat more in- 
telligent; it would immediately jump back to some 
state adjacent to the one that we cannot color. In 
the process of doing this, however, it would erase all 
the intervening work, i.e., it would uncolor the whole 
eastern section of the country. This is unfortunate; it 
means that each time we backjump in this fashion, we 
will have to start solving the eastern subproblem all 
over again. 

Ginsberg has recently introduced dynamic back- 
tracking (Ginsberg 1993) to address this difhculty. In 
dynamic backtracking, one moves to the source of the 
problem without erasing the intermediate work. Of 
course, simply retaining the values of the intervening 
variables is not enough; if these values turn out to be 
wrong, we will need to know where we were in the 
search space so that we can continue the search sys- 
tematically. In order to do this, dynamic backtracking 
accumulates nogoods to keep track of portions of the 
space that have been ruled out. 

Taken to an extreme, this would end up being very 
similar to dependency-directed backtracking (Stall- 
man & Sussman 1977). Although dependency-directed 
backtracking does not save intermediate values, it saves 
enough dependency information for it to quickly re- 
cover its position in the search space. Unfortunately, 
dependency-directed backtracking saves far too much 
information. Since it learns a new nogood from every 
backtrack point, it generally requires an exponential 
amount of memory - and for each move in the search 
space, it may have to wade through a great many of 
these nogoods. Dynamic backtracking, on the other 
hand, only keeps nogoods that are “relevant” to the 
current position in the search space. It not only learns 
new nogoods; it also throws aways those old nogoods 
that are no longer applicable. 

Dynamic backtracking, then, would seem to be 
a happy medium between backjumping and full 
dependency-directed backtracking. Furthermore, 
Ginsberg has presented empirical evidence that dy- 
namic backtracking outperforms backjumping on the 
problem of solving crossword puzzles (Ginsberg 1993). 

Unfortunately, as we will soon see, dynamic back- 
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tracking has problems of its own. 
The plan of the paper is as follows. The next sec- 

tion reviews the details of dynamic backtracking. Sec- 
tion 3 describes an experiment comparing the perfor- 
mance of dynamic backtracking with that of depth- 
first search and backjumping on a problem class that 
has become somewhat of a standard benchmark. We 
will see that dynamic backtracking is worse by a fac- 
tor exponential in the size of the problem. Note that 
this will not be simply the usual complaint that in- 
telligent search schemes often have a lot of overhead. 
Rather, our complaint will be that the effective search 
space itself becomes larger; even if dynamic backtrack- 
ing could be implemented without any additional over- 
head, it would still be far less efficient than the other 
algorithms. 

Section 4 contains both our analysis of what is going 
wrong with dynamic backtracking and an experiment 
consistent with our view. In Section 5, we describe a 
modification to dynamic backtracking that appears to 
fix the problem. Concluding remarks are in Section 6. 

2 Dynamic backtracking 
Let us begin by reviewing the definition of a constraint 
satisfaction problem, or CSP. 
Definition 1 A constraint satisfaction problem 
(V, D, C) is defined by a finite set of variables V, a 
finite set of values D,, for each v E V, and a finite 
set of constraints C, where each constraint (W, P) E C 
consists of a list of variables W = (WI, . . . , wk) C V 
and a predicate on these variables P E D,, x- - ax Dwk. 
A solution to the problem is a total assignment f 
of values to variables, such that for each v E V, 
f(v) E D,, and for each constraint ((WI,. . . , wk), P), 
(f (Wl), * * -9 f(wk)) E P. 

Like depth-first search, dynamic backtracking works 
with partial solutions; a partial solution to a CSP is an 
assignment of values to some subset of the variables, 
where the assignment satisfies all of the constraints 
that apply to this particular subset. The algorithm 
starts by initializing the partial solution to have an 
empty domain, and then it gradually extends this so- 
lution. As the algorithm proceeds, it will derive new 
constraints, or “nogoods,” that rule out portions of the 
search space that contain no solutions. Eventually, the 
algorithm will either derive the empty nogood, prov- 
ing that the problem is unsolvable, or it will succeed 
in constructing a total solution that satisfies all of the 
constraints. We will always write the nogoods in di- 
rected form; e.g., 

tvl = ql) A ” - A (vk-1 = qk-1) * vk # qk 

tells us that variables vr through vk cannot simultane- 
ously have the values q1 through qk respectively. 

The main innovation of dynamic backtracking (com- 
pared to dependency-directed backtracking) is that it 
only retains nogoods whose left-hand sides are cur- 
rently true. That is to say that if the above nogood 

were stored, then 211 through Vk-1 would have to have 
the indicated values (and since the current partial so- 
lution has to respect the nogoods as well as the original 
constraints, VI, would either have some value other than 
qk or be unbound). If at some point, one of the left- 
hand variables were changed, then the nogood would 
have to be deleted since it would no longer be “rel- 
evant .” Because of this relevance requirement, it is 
easy to compute the currently permissible values for 
any variable. Furthermore, if all of the values for some 
variable are eliminated by nogoods, then one can re- 
solve these nogoods together to generate a new nogood. 
For example, assuming that D,, = { 1,2}, we could re- 
solve 

with 
h = a) A (v3 = c) 3 vQ # 1 

(212 = b) A (213 = c) j VQ # 2 

to obtain 

cvl = a) A (~2 = b) =+- 213 # c 

In order for our partial solution to remain consistent 
with the nogoods, we would have to simultaneously 
unbind vs. This corresponds to backjumping from vQ 

to v3, but without erasing any intermediate work. Note 
that we had to make a decision about which variable 
to put on the right-hand side of the new nogood. The 
rule of dynamic backtracking is that the right-hand 
variable must always be the one that was most recently 
assigned a value; this is absolutely crucial, as without 
this restriction, the algorithm would not be guaranteed 
to terminate. 

The only thing left to mention is how nogoods get 
acquired in the first place. Before we try to bind a new 
variable, we will check the consistency of each possible 
value’ for this variable with the values of all currently 
bound variables. If a constraint would be violated, we 
write the constraint as a directed nogood with the new 
variable on the right-hand side. 

We have now reviewed all the major ideas of dynamic 
backtracking, so we will give the algorithm below in a 
somewhat informal style. For the precise mathematical 
definitions, see (Ginsberg 1993). 

Procedure DYNAMIC-BACKTRACKING 

Initialize the partial assignment f to have the empty 
domain, and the set of nogoods l? to be the empty 
set. At all times, f will satisfy the nogoods in I’ as 
well as the original constraints. 

If f is a total assignment, then return f as the 
answer. Otherwise, choose an unassigned variable 
v and for each possible value of this variable that 
would cause a constraint violation, add the appro- 
priate nogood to I’. 

If variable v has some value z that is not ruled out 
by any nogood, then set f(v) = 2, and return to 
step 2. 

‘A value is possible if it is not eliminated by a nogood. 

Advances in Backtracking 289 



4. Each value of v violates a nogood. Resolve these no- 
goods together to generate a new nogood that does 
not mention v. If it is the empty nogood, then re- 
turn “unsatisfiable” as the answer. Otherwise, write 
it with its chronologically most recent variable (say, 
w) on the right-hand side, add this directed nogood 
toI’,and caJl ERASE-VARIABLE(W). If each valueof 
w now violates a nogood, then set v = w and return 
to step 4; otherwise, return to step 2. 

Procedure ERASE-VARIABLE(W) 

1. Remove w from the domain of f. 

2. For each nogood y E I’ whose left-hand side men- 
tions w,caU DELETE-NOGOOD( 

Procedure DELETE-NOGOOD 

1. Remove 7 from I’. 

Each variable-value pair can have at most one no- 
good at a given time, so it is easy to see that the algo- 
rithm only requires a polynomial amount of memory. 
In (Ginsberg 1993), it is proven that dynamic back- 
tracking always terminates with a correct answer. 

This is the theory of dynamic backtracking. How 
well does it do in practice? 

3 Experiments 

To compare dynamic backtracking with depth-first 
search and backjumping, we will use randomly- 
generated propositional satisfiability problems, or to be 
more specific, random J-SAT problems with n variables 
and m clauses.2 Since a SAT problem is just a Boolean 
CSP, the above discussion applies directly. Each clause 
will be chosen independently using the uniform distri- 
bution over the ( t )23 non-redundant S-literal clauses. 
It turns out that the hardest random S-SAT problems 
appear to arise at the “crossover point” where the ra- 
tio of clauses to variables is such that about half the 
problems are satisfiable (Mitchell, Selman, & Levesque 
1992); the best current estimate for the location of this 
crossover point is at m = 4.24n + 6.21 (Crawford & 
Auton 1993). Several recent authors have used these 
crossover-point 3-SAT problems to measure the perfor- 
mance of their algorithms (Crawford & Auton 1993; 
Selman, Levesque, & Mitchell 1992). 

In the dynamic backtracking algorithm, step 2 leaves 
open the choice of which variable to select next; back- 
tracking and backjumping have similar indetermina- 
ties. We used the following variable-selection heuris- 
tics: 

1. If there is an unassigned variable with one of its two 
values currently eliminated by a nogood, then choose 
that variable. 

‘Each clause in a 3-SAT problem is a disjunction of three 
liter&. A literal is either a propositional variable or its 
negation. 
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2. 

3. 

Otherwise, if there is an unassigned variable that 
appears in a clause in which all the other literals 
have been assigned false, then choose that variable. 

Otherwise, choose the unassigned variable that ap- 
pears in the most binary clauses. A binary clause is 
a clause in which exactly two literals are unvalued, 
and all the rest are false.3 
The first heuristic is just a typical backtracking con- 

vention, and in fact is intrinsically part of depth-first 
search and backjumping. The second heuristic is unit 
propagation, a standard part of the Davis-Putnam 
procedure for propositional satisfiability (Davis, Loge- 
mann, & Loveland 1962; Davis & Putnam 1960). The 
last heuristic is also a fairly common SAT heuristic; 
see for example (Crawford & Auton 1993; Zabih & 
McAllester 1988). These heuristics choose variables 
that are highly constrained and constraining in an at- 
tempt to make the ultimate search space as small as 
possible. 

For our experiments, we varied the number of vari- 
ables n from 10 to 60 in increments of 10. For 
each value of n we generated random crossover-point 
problems4 until we had accumulated 100 satisfiable and 
100 unsatisfiable instances. We then ran each of the 
three algorithms on the 200 instances in each prob- 
lem set. The mean number of times that a variable is 
assigned a value is displayed in Table 1. 

Dynamic backtracking appears to be worse than the 
other two algorithms by a factor exponential in the 
size of the problem; this is rather surprising. Because 
of the lack of structure in these randomly-generated 
problems, we might not expect dynamic backtracking 
to be significantly better than the other algorithms, 
but why would it be worse? This question is of more 
than academic interest. Some real-world search prob- 
lems may turn out to be similar in some respects to 
the crossword puzzles on which dynamic backtracking 
does well, while being similar in other respects to these 
random 3-SAT problems - and as we can see from Ta- 
ble 1, even a small “random 3-SAT component” will be 
enough to make dynamic backtracking virtually use- 
less. 

4 Analysis 
To understand what is going wrong with dynamic 
backtracking, consider the following abstract SAT ex- 
ample: 

a + z (1) 
a la (2) 

-a + b (3) 
b * c (4) 

‘On the very first iteration in a S-SAT problem, there 
will not yet be any binary clauses, so instead choose the 
variable that appears in the most clauses overall. 

4The numbers of clauses that we used were 49, 91, 133, 
176, 218, and 261 respectively. 



Average Number of Assignments 
Variables Depth-First Search Backjumping Dynamic Backtracking 

10 20 20 22 
20 54 54 94 
30 120 120 643 
40 217 216 4,532 
50 388 387 31,297 
60 709 705 212,596 

Table 1: A comparison using randomly-generated S-SAT problems. 

c a d (5) 
x a ld (6) 

Formula (1) represents the clause TZV s; we have writ- 
ten it in the directed form above to suggest how it will 
be used in our example. The remaining formulas cor- 
respond to groups of clauses; to indicate this, we have 
written them using the double arrow (+) . Formula (2) 
represents some number of clauses that can be used to 
prove that a is contradictory. Formula (3) represents 
some set of clauses showing that if a is false, then b 
must be true; similar remarks apply to the remaining 
formulas. These formulas will also represent the no- 
goods that will eventually be learned. 

Imagine dynamic backtracking exploring the search 
space in the order suggested above. First it sets a 
true, and then it concludes z using unit resolution (and 
adds a nogood corresponding to (1)). Then after some 
amount of further search, it finds that a has to be 
false. So it erases a, adds the nogood (2), and then 
deletes the nogood (1) since it is no longer “relevant.” 
Note that it does not delete the proposition z - the 
whole point of dynamic backtracking is to preserve this 
intermediate work. 

It will then set a false, and after some more search 
will learn nogoods (3)-(5), and set b, c and d true. 
It will then go on to discover that x and d cannot 
both be true, so it will have to add a new nogood (6) 
and erase d. The rule, remember, is that the most 
recently valued variable goes on the right-hand side of 
the nogood. Nogoods (5) and (6) are resolved together 
to produce the nogood 

2 a 1c (7) 
where once again, since c is the most recent variable, 
it must be the one that is retracted and placed on the 
right-hand side of the nogood; and when c is retracted, 
nogood (5) must be deleted also. Continuing in this 
fashion, dynamic backtracking will derive the nogoods 

x * lb (8) 
x * a (9) 

The values of b and a will be erased, and nogoods (4) 
and (3) will be deleted. 

Finally, (2) and (9) will b e resolved together produc- 
ing 

* 1x (10) 

The value of x will be erased, nogoods (6)-(g) will be 
deleted, and the search procedure will then go on to 
rediscover (3)-(5) all over again. 

By contrast, backtracking and backjumping would 
erase x before (or at the same time as) erasing a. They 
could then proceed to solve the rest of the problem 
without being encumbered by this leftover inference. It 
might help to think of this in terms of search trees even 
though dynamic backtracking is not really searching a 
tree. By failing to retract x, dynamic backtracking is 
in a sense choosing to “branch” on x before branching 
on a through d. This virtually doubles the size of the 
ultimate search space. 

This example has been a bit involved, and so far it 
has only demonstrated that it is possible for dynamic 
backtracking to be worse than the simpler methods; 
why would it be worse in the average case? The answer 
lies in the heuristics that are being used to guide the 
search. 

At each stage, a good search algorithm will try to 
select the variable that will make the remaining search 
space as small as possible. The appropriate choice 
will depend heavily on the values of previous variables. 
Unit propagation, as in equation (l), is an obvious ex- 
ample: if a is true, then we should immediately set z 
true as well; but if a is false, then there is no longer 
any particular reason to branch on x. After a is un- 
set, our variable-selection heuristic would most likely 
choose to branch on a variable other than a; branch- 
ing on x anyway is tantamount to randomly corrupting 
this heuristic. Now, dynamic backtracking does not 
really “branch” on variables since it has the ability to 
jump around in the search space. As we have seen, 
however, the decision not to erase x amounts to the 
same thing. In short, the leftover work that dynamic 
backtracking tries so hard to preserve often does more 
harm than good because it perpetuates decisions whose 
heuristic justifications have expired. 

This analysis suggests that if we were to eliminate 
the heuristics, then dynamic backtracking would no 
longer be defeated by the other search methods. Ta- 
ble 2 contains the results of such an experiment. It 
is important to note that all of the previously listed 
heuristics (including unit resolution!) were disabled 
for the purpose of this experiment; at each stage, we 
simply chose the first unbound variable (using some 
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Average Number of Assignments 
Variables Depth-First Search Backjumping Dynamic Backtracking 

10 77 61 51 
20 2,243 750 478 
30 53,007 7,210 3,741 

Table 2: The same comparison as Table 1, but with all variable-selection heuristics disabled. 

I Average Number of Assignments 
Variables Depth-First Search v Backjumping Dynamic Backtracking 

10 20 20 20 
20 54 54 53 
30 120 120 118 
40 217 216 209 
50 388 387 375 
60 709 705 672 

Table 3: The same comparison as Table 1, but with dynamic backtracking modified to undo unit propagation when 
it backtracks. 

fixed ordering). For each value of n listed, we used 
the same 200 random problems that were generated 
earlier. 

The results in Table 2 are as expected. All of the 
algorithms fare far worse than before, but at least dy- 
namic backtracking is not worse than the others. In 
fact, it is a bit better than backjumping and substan- 
tially better than backtracking. So given that there is 
nothing intrinsically wrong with dynamic backtrack- 
ing, the challenge is to modify it in order to reduce 
or eliminate its negative interaction with our search 
heuristics. 

5 Solution 
We have to balance two considerations. When back- 
tracking, we would like to preserve as much nontrivial 
work as possible. On the other hand, we do not want 
to leave a lot of “junk” lying around whose main ef- 
fect is to degrade the effectiveness of the heuristics. In 
general, it is not obvious how to strike the appropriate 
balance. For the propositional case, however, there is 
a simple modification that seems to help, namely, un- 
doing unit propagation when backtracking. 

We will need the following definition: 
Definition 2 Let v be a variable (in a Boolean CSP) 
that is currently assigned a value. A nogood whose 
conclusion eliminates the other value for v will be said 
to justify this assignment. 
If a value is justified by a nogood, and this nogood is 
deleted at some point, then the value should be erased 
as well. Selecting the given value was once a good 
heuristic decision, but now that its justification has 
been deleted, the value would probably just get in the 
way. Therefore, we will rewrite DELETE-NOGOOD as 
follows, and leave the rest of dynamic backtracking in- 
tact: 

Procedure DELETE-NOGOOD 

1. Remove y from I’. 

2. For each variable w justified by y, call ERASE- 
VARIABLE(w). 

Note that ERASE-VARIABLE calls DELETE-NOGOOD 
in turn; the two procedures are mutually recursive. 
This corresponds to the possibility of undoing a cas- 
cade of unit resolutions. Like Ginsberg’s original al- 
gorithm, this modified version is sound and complete, 
uses only polynomial space, and can solve the the union 
of several independent problems in time proportional 
to the sum of that required for the original problems. 

We ran this modified procedure on the same ex- 
periments as before, and the results are in Table 3. 
Happily, dynamic backtracking no longer blows up the 
search space. It does not do much good either, but 
there may well be other examples for which this mod- 
ified version of dynamic backtracking is the method of 
choice. 

How will this apply to non-Boolean problems? First 
of all, for non-Boolean CSPS, the problem is not quite 
as dire. Suppose a variable has twenty possible values, 
all but two of which are eliminated by nogoods. Sup- 
pose further that on this basis, one of the remaining 
values is assigned to the variable. If one of the eighteen 
nogoods is later eliminated, then the variable will still 
have but three possibilities and will probably remain a 
good choice. It is only in the Boolean problems that an 
assignment can go all the way from being totally justi- 
fied to totally unjustified with the deletion of a single 
nogood. Nonetheless, in experiments by Jonsson and 
Ginsberg it was found that dynamic backtracking of- 
ten did worse than depth-first search when coloring 
random graphs (Jonsson & Ginsberg 1993). Perhaps 
some variant of our new method would help on these 
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problems. One idea would be to delete a value if it 
loses a certain number (or percentage) of the nogoods 
that once supported it. 

6 Conclusion 
Although we have presented this research in terms of 
Ginsberg’s dynamic backtracking algorithm, the im- 
plications are much broader. Any systematic search 
algorithm that learns and forgets nogoods as it moves 
laterally through a search space will have to address- 
in some way or another-the problem that we have 
discussed. The fundamental problem is that when a 
decision is retracted, there may be subsequent deci- 
sions whose justifications are thereby undercut. While 
there is no logical reason to retract these decisions as 
well, there may be good heuristic reasons for doing so. 

On the other hand, the solution that we have pre- 
sented is not the only one possible, and it is proba- 
bly not the best one either. Instead of erasing a vari- 
able that has lost its heuristic justification, it would 
be better to keep the value around, but in the event 
of a contradiction remember to backtrack on this vari- 
able instead of a later one. With standard dynamic 
backtracking, however, we do not have this option; 
we always have to backtrack on the most recent vari- 
able in the new nogood. Ginsberg and McAllester 
have recently developed partial-order dynamic back- 
trucking (Ginsberg & McAllester 1994), a variant of 
dynamic backtracking that relaxes this restriction to 
some extent, and it might be interesting to explore 
some of the possibilities that this more general method 
makes possible. 

Perhaps the main purpose of this paper is to sound 
a note of caution with regard to the new search algo- 
rithms. Ginsberg claims in one of his theorems that dy- 
namic backtracking “can be expected to expand fewer 
nodes than backjumping provided that the goal nodes 
are distributed randomly in the search space” (Gins- 
berg 1993). In the presence of search heuristics, this 
is false. For example, the goal nodes in unsatisfiable 
3-SAT problems are certainly randomly distributed 
(since there are not any goal nodes), and yet standard 
dynamic backtracking can take orders of magnitude 
longer to search the space. 

Therefore, while there are some obvious benefits to 
the new backtracking techniques, the reader should be 
aware that there are also some hazards. 
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