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Abstract 
This paper describes an extension to the constraint 
satisfaction problem (CSP) approach called MUSE 
CSP (Multiply SEgmented Constraint Satisfaction 
Problem). This extension is especially useful for those 
problems which segment into multiple sets of partially 
shared variables. Such problems arise naturally in sig- 
nal processing applications including computer vision, 
speech processing, and handwriting recognition. For 
these applications, it is often difficult to segment the 
data in only one way given the low-level information 
utilized by the segmentation algorithms. MUSE CSP 
can be used to efficiently represent several similar in- 
stances of the constraint satisfaction problem simul- 
taneously. If multiple instances of a CSP have some 
common variables which have the same domains and 
compatible constraints, then they can be combined 
into a single instance of a MUSE CSP, reducing the 
work required to enforce node and arc consistency. 

Introduction 
Constraint satisfaction provides a convenient way to 
represent certain types of problems. In general, these 
are problems which can be solved by assigning mu- 
tually compatible values to a fixed number of vari- 
ables under a set of constraints. This approach has 
been used in a variety of disciplines including ma- 
chine vision, belief maintenance, temporal reasoning, 

f 
raph theory, circuit design, and diagnostic reasoning 
Kumar 1992). A classic example of a CSP is the 

map coloring problem (e.g., Figure l), where a color 
must be assigned to each country such that no two 
neighboring countries have the same color. A vari- 
able represents a country’s color, and a constraint arc 
between two variables indicates that the two joined 
countries are adjacent and should not be assigned 
the same color. Formally, a CSP (Mackworth 1977; 
Mohr & Henderson 1986) is defined in Definition 1. 
Definition 1 (Constraint Satisfaction Problem) 

f 
= i,j,.. 

I 

.) is the set of nodes, with IN = n, 
= a,b,...} is th e set of labels, with IL = 2, 

217, a unary relation (i a) is admisiible if RI (i a), 
ala E L and (i u) is admissible) 

I 

Rr? is a binary relatioi, (i, a)-( j, b) is admissible ii 
R2(i, a, j, b). 
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A CSP network contains all n-tuples in L” which 
satisfy R1 and R2. Since some of the values associ- 
ated with a variable may be incompatible with values 
assigned to other variables, it is desirable to eliminate 
as many of these values as possible by enforcing lo- 
cal consistency conditions (such as arc consistency) be- 
fore a globally consistent solution is extracted (Dechter 
1992). Node and arc consistency are defined in Defini- 
tions 2 and 3 respectively. Node consistency is easily 
enforced by the operation Li = Li n { 21 RI (i, 2)). En- 
forcing arc consistency is more complicated, but Mohr 
and Henderson (Mohr & Henderson 1986) have de- 
signed an optimal algorithm (AC-4), which runs in 
O(yZ2) time (where y is the number of pairs of nodes 
for which R2 is not the TRUE relation). 
Definition 2 (Node Consistency) An instance of CSP is 
said to be node consistent if and only if each variable’s 
domain contains only labels which do not violate the unary 
relation Rl, i.e.: Qi E N : Qu E L; : Rl (i, a) 

Definition 3 (Arc Consistency) An instance of CSP is 
said to be arc consistent if and only if for every pair of nodes 
i and j, each element of L; (the domain of d) has at least 
one element of L, for which they both satisfy the binary re- 
lation R2, i.e.: Vi, j E N : Qu E L; : 3b E L, : R2(i,a, j, b) 

There are many types of problems which can be 
solved by using this approach in a more or less direct 
fashion. There are also problems which might benefit 
from the CSP approach, but which are difficult to seg- 
ment into a single set of variables. This is the class of 
problems our paper addresses. For example, suppose 
the map represented in Figure 1 were scanned by a 
noisy computer vision system, with a resulting uncer- 
tainty as to whether the line between regions 1 and 2 is 
really a border or an artifact of the noise. This situa- 
tion would yield two CSP problems as depicted in Fig- 
ure 2. A brute-force approach would be to solve both 
of the problems, which would be reasonable for scenes 
containing few ambiguous borders. However, as the 
number of ambiguous borders increases, the number of 
CSP networks would grow in a combinatorially explo- 
sive fashion. In the case of ambiguous segmentation, it 
might often be more efficient to merge the constraint 
networks into a single network which would compactly 
represent all of them simultaneously, as shown in Fig- 
ure 3. In this paper, we develop an extension to CSP 
called MUSE CSP (Multiply SEgmented Constraint 
Satisfaction Problem) to represent multiple instances 
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of CSP problems. 
The initial motivation for extending CSP came 

from work in spoken language parsing (Zoltowski et 
al. 1992; Harper ei al. 1992; Harper & Helzer- 
man 1993). The output of a hidden-Markov-model- 
based speech recognizer is often a list of the most 
likely sentence hypotheses 
parsing can be used to ! 

i.e., an N-best list) where 
ru e 

sentence hypotheses. 
out the ungrammatical 

Maruyama (Maruyama 1990a; 
199Oc; 1990b) has shown that parsing can be cast as a 
CSP with a finite domain? so constraints can be used 
to rule out syntactically incorrect sentence hypothe- 
ses. However, individually processing each sentence 
hypothesis provided by a speech recogmzer is inefficient 
since many sentence hypotheses are generated with a 
high degree of similarity. An alternative representation 
for a list of similar sentence hypotheses is a word graph 
or lattice of word candidates which contains informa- 
tion on the approximate beginning and end point of 
each word. Word graphs are typically more compact 
and more expressive than N-best sentence lists. In an 
experiment (Zoltowski et al. 1992), word graphs were 
constructed from three different lists of sentence hy- 
potheses. The word graphs provided an 83% reduction 
in storage, and in all cases, they encoded more possi- 
ble sentence hypotheses than were in the original list of 
hypotheses. Figure 4 depicts a word graph containing 
eight sentence hypotheses which was constructed from 
two sentence hypotheses: Its hard to recognizes speech 
and It’s hard to wreck: a nice beach. By structuring 
the spoken language parsing problem as a MUSE CSP 
problem, the constraints used to parse individual sen- 
tences would be applied to a word graph of sentence 
hypotheses, eliminating from further consideration all 
those hypotheses that are ungrammatical. The goal in 
this case is to utilize constraints to eliminate as many 
ungrammatical hypotheses as possible, and then to se- 
lect the best remaining sentence hypothesis (given the 
word probabilities given by the recognizer). 

From CSP to MUSE CSP 
If there are multiple, similar instances of a CSP which 
need to be solved, then separately enforcing node and 
arc consistency on each instance can often result in 
much duplicated work. To avoid this duplication, we 
have combined the multiple instances of CSP into a 

Figure 1: The map coloring problem as an example of 
CSP. When using a CSP approach, the variables are 
depicted as circles, where each circle is associated with 
a finite set of possible values, and the constraints im- 
posed on the variables are depicted using arcs. An arc 
looping from a circle to itself represents a unary con- 
straint (a relation involving a single variable), and an 
arc between two circles represents a binary constraint 
(a relation on two variables). 

F--l 
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Figure 2: An 
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Figure 3: The two CSP problems of figure 2 are cap- 
tured by a single instance of MUSE CSP. The directed 
edges form a DAG such that the paths through the 
DAG correpond to instances of combined CSPs. 
shared constraint network and revised the node and arc 
consistency algorithms to support this representation. 

Formally, we define MUSE CSP as follows: 
Definition 4 (MUSE CSP) 
N = {i, j,...} is th e set of nodes, with INI = n, 
E 5 2,” 6” a set of segments with IC! = s, 

Li = I 
. .} is the set of labels, wrth IL1 = I, 

uiu’i L and (;,a) is admissible in at least one 
segment}, 
RI is a unary relation, (i, a) is admissible if RI (i, a), 
R2 is a binary relation, (i, a)-(j, b) is admissible if 
R2(i, u, j, b). 

The segments in C are the different sets of nodes repre- 
senting instances of CSP which are combined to form 
a MUSE CSP. We also define L(i,,) to be the set of all 
labels a E Li that are admissible for u E C. 

Because there can be an exponential number of se 
ments in the set C, it is important to define metho 2 

- 
s 

for combining instances of CSP into a single, compact 
MUSE CSP. To create a MUSE CSP, we must be able 
to determine when variables across several instances 
of CSP can be combined into a single shared variable, 
and we must also be able to determine which subsets 
of variables in the MUSE CSP correspond to individ- 
ual CSPs. A word graph of sentence hypotheses is an 

k’s hard to wreck a nice beach 

1 Its 1 hard ( to 1 recognizes 1 speech 1 

Figure 4: Multiple sentence hypotheses can be parsed 
simultaneously by propagating constraints over a word 
graph rather than individual sentences. 
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excellent representation for a MUSE CSP based con- 
straint parser for spoken sentences. Words that occur 
in more than one sentence hypothesis over the same 
time interval are represented using a single variable. 
The edges between the word nodes, which indicate 
temporal ordering among the words in the sentence, 
provide links between words in a sentence hypothesis. 
A sentence hypothesis, which corresponds to an indi- 
vidual CSP, is simply a path through the word nodes 
in the word graph going from a start node to an end 
node. 

The concepts used to create a MUSE CSP network 
for spoken language can be adapted to other CSP 
problems. In particular, it is desirable to represent a 
MUSE CSP as a directed acyclic graph (DAG) where 
the paths through the DAG correspond to instances of 
CSP problems. In addition, CSP networks should be 
combined only if they satisfy the conditions below: 
Definition 5 (MUSE CSP Combinability) p instances of 
CSP Cl ) . . . , c, are said to be MUSE Combinable ifl the 
following conditions hold: 

1. If {m,u2 ,..., 4 E (NI ,--*, Np} A (i E ul A i f 02 A 
- + .Ai E uq) A (a E L(i,ul)Aa E L(i,02)A- - .Aa E L(i,u,>)t 
then Rl,,(i, a) = Rl,,(i, a) = . . . = Rla,(i,a). 

2. If(cq,~2 ,..., ~7~) s {NI ,..., Np} A (i,j E m Ai,j E 
62 A. . . A i, j E up) A (a E L(i,ul) A a E L(i,u,) A - - -A a E 
L(i,u,)) A (b E L(j,ul)Ab E L(j,uz)A- - .Ab E L(j,uo)), then 
Ri&(i, a, j,b) = Ri?,,(i, a, j, b) = . . . = RiTifu,(i, a, j, b). 

These conditions are not overly restrictive, requiring 
only that the labels for each variable i must be con- 
sistently admissible or inadmissible for all instances of 
CSP which are combined. These conditions do not 
uniquely determine which variables should be shared 
across CSP instances for a particular problem type. 
We define an operator @ which combines instances of 
CSP into an instance of MUSE CSP in Definition 6. 
Definition 6 (@, the MUSE CSP Combining Operator) 
If Cl,..., C, are MUSE combinable instances of CSP, then 
c = Cl @ . . . $ C, will be an instance of MUSE CSP such 
that: 

N = N1 u . . . u Np 
C= Nl 

ii: 
i 

N) 
1 u... ‘YJE 

L(i,N1) U Lpi,N2) U . -0 u L(i,Np) 

RI (i, TV) = 3 (Rl,(i, a) A a E L(i,,)) 
o=N1 

NP 

R2(i, a, j, b) = V (R2&, a, j, a) A (a E L(i,u) A b E L(,,,))) 
a=N1 

As mentioned above, a DAG is an excellent rep- 
resentation for a MUSE CSP, where its nodes are 
the elements of N, and its edges are arranged such 
that every c in C maps onto a path through the 
DAG. In some a B plications, 
tion (Zoltowski et al. 

such as speech recogni- 
1992; Harper et d. 1992; 

Harper & Helzerman 1993)., the DAG will already be 
available to us. In applications where the DAG is not 
available, the user must determine the best way to 
combine instances of CSP to maximize sharing. We 
have provided an algorithm (shown in Figure 5) which 
automatically constructs a single instance of a MUSE 

1. Assign each element i of IV some number u in the range 
of 1 to n by using ord(i) = u. 

2. 
3. 

4. 
5. 

nodes called start and 

6. 
7. 

Figure 5: The algorithm to create a DAG to represent 
the set C, and examples of its action. 
CSP from multiple CSP instances in Q(sn log n) time, 
where s is the number of CSP instances to combine, 
and n is the number of nodes in the MUSE CSP. This 
algorithm requires the user to assign numbers to vari- 
ables in the CSPs such that variables that can be 
shared are assigned the same number. As shown by 
the examples in Figure 5, for a given set of CSPs, the 
greater the intersection between the sets of node num- 
bers across CSPs, the more compact the MUSE CSP. 

Depending on the application, the solution for a 
MUSE CSP could range from the set of consistent la- 
bels for a single path through the MUSE CSP to all 
compatible sets of labels for all paths (or CSPs). For 
our speech processing application, we select the most 
likely path through the MUSE CSP based on probabil- 
ities assigned to word candidates by our speech recog- 
nition algorithm. It is desirable to prune the search 
space before selecting a solution by enforcing local con- 
sistency conditions, such as node and arc consistency. 
However, node and arc consistency must first be ex- 
tended to MUSE CSP. 
Definition 7 (MUSE Node Consistency) An instance of 
MUSE CSP is said to be node consistent i 

I each variable’s domain, Li, contains only la 
and only if 

els which do 
not violate the unary relation Rl, i.e.: Vs E N : Va E Li : 
Rl (i, a) 

Definition 8 (MUSE Arc Consistency) An instance of 
MUSE CSP is said to be arc consistent if and only if for 
every label a in each domain Li there is at least one seg- 
ment IY whose nodes’ domains contain at least one label b 
which satisfy the binary relation R2, i.e.: Vi E N : Va E 
Li:3aEC:iEaAVjEa:j#ij3bELj:R2(i,u,j,b) 

A MUSE CSP is node consistent if all of its seg- 
ments are node consistent. Unfortunately, arc consis- 
tency in a MUSE CSP requires more attention because 
even though a binary constraint might disallow a label 
in one segment, it might allow it in another segment. 
When enforcing arc consistency in a CSP, a label a in 
Li can be eliminated from node i whenever any other 
domain Lj has no labels which together with a satisfy 
the binary constraints. However, in a MUSE CSP, be- 
fore a label can be eliminated from a node, it must fail 
to satisfy the binary constraints in all the segments in 
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Notation Meaning 

t&i) An ordered pair of nodes. 

K&j), al An ordered parr of a node pair (i, j ) 
and a label a E Li. 

W(i,i>, al 
= 1 mdrcates that the label 
missable for 

been eliminated from) \ 
and has already 

a 1 segments 

~ 

(1, ) 
umber of labels m Lj 
*tibl.= with a in Li. 

W-Sup[ I, J ), a] means 
dm!s;L; ;” every segment 
i,l, 

~kis%bk’!n )eover~~~~rnent 
s [") ] 

- - 

Local-Prev-Sup(i, a) 
A set of elements (a,~) such that 
(i, i) E Prev-edgei and a is compatible 
with at least one of j’s labels. 
A set of elements (a. 1) such that 

List IA queue of arc support to be deleted. 

Figure 6: Data structures and notation for the algo- 
rithms. 
which it appears. Therefore, the definition of MUSE 
arc consistency is modified as shown in Definition 8. 
Notice that Definition 8 reduces to Definition 3 when 
the number of segments is one. Because MUSE arc 
consistency must hold for all segments, if a single CSP 
were selected from the MUSE CSP after MUSE arc 
consistency is enforced, additional filtering can be re- 
quired for that single instance. 

MUSE CSP Arc Consistency Algorithm 
MUSE arc consistency1 is enforced by removing from 
the domains those labels in Li which violate the con- 
ditions of Definition 8. MUSE AC-l builds and main- 
tains several data structures, described in Figure 6, to 
allow it to efficiently perform this operation. Figure 8 
shows the code for initializing the data structures, and 
Figure 9 contains the algorithm for eliminating incon- 
sistent labels from the domains. 

If label a at node i is compatible with label b at node 
j, then a supports b. To keep track of how much sup- 
port each label u has, the number of labels in Lj which 
are compatible with a in Li are counted, and the total 
is stored in CounterI(i, jl, aE; The algorithm must also 
keep track of which abe s t at label a supports by us- 
ing S[(i, j), ] a , w ic h’ h is a set of arc and role value pairs. 
For example, S[(i, j), a] = {[(j, i), b], [(j, i), c]} means 
that a in Li supports b and c in Lj. If a is ever invalid 
for Li then b and c will loose some of their support. 
This is accomplished by decrementing Counter[(j, i), b] 
and Counter[(j, i), c]. For regular CSP arc consistency, 

‘We purposely keep our notation and presentation as 
close as possible to that of Mohr and Henderson in (Mohr 
& Henderson 1986), in order to aid understanding for those 
already familiar with the literature on arc consistency. 

8. 

Figure 7: A: Local-Prev-Sup and Local-Next-Sup for 
an example DAG. The sets indicate that the label a 
is allowed for every segment which contains n, m, and 
j, but is disallowed for every segment which contains 

: Given that Next-edgej = {(j, z), (j, y)) and 

iy segment containin: 0th i’ and j. 
u] = G and S[(i y) l,= g a is inadmissible 

if Counter[(i, j), a] b ecomes zero, a would automati- 
cally be removed from Li, because that would mean 
that u was incompatible with every label for j. How- 
ever, in MUSE arc consistency, this is not the case, 
because even though u could not participate in a so- 
lution for any of the segments which contain i and j, 
there could be another segment for which a would be 
perfectly legal. A label cannot become globally inad- 
missible until it is incompatible with every segment. 

By representing C as a DAG, the algorithm is able 
to use the properties of the DAG to identify local (and 
hence efficiently computable) conditions under which 
labels become globally inadmissible. Consider Figure 
7A, which shows the nodes which are adjacent to node i 
in the DAG. Because every segment in the DAG which 
contains node i is represented as a path through the 
DAG going through node i, either node j or node Ic 
must be in every segment containing i. Hence, if the 
label a is to remain in Li, it must be compatible with 
at least one label in either Lj or Lk. Also, because 
either n or m must be contained in every segment con- 
taining i, if label a is to remain in Li, it must also be 
compatible with at least one label in either L, or L,. 

In order to track this dependency, two sets are main- 
tained for each label a at i, Local-Next-Sup(i, a), and 
Local-Prev-Sup(i, a). Local-Next-Sup(i, u) is a set of 
ordered node pairs (i, j) such that (i, j) E Next-edgei, 
and there is at least one label b E Lj which is com- 
patible with a. Local-Prev-Sup(i, a) is a set of or- 
dered pairs (i, j) such that (j, i) E Prev-edgei, and 
there is at least one label b E Lj which is compat- 
ible with a. Whenever one of i’s adjacent nodes, .i, 
no longer has any labels b in its domain which ‘are 
compatible with a, then (i, j) should be removed from 
Local-Prev-Sup(i, a) or Local-Next-Sup(i, a), depend- 
ing on whether the edge is from j to i or from i to 
j, respectively. If either Local-Prev-Sup(i, a) or Local- 
Next-Sup(i, a) becomes the empty set, then a is no 
longer a part of any solution, and may be eliminated 
from Li . In Figure 7A, the role value a is admissible 
for the segment containing i and j, but not for the 
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:i,jEahi#jhi,jEN}; 

E E A (j,z) E Next-edgej} 
U((i, j)l(j, i) E Next-edgej} 

19. if 
k 

U{(i, end)l(j, end) E Next-edgej}; 
i,j) E *Next-ed ei then 

k 

ocal-Next-Sup 
20. if j, i) E Prev-ed 

f i, a):=Local-Next-Sup(i, a) u {(i, j)}; 
ei then 

ocal-Prev-Sup f i, a):=Local-Prev-Sup(i, a) U {(i, j)} } 

Local-Prev-Sup 2, 
t Local-Prev-Sup 3, 

a 

7 
a 
a 

Figure 8: Algorithm for initializing the MUSE CSP 
data structures along with a simple example. The dot- 
ted lines are members of the set E. 
segment containing i and h. If because of constraints, 
thg labels in j be&me inconsistent with a on i, (i, j) 
would be eliminated from Local-Next-Sup(a, i), leav- 
ing an empty set. In that case, a would no longer be 
supported by any segment. 

The algorithm can utilize similar conditions for 
nodes wh;ch may not be directly connected to i by 
Next-edgei or Prev-edgei . Consider Figure 7B. Sup- 
pose that the label a at node i is compatible with a 
label in Lj, but it is incompatible the labels in L, 
and L,, then it is reasonable to eliminate a for all seg- 
ments‘ 
would 

-containing both i and 
have to include either 

j, because those segments 
node z or IU. To determine 

whether a role value is admissible for aset of segments 
containing i and j, we calculate Prev-Sup[(i, j), a] and 
Next-Sup[(i, j), a] sets. Next-Sup[(i, j), a] includes all 
(i, n) arcs which-support u in 

, - 
i-i&en that there is a 

directed edge between j and Ic aid (i, j) supports a. 
Prev-Sup[(i, j), ] a includes all (i, L) arcs which support 
a in i given that there is a directed edge between lc and 
j and (i, j) supports u. Note that Prev-Sup[(i, j), a] 
will contain an ordered pair (i, j) if (i, j) E Prev- 
edgej, and Next-Sup[(i, j), a] will contain-an ordered 
pair (i, j) if (j, i) E Next-edgej . These elements are 
included because the edge between nodes i and j is 

sufficient to allow j’s labels to support a in the seg- 
ment containing i and j. Dummy ordered pairs are 
also created to handle cases where a node is at the be- 
ginning or end of a network: when (start, j) E Prev- 
edgej, (i, start) is added to Prev-Sup[(i, j), a], and 
when (j, end) E Next-edgej , (i, end) is added to Next- 
Sw[(i.d, 4. F g i ure 8 shows the support sets that the 
initialization algorithm creates for the label a in the 
simple example DAG. 

To illustrate how these data structures are used in 
MUSE AC-l (see Figure 9), consider what happens if 
initially [( 1,3), a] E List for the MUSE CSP in Figure 
8. First, it is necessary to remove [( 1,3), al’s support 
from all S[(3, l), z] such that [(3, l), z] E S[(1,3),a] 
by decrementing for each x, Counter[(3, l), X] by one. 
If the counter for any [(3, l), z] becomes 0, and the 
value has not already been placed on the List, then 
it is added for future processing. Once this is done, 
it is necessary to remove [( 1,3), al’s influence on the 
DAG. To handle this, we examine the two sets Prev- 
Sup[(l, 3), a] = {(1,2), (1,3)} and Next-Sup[(l, 3), a] = 
{(l,end)}. Note that the value (1,end) in Next- 
Sup[( 1,3), U] and th e value (1,3) in Prev-Sup[(l, 3), a], 
once eliminated from those sets. reauire no further 
action because they are dummy values. However, 
the value (1,2) in Prev-Sup[( 1,3), a] indicates that 
(1,3) is a member of Next-Sup[( 1,2), a], and since a 
is not admissible for (1,3), (1,3) should be removed 
from Next-Sup[( 1,2), a], leaving an empty set. Note 
that because Next-Sup[(l, 2), u] is empty and assum- 
ing that M[(1,2),u] = 0, [(l, 2), a] is added to List 
for further processing. Next, (1,3) is removed from 
Local-Next-Sup( 1, a), but that set is non-empty. Dur- 
ing the next iteration of the while loop, [( 1,2), u] is 
popped from List. When Prev-Sup[( 1,2), a] and Next- 
SUPKI, 2) 1 a are processed, Next-Sup[( 1,2), a] = o and 
Prev-Sup[(l, 2), ] a contains only a dummy, which is 
removed. When (1,2) is removed from Local-Next- 
Sup( 1, a , the set becomes empty, so a is no longer 
compati b le with any segment containing 1 and can be 
eliminated from further consideration as a possible la- 
bel for 1. 

In contrast, consider what happens if initially 
[(l, 2), a] E List for the MUSE CSP in Figure 8. In 
this case, Prev-Sup[( 1,2), a] contains (1,2) which re- 
quires no additional work; whereas, Next-Sup[( 1,2), a] 
contains (1,3), indicating that (1,2) must be removed 
from Prev-Sup[(l, 3), al’s set. After the removal, Prev- 
SUPKL 9, 1 a is non-empty, so the segment containing 
nodes 1 and 3 still supports the label a on 1. The rea- 
son that these two cases provide different results is that 
nodes 1 and 3 are in every segment; whereas, nodes 1 
and 2 are only in one of them. 

Running Time and Corredness of MUSE 
AC-1 
The running time of the routine to initialize the MUSE 
CSP data structures (in Figure 8) is O(n2Z2+n3Z), and 
the running time for the aleorithm which nrunes labels 
that are not arc consistent”(in Figure 9) also operates 
in O(n212 + n3Z) time, where n is the number of nodes 
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22. fdr E 
23. 

(j, ~1 &al-Prev-Sup(j, b) do 

24. 
ifM[(j,a),b] = 0 then 

25. 
List:=List U([(j, s), b] 

if (i, j) E Prev-ed 
I ; M[(j,ic), b] := 1 ) }; 

26. Local-Prev-Sup 
ej then 

;2. e 
1, b):= Local-Prev-Sup(j, b) - ((j,i)}; 

if~yl-l’felI-S;f 1, b) = 4 then { 

29. fdr (j, ~1 E &al-Next-Su 
30. 

(j, b) do 

31. 
ifM[(j,z), b] = 0 then 

List:=Llst U([(j, G), b] P ; M[(j, c), b] := 1 } } } ; 

Figure 9: Algorithm to enforce MUSE CSP arc consis- 
tency. 
in a MUSE CSP (and 1 is the number of labels. By 
comparison, the running time for CSP arc consistency 
is (n212), assuming that there are n2 constraint arcs. 
Note that for applications where I = n, the running 
times of the algorithms are the same (this is true for 
parsing spoken language with a MUSE CSP). Also, if 
the C is representable as a planar DAG (in terms of 
Prev-edge and Next-Edge, not E), then the running 
time of the algorithms is the same because the average 
number of values in Prev-Sup and Next-Sup would be 
a constant. In the general case, the increase in the 
running time for arc consistency of a MUSE CSP is 
reasonable considering that it is ossible to combine a 
large number of CSP instances possibly exponential) Q 
into a compact graph with a small number of nodes. 

Next we prove the correctness of MUSE AC-4. A 
role value is eliminated from a domain by MUSE AC-4 
only if its Local-Prev-Sup or its Local-Next-Sup be- 
comes empty. Therefore, we must show that a role 
value’s local support sets become empty if and only 
if that role value cannot participate in a MUSE arc 
consistent solution. This is proven for Local-Next-Sup 
(Local-Prev-Sup follows by symmetry). Observe that 
if a E Li, and it is incompatible with all of the nodes 
which immediately follow Li in the DAG, then it can- 
not participate in a MUSE arc consistent solution. In 
line 19 in figure 9, (i, j) is removed from Local-Next- 
Sup(i, a) set only if [(i, j), a] has been popped off List. 
Therefore, we show that [(i, j), a] is put on List, only if 
a E Li is incompatible with every segment which con- 
tains i and j by induction on the number of iterations 
of the while loop. 

For the base case, the initialization routine only puts 
[(i, j), a] on List if a E Li is incompatible with every 
label in Lj (line 15 of Figure 8). Therefore, a E Li 
is in no solution for any segments which contain i and 

j. Assume the condition holds for the first k itera- 
tions of the while loop in Figure 9, then durin the 
(k+l)th iteration, new tuples of the form [(i, j), a are 4 
put on the list by line 6 (in which case a is no longer 
compatible with any labels in Lj), line 11 (in which 
case Prev-Sup([(i, j), u]) = 4), line 16 (in which case 
Next-Sw( [(i, j), al) = 4)) or line 24 (there is no longer 
any Next-Sup for a). In any of these cases, a E Li is 
incompatible with every segment which contains i and 
j. We can therefore conclude that this is true for all 
iterations of the while loop. 

In conclusion, MUSE CSP can be used to efficiently 
represent several similar instances of the constraint sat- 
isfaction problem simultaneously. If multiple instances 
of a CSP have some common variables with the same 
domains and compatible constraints, then they can be 
combined into a single instance of a MUSE CSP, and 
much of the work required to enforce node and arc con- 
sistency need not be duplicated across the instances. 
For our work in speech processing, the MUSE arc con- 
sistency algorithm was very effective at pruning the in- 
compatible labels for the individual CSPs represented 
in the composite structure. Very little additional work 
is typically needed to enforce arc consistency on a CSP 
represented by the best path through the network. 
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