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Abstract 

Within the framework of constraint programming, 
particulary concerning the Constraint Satisfaction 
Problems (CSPs), the techniques of preprocessing 
based on filtering algorithms were shown to be very 
important for the search phase. In particular, two 
filtering methods have been studied, these meth- 
ods exploit two properties of local consistency: arc- 
and path-consistency. Concerning the arc-consistency 
methods, there is a linear time algorithm (in the size 
of the problem) which is efficient in practice (Bessiere, 
Freuder, & R&gin 1995). But the limitations of 
the arc-consistency algorithms requires often filtering 
methods with higher order like path-consistency filter- 
ings. The best path-consistency algorithm proposed is 
PC-6, a natural generalization of AC-6 (Bessiere 1994) 
to path-consistency (Chmeiss & Je 

5 
ou 1995)(Chmeiss 

1996). Its time complexity is O(n d3) and its space 
complexity is O(n3d2), where n is the number of vari- 
ables and d is the size of domains. We have remarked 
that PC-G, though it is widely better than PC-4 (Han 
& Lee 19SS), was not very efficient in practice, spe- 
cialy for those classes of problems that require an 
important space to be run. Therefore, we propose 
here a new path-consistency algorithm called PC-7, 
its space complexity is O(n2d2) but its time complex- 
ity is O(n3d4) i.e. worse than that of PC-G. However, 
the simplicity of PC-7 as well as the data structures 
used for its implementation offer really a higher per- 
formance than PC-6. Furthermore, it turns out that 
when the size of domains is a constant of the problems, 
the time compPexity of PC-7 becomes, like PC-6, op- 
timal i.e. O(n3). 

Keywords: CSPs, Path-Consistency, PC-Z, PC-4, 
PC-6, clp( FD) 

Introduction 
Within the framework of constraint programming, par- 
ticulary concerning the Constraint Satisfaction Prob- 
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lems (CSPs), the techniques of preprocessing phase 
based on filtering algorithms were shown to be very im- 
portant for the search phase. In particular, two filter- 
ing methods have been studied, these methods exploit 
two properties of local consistency : arc- and path- 
consistency. Concerning the arc-consistency meth- 
ods, there are a linear time algorithms (in the size 
of the CSP) which are efficient in practice (Bessiere 
1994) (Bessiere, Freuder, & R&gin 1995). So, arc- 
consistency can be considered now as a basic tool 
in the fields of Constraint Programming and Con- 
straint Reasonning. Nevertheless, the filtering cor- 
responding to arc-consistency is limited. For path- 
consistency, the associated filtering is more power- 
ful than arc-consistency filtering. The best path- 
consistency algorithm proposed is PC-G, a natural gen- 
eralization of AC-G to path-consistency (Chmeiss & 
Jegou 1995)(Chmeiss 1996). Its time complexity is 
O(n3d3) and its space complexity is O(n”cl”), where 
n is the number of variables and d is the size of do- 
mains. Unfortunately, we have remarked that PC-6, 
though it is widely better than PC-4, is not very ef- 
ficient in practice, specialy for those classes of prob- 
lems that require an important space to be run. So, it 
seems that a such filtering cannot be used in practical 
applicat,ions or to be integrated a.s a basic tool in con- 
straints solvers (Codognet & Nardiello 1994). A possi- 
ble way to avoid this problem is in defining new prop- 
erties of consistency between arc- and path-consistency 
(see (Bennaceur 1994) or (Berlandier 1995)). In this 
paper, we consider a different way, trying to optimize 
path-consistency filtering, proposing a new algorithm. 

In (Bessiere 1994)) Bessiere has presented a new al- 
gorithm for arc-consistency filtering in CSPs. This 
algorithm, called AC-6, is based on the principle of 
minimal support. The worst-case time complexity of 
AC-6 is O(ed2) h w ere e is the number of constraints, 
that is the same complexity as AC-4 (Mohr & Hender- 
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son 1986). Nevertheless, Bessikre showed that AC-6 
is better in practice than AC-4. Moreover, the space 
complexity of AC-6 is O(ed), that is less than AC-4. 
In (Chmeiss 1996), this approach has been general- 
ized in applying the principle of minimal support to 
path-consistency; this algorithm is called PC-6. Like 
PC-4 (Han & Lee 1988), its worst-case time complexity 
is O(n3d3). Nevertheless, experimentations show that 
PC-6 is significantly more efficient than PC-2 (Mack- 
worth 1977) and PC-4. Moreover, the space complex- 
ity of PC-6 which is O(n3d2) allows to handle larger 
CSPs than PC-4 can since space complexity of PC-4 
is 0( n3d3). Nevertheless, because of the size of the 
required space, the practical interest of PC-6 seems to 
be limited. 

One of the conclusion of (Chmeiss 1996) indicates a 
way to optimize path-consistency filterings : to make a 
compromise between time and space in order to find a 
new algorithm with real practical efficiency. The algo- 
rithm we present in this paper, called PC-7, seems to 
be able to realize this goal. We relaxed the constraint 
of time complexity to limit the value of space complex- 
ity. PC-7 is based on the principle of minimal support 
as PC-6, but contrary to PC-6, PC-7 does not record 
supports. While for each pair of compatible values, 
PC-6 records exactly n - 2 minimal supports, PC-7 
only computes them when it is necessary. So, space 
complexity of PC-7 is only O(n2d2), which is the size 
of the list of propagations. It is the best space com- 
plexity among all known path-consistency algorithms. 
As a consequence, the time complexity of PC-7 is worse 
than the one of PC-6 since it is O(n3d4). Nevertheless, 
the simplicity of the algorithm and its data structures 
induces a really better practical efficiency for PC-7. 
Moreover, when the size of domains is a constant for 
the considered application (it is possible for real life 
problems), PC-7 is optimal in time complexity, O(n3), 
and in space, O(n”) . 

This paper is organized as follows. Section 2 re- 
calls some definitions and notations on CSPs, and then 
presents the principles of constraint propagation based 
on supports for path-consistency, i.e. algorithms PC- 
4 and PC-6. Section 3 describes PC-7 while section 4 
presents experimental results about the comparison be- 
tween PC-2, PC-4, PC-6 and PC-7 on random CSPs. 

A brief state of the art for 
path-consistency 

IBefinition 1 A binary CSP . 
defined by (X, D, C, R), where X is a set of n variablz: 
(21, * * * xn) and D is a set of n domains (01,. . . Dn) 
such that Di is the set of the possible values for vari- 
able xi. C as a set of e binary constraints where each 

Cij E C is a constraint between the variables xi and xj 
defined by its associated relation Rij. So, R is a set of 
e relations, a binary relation Rij between variables xi 
and xj, being a subset of the Cartesian product of their 
domain that defines the allowed pairs of values for xi 
and xj (i.e Rij c Di x Dj). 

For the networks of interest here, we require that 
(b,a) E Rji e (a, b) E Rij. The fact that (a, b) E 
Rij will be denoted by Rij (a, b) is true. If there is no 
constraint between the variables xi and xj, we consider 
the universal relation Rij =DixDj. ACSPmaybe 
represented by a constraint graph (X, C) in the form of 
a network in which nodes represent va.riables and arcs 
connect variables that appear in the same constraint. 
An instantiation of the variables in X is an n-tuple 
(Q?2,..., vn) representing an assignement of xi E X 
t0 Vi. A consistent instantiation of a network is an 
instantiation of the variables such that the constraints 
between variables are satisfied, i.e Vi, j/l 5 i < j 5 
n,Cij E C + Rij(vi, vj). A consistent instantiation is 
also called a solution. For a given CSP, the problem is 
either to find all solutions or one solution, or to know 
if there exists any solution. This decision problem is 
known to be NP-complete. 

Since CSPs are NP-Complete, many techniques have 
been defined to restrict the size of search space. For ex- 
ample, preprocessing methods based on network con- 
sistency algorithms are of great interest in the field 
of CSPs. These algorithms are based on consistency 
properties like arc- and path-consistency. We recall 
below the definition of path-consistency. 

Definition 2 A pair of variables {xi, xj} is path- 
consistent iff V(a, b) E Rij, Vxk E X, there exists 
c E DI, such that Rik(a,c) and Rjk(b,c). A CSP is 
path-consistent ifiVx;, xj E X the pair (xi, xj} is path- 
consistent. 

While filterings based on arc-consistency removed 
values from domains if they do not satisfy arc- 
consistency, filterings based on path-consistency re- 
moved pairs of values from relations if they do not 
satisfy path-consistency. So, if a constraint is not de- 
fined between a pair of variables, the universal rela- 
tion is then considered. As a consequence, the con- 
st,raint graph can be completed in such cases. For arc 
and path-consistency filterings, the most efficient algo- 
rithms are based on the notion of supports. 

In (Mohr & Henderson 1986), the notion of support 
has been introduced to path-consistency preprocess- 
ing method producing the algorithm PC-3, and later 
PC-4 (Han & Lee 1988). A support is a value that 
allows a pair of values to be compatible: a pair of val- 
ues (a, b) E Rij is supported by the value c E Dk if 
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the relations Rik(a, c) and Rjk(b, c) hold. So, for path- 
consistency, it is the deletion of a pair of values that 
will be propagated. For example, the deletion of (a, c) 
or (b, c) will be propagated to (a, b). PC-4 needs to 
represent sets of supports and counters for each pair 
of values. Moreover, a list of removed pairs of values 
is maintained to record pairs of value already removed 
but not yet propagated; this list is denoted List in the 
algorithm PC that implements PC-4. 

Algorithm PC; 
begin 

Initialization; 
while List # 0 do begin { propagation} 

choose (i, a, k, c) in List; 
List t List - (i, a, k, c); 
Propagate(i, k, a, c); 
Propagate(k, i, c, a); 

end 
end; 

The procedure Initialization assigns counters, builds 
sets of supports, and initializes the list List. The proce- 
dure Propagate propagates the deletion of pairs of val- 
ues Rak( a, c) analysing the neighbourhood of variables 
zi and xk in the constraint graph in order to verify if 
there is no variable xj such that the value a E Di (re- 
spectively c E Dk) is a support for a pair (b, c) E Rjk 
(respectively for a pair (b, a) E Rji). If such a support 
does not exist, the new inconsistent pairs of values will 
be deleted, and then will be inserted in the list List 
in order to be propagated later. This algorithm stops 
when List is empty, but we can optimize it in stoping 
it as soon as a relation becomes empty (because the 
CSP cannot verify path-consistency). The worst-case 
time and space complexity of PC-4 is O(n3d3). 

Using the principle of minimal suppports introduced 
by Bessiere (Bessiere 1994) for arc-consistency, PC- 
4 has been improved resulting the algorithm PC- 
6 (Chmeiss 1996). Its time complexity is optimal 
O(n3d3) as PC-4, but it has a better space complexity 
O(n3d2). 

If the space complexity of PC-6 is bounded by 
O(n3d2), it is still an important space complexity. For 
example if n = 128 and d = 8, required space to run 
PC-6 will be 227 > lo8 space units. Assuming that 
space needed by PC-6 to run for practical applications 
is too large, we can try to use PC-2 (Mackworth 1977) 
that needs “only” O(n3+n2d2) space to be run. Unfor- 
tunately, running PC-2 is not obvious. On one hand, 
its time complexity is O(n3d5), and on the other hand, 
space complexity is still cubic in n. It seems that there 
are two possible ways to optimize path-complexity BP- 

terings: either trying to maintain time optimality of 
PC-6 with a smaller space complexity, or relax time 
complexity (but with a real practical efficiency) look- 
ing for an optimal space complexity algorithm. In the 
next section, we propose an algorithm related to the 
second possibility. 

A compromise between time and space 
The Algorithm 

Our algorithm, PC-7, is based on supports without 
recording any of them. When a propagation of a re- 
moved pair of values is to be processed, instead of look- 
ing for the next support from the current one as PC-6 
does, PC-7 has to start again the search from the first 
value of the domains. So, the time complexity of PC-7 
will be increased of a factor of d, but this allows us to 
minimize the required space to the size of the list List. 
The scheme of PC-7 is the same as PC-6 one. The data 
structures used for PC-7 is just the list of deleted pairs 
of values and not propagated yet. The inititalization 
phase consists on checking if there exists at least one 
support per pair of values (a, b). So, any pair with no 
support must be deleted and added to the list. Indeed, 
this initialization phase of PC-7 is exactly the same as 
for PC-6, except for the construction of the support’s 
sets. Concerning the propagation phase, PC-7 restarts 
looking for a new support from the first va.lue of the do- 
mains which is not the case for PC-6. Three constant 
time functions are used to handle ordered domains Di 
: First(Di) returns the smallest value in the domain 
Di, Last(Di) returns the last value in the domain Di 
and Nezt,vaZue(a, Di) which returns the successor of 
a in Di. These functions are used in the following 
Withoutsupport function which checks if (a, b) E Rij 
has a support in Dk : 

Function Withoutsupport 
( i, j, k: integer; a, b : values) : boolean; 

{This function returns False if in Dk there is} 
{a support c of (a, b) E Rij else it returns True) 
begin 

c + First(Dk); 
while c < Last(Dk) 

and not (R;k(a,c) and Rjk(b,c)) do 
c +- Next-value(c, Dk); 

Withoutsupport t not (Rik(a, c) and Rjk(b, c)) 
end; { Withoutsupport } 

The difference between PC-4 or PC-6 and PC-7 can 
be found in the initialization and propagation proce- 
dures. Propagate has three parameters versus 4 in PC- 
6. So, in PC we have to call the Propagate procedure 
as follows : Propugate(i, K, a) and Propugute(k, i, c). 
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Procedure Initialization ; 
begin 

List f- 0; 
for i, j, k = lton:i<j,k#i,k#jdo 

for (a, b) E R;j do begin 
if Withoutsupport(i, j, k, a, b) then begin 

Rij(a, b) t 0; Rji(b, a) c 0; 
Append(List, (i, a, j, b)); 

end 
end; 

end; { Initialization } 

Procedure Propagate(in i, k:integer;in a: values); 
begin 

for j = 1 to n, j # i, j # k do 
for b E Dj do 

if Rij(u,b) = 1 then begin 
if Withoutsupport(i, j, k, a, b) then begin 

Rij(a, b) t 0; Rji(b, a) t 0; 
Append( List, (i, a, j, b)); 

end 
end 

end; { Propagate } 

Correctness of PC-7 

We do not give here a complete proof of the correcte- 
ness of PC-7. The key steps given here are similar to 
the proof proposed in (Bessikre 1994) for AC-6. As- 
sume that MaxRij denotes relations Rij resulting af- 
ter a path-consistency filtering. It is clear that during 
propagation, each relation Rij satisfies MaxRij & Rij 
because a values pair (a, b) E Rij is deleted iff there is 
no support in a domain Dk. So, MaxRij & Rij is an 
invariant property of PC-7. Moreover, a second invari- 
ant property of PC-7 is: for all i, j, for all (a, b) E Rij, 
and for all k, there is necessary one value c E Dk such 
that (a,~) E Rik U List and (b, C) E Rjk U List. In 
List, the pair (u, c) (respectively (b, c)) corresponds 
to (i, u, k, c) (respectively (j, b, k, c)). Consequently, at 
the end of PC-7, when List = 0, we have exactly the 
same property and therefore all values pairs are con- 
sistent, that is satisfy path-consistency. Since for all 
i, j, MaxRij C Rij holds, PC-7 obtains the expected 
result, that is MaxR = R. 

Space and time complexity 

The space complexity of PC-7 is bounded by the max- 
imum size of the list List, i.e. O(n2d2) since there is at 
most n2d2 pairs of values. It is clear that the time com- 
plexity of the initialization step is O(n3d3). Concern- 
ing the propagation step, since we have at most n2d2 el- 
ements in the list, then there is at most 2 x n2 x d” calls 

to the procedure Propagate in which the number of it- 
erations is bounded by nd, i.e. the number of variables 
multiplied by the number of values in the domains. 
Finally, the cost of the procedure Withoutsupport is 
bounded by the domain’s size d. Consequently, the 
time complexity of PC-7 is bounded by 0( n2d2 x nd x d) 
= O(n3d4). 

We can remark that if the size of the domains d is 
a constant of the problem (this is possible for some 
applications), the time complexity of PC-7 becomes 
O(n3) i.e the same as for PC-6, so PC-7 complexity is 
then optimal in space and time. 

Experiments 
In this section we compare PC-7 with PC-2, PC-4 and 
PC-6. We have chosen these algorithms on account of 
their time and space complexity (see Table 1). The 
choice of PC-2 is motivated by the fact that it has 
the best space complexity with respect to the other 
known algorithms. Moreover, its time complexity is 
also R(n3d3). We have conserved PC-4 to show that 
its efficiency is really lower than that of PC-6. 

Table 1: Complexity of path-consistency algorithms 

Our experiments were performed over randomly gen- 
erated CSPs using the random model proposed in 
(Hubbe & Freuder 1992). The generator considers four 
parameters: the number of variables n, the domain 
size d, the tightness of the constraints t, and the con- 
straint graph density cd. The constraint tightness t is 
the fraction of the combinatorially possible pairs that 
are not allowed by the constraints between two vari- 
ables: t = 1 - p. The constraint graph density is a 
value cd varying between 0 and 1 indicating the frac- 
tion of the possible constraints beyond the minimum 
n - 1 (for a connected acyclic graph). Note that if 
cd = 1, the number of constraints is (n2 - n)/2, which 
corresponds to a complete constraint graph. For each 
4-tuples (n, d, t, cd), 20 randomly CSPs were generated. 
Results reported so far represent the average over the 
20 problems for each of the algoritms. 

For PC-4 and PC-6, we limited the experiments to 
CSPs with n = 16 and d = 8, but for PC-2 and PC- 
7 experiments on problems with n = 32 and d = 8 
were performed. In fact, we have remarked that it 
was impossible for PC-4 to be run over problems with 
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Figure 1: Consistency checks and CPU time for n = 16, d = 8 and cd = 0.5 

n = 32 and d = 8 on our computer because of the 
required memory space. Moreover, for PC-6 the real 
time execution was widely superior than the CPU time, 
some hours in place of some minutes for some classes of 
problems. The last point can be explained by the fact 
that the management of the required memory space 
leads to an excessive usage of the secondary memory. 

We have chosen two measures of comparison, on the 
one hand the number of consistency checks, on the 
other hand the CPU execution time. Figures provide 
results in terms of the number of consistency checks as 
well as the CPU time. In each case, the x-axis repre- 
sents the constraint tightness; it varies from 0.1 to 0.9 
with a step of 0.1. 

Figure 1 presents comparisons between PC-2, PC- 
4, PC-6 and PC-7 for a CSP’s with n = 16, d = 8 
and cd = 0.5. Concerning these classes of CSPs, men- 
tionned above, it is clair that PC-6 realizes the smallest 
number of consistency checks. By contrast, PC-7 is the 
more efficient algorithm for CPU time as a measure of 
performance. For the number of consistency checks, 
we remark that PC-7 realizes as much as PC-6, this is 
due to the fact that PC-7 always restarts from the first 
value of domains (during the search for a support). 

Figure 2 compares PC-2 with PC-7 for a CSPs with 
n = 32 and d = 8. Here, results taken on account 
concern CSP’s the graph density of which cd = 0.5. 
Figure concerning CPU time shows that PC-7 outper- 
forms PC-2, except for t = 0.1 both algorithms have 
almost the same performances. Also, PC-7 outper- 
forms PC-2 for the number of consistency checks as a 
measure of efficiency. We note that for some problems 
in this classes, PC-6 needs 5 to 6 minutes CPU time 
(some hours real time). 

PC-7 was also tested for CSPs with n = 64 and d = 8 
for which CPU time was between 1 and 2 minutes, then 
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for CSPs with n = 128 and d = 8 for which CPU time 
varied from 5 to 20 minutes. 

Observing these experiments, we can conclude that 
PC-7 is the best path-consistency filtering algorithm. 
Specially it allows us to handle CSPs of important size 
while other algoritms failed. The fact that PC-7 out- 
performs PC-2 can be explained naturally by consid- 
erations lied to the theoretical complexity in time and 
space. Contrary to the theoretical evaluation of time 
complexity, the surprise comes from the efficiency of 
PC-7 versus PC-6 which could be explained by the time 
lost by PC-6 in treating the used data structures which 
require handling the lists Siakc containing pairs (j, b) 
which are represented by doubly linked lists. More- 
over, these elements (j, b) must be linked by pointers 
to (i, a) E Sjbkc- If a such data structures leads to an 
optimal theoretical time complexity, they increase the 
CPU time because of the required number of opera- 
tions for each propagation step, which is widely more 
important than the one of PC-7. The multiplicative 
hidden constant of PC-6 seems to be widely greater 
than PC-7 one. A contrurio, PC-7 depends only on 
the list of deleted pairs of values, already used by PC-6, 
and another point is that the implementation of PC-7 
is very simple. These different points enable PC-7 to 
has a remarkable efficiency in time and a weak memory 
usage, finally it is very easy to implement. 

Conchsion 

In this paper, we presented a new algorithm to achieve 
path-consistency in constraints networks; this algo- 
rithm is called PC-7. Space complexity of PC-7 is 
O(n2d2), that is currently the best space complexity 
for algorithms to achieving path-consistency. Time 
complexity of PC-7 is O(n3d4), that is slightly more 
than the one of PC-6. Nevertheless, the simplicity of 
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Figure 2: Consistency checks and CPU time for n = 32, d = 8 and cd = 0.5 

the algorithm and the simplicity of its data structure 
allow PC-7 to be really efficient in practice, i.e. the 
CPU time required to run is really less than for PC-6. 
Moreover, for cases such that the size of domains is a 
constant parameter of problems (this fact frequently 
appears in real life applications), PC-7 becomes the- 
oreticaly optimal for time complexity, that is O(n3) 
like PC-6. Finally, it may be interesting to see if this 
approach can be applied to the temporal reasoning as 
described in (Allen 1983). 
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