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Abstract

Propositional modal logics have two independent sources of
complexity: unbounded logical omniscience and unbounded
logical introspection. This paper discusses an approximation
method to tame both of them, by merging propositional ap-
proximations with a new technique tailored for multi-modal
logics. It provides both skeptical and credulous approxima-
tions (or approximation that are neither of the two).

On this semantics we build an anytime proof procedure with
a simple modification to classical modal tableaux. The pro-
cedure yields approximate proofs whose precision increases
as we have more resources (time, space etc.) and we analyze
its semantical and computational “quality guaranteés”.

Introduction

The study of tractability of logical inference has received a
major attention in Al. For propositional logic the obstacle
to tractability isunbounded logical omnisciencgiven a
knowledge base we can always derive all its logical conse-
guences. Modal logics have another source of intractability,
unbounded logical introspectiorwe can reason about our
beliefs about somebody’s belief about

an incremental knowledge compilation by imposing incre-
mental bounds on the size of the clauses used aslemmas and
construct an anytime reasoning procedure following (Dean
& Boddy 1988; Russel & Zilberstein 1991). Since the num-
ber of lemmas grows exponentially, the result may be a
blow-up of the knowledge base (Selman & Kautz 1996).

An incremental construction can also be done by lem-
maizing on-line (Crawford & Kuipers 1989; Dalal 1996a)
i.e. by using cut (also called “Socratic completeness”).

The dual approachis weakening the “logical” and keeping
the “omniscience” in a logic weaker than classical logic.
Typically one uses a variant of Belnap’s four valued logic as
done by Levesque (1984) and further studied, for example,
in (Fagin, Halpern, & Vardi 1995; Lakemeyer 1994,1996;
Schaerf & Cadoli 1995).

We can construcincremental approximationwith the
techniques of (Fagin & Halpern 1988) and (Schaerf &
Cadoli 1995): we consider a subset of the propositional
variables as interesting, i.e. deserving a classical interpreta-
tion, while the rest of propositions is given a three-valued
interpretation. By increasing the set of interesting variables
we can regain completeness in an incremental fashion. In
(Schaerf & Cadoli 1995) we find sound & incomplete and

Logical omniscience has received most attentions and, as coOmplete & unsound reasoning while (Fagin & Halpern

noted out in (Fagin, Halpern, & Vardi 1995), it has been
tamed essentially by weakening the “omniscience” or by
weakening the “logical”.

The first approach is based imfierence procedures which
are tractable but incompletguch as unit resolution (del Val
1994) or boolean constraint propagation (Dalal 1996a). We

1988) is limited to sound & incomplete reasoning.

We still have a problem of computational complexity
since tractability results are restricted to special normal
forms. In the general case, “approximate” logical conse-
quence in classical logic corresponds to the “exact” logical
consequence in relevance logic, whictcis-NP-complete

can also restrict inferences to a subset of formulae as in (Fagin, Halpern, & Vardi 1995; Schaerf & Cadoli 1995).

(Dalal & Etherington 1992). In this way we have a complete

Most works cited above use modal operators for explicit

procedure for a subset of the language and a sound but (tractable) beliefs and implicit (intractable) beliefs. Yet

incomplete (yet tractable) system for the whole language.

tractability results are usually restricted to sentences of the

Completeness for the whole language can be recoveredform K, 4 > K, B whereA and B are propositional for-

by lemmaizing off-line knowledge compilatigror on-line
(analytic cu). We compute all answers of the tractable
inference mechanism and store them for future retrieval.
The technique of (Selman & Kautz 1996) only included
Horn lemmas and was complete only for horn relaxations

of the original problem. New systems use general clauses

mulae. When full introspection is allowed by Lakemeyer

(1994,1996), it is only for modal logic K45 which is in NP

(Halpern & Moses 1992). In a nutshell, the expressivity of

modal operators is not used. Itis not a case that the problem

of unbounded logical introspection is hardly mentioned.
The development of tractable inference systems46€

as lemmas (del Val 1994; Dalal 1996a). Then we can start (& variant of modal logic K) has been done by (Patel-
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Schneider 1989) where a four-valued semantics is adopted
for tractability. The study of incremental approximations
has been made in (Schaerf & Cadoli 1995) where approxi-



mation is essentially an incremental rewriting procedure.
In the rest of the paper, we present the intuitions behind
our proposal and recall some preliminaries. Then we de-
velop an approximation for the propositional part of the
reasoning, an approximation for the modal part and com-
bine the two. Finally we show how to transform a traditional
tableau calculus due to Fitting (1983) into an anytime de-

propositions. When we meet incoherent formulae we sim-
ply ignore them, we assume that we can fix them later. Thus
we do not consider incoherentformulae in the (approximate)
proof that a plan does not exist; only contradictions between
interesting formulae matter.

From the viewpoint of inference, the presence of in-
coherent propositions leads to more models (we assume

duction procedures for which we discuss the semantical and these formulae are approximately satisfied) and thus fewer

computational quality of the approximation.

Semantical Intuitions

The main intuition behind our approximate semantics stems
from the observation, following (Russel & Zilberstein
1991), that the difficulty behind unbounded logical omni-
science and introspection is not the “logical”, nor the “om-
niscience” nor the “introspection” but the “unbounded”.

This difficulty is caused by the egalitarian attitude of
classical modal logic: all propositional atoms are equal,
all possible worlds are equal. So, we must consider a po-
tentially exponential number of propositional assignments
(unbounded logical omniscience) for a potentially exponen-
tial number of worlds (unbounded logical introspection).

Therefore, logical inference has an “all-or-nothing” be-
havior: either we have considered (implicitly or explicitly)
all worlds and all propositions and then we can answér “
is a theorem” or we don’t know what to say.

The idea behincnytime reasonings that it should be

proofs than classical logic (sound approximations). Un-
known formulae yield fewer models (these formulae cannot
be approximately satisfied) and thus more proofs (complete
approximation). By suitably combining interesting, un-
known and incoherent propositions we can reconstruct the
tractable cases of (Levesque 1984; Schaerf & Cadoli 1995;
Fagin, Halpern, & Vardi 1995) and many more.

This technique is not sufficient for modal logics because
of the (possibly exponential) number of possible worlds.
The key observation is that interesting worlds should not
be “too remote” from the real world i.e. they should be
reachable with few introspection steps. We curtail the “un-
bounded”logical introspection by imposing that “too many”
steps of introspection always lead outside interesting worlds.

Again, we divide worlds into three sets: incoherent, un-
known and interesting worlds. In incoherent worlds we en-
force any kind of statement, including contradictory state-
ments, while at unknown worlds we do not enforce any
statement whatsoever.

possible to interrupt our reasoning process at any time and S0 we can define the notion df-skeptical andk-

getapproximate answemghose quality improves with time
and which eventually converge to the exact answer. For

credulous agents: faskeptical agent is logical omniscient
and able of introspective reasoning but only ug:tevels

instance, suppose that the exact computation requires time Of introspection. Afterwards, she will give up and assume

2°™ in the worst case. An anytime reasoner gives a first
approximate answer in time2and then improves the the
answer in time & and so on until the exact answer is ob-
tained or the process is interrupted. In the worst case
steps are required for completion (although we may be luck-
ier). Anyhow, if we interrupt the process at timeve ob-
tain the approximate answer provided at itie checkpoint
such that 2 < t < 2¢(*+1) See (Dean & Boddy 1988;
Russel & Zilberstein 1991) for further details.

What is difficult to grasp is the meaning of approximate
answer for logical inference: what is an approximate proof
or an approximate counter model?

that an incoherent world is reached. The dual attitude will
be taken by a credulous agent.

Note that the notion of incoherent and unknown worlds
is substantially different from the notion of “impossible”
world used in the literature (Levesque 1990). The notion of
impossible world refers to “inaccessible” worlds, i.e. worlds
which are not reachable via the accessibility relation
Our notion is closer to the “non-normal” worlds introduced
by Kripke (see (Fitting 1983)) and the “incoherent” and “in-
complete” worlds of (Fagin, Halpern, & Vardi 1995)[page
212], although our use and formalization is different.

We have defined two independent approximations: one

Consider the propositional case; suppose that we have for the propositional part of the logic and an approximation

coded a planning problem in propositional logic (Kautz &

for the modal part. These approximations can be combined

Selman 1992) and that we are looking for a plan (amodel for in many ways. For example, we known that incoherent
the KB). To approximate logical omniscience, we start by formulae are approximately satisfied in interesting worlds
considering just few atoms as describintgrestingproper- and interesting formulae never hold in unknown worlds. So
ties and therefore deserving a classical interpretation. Other what happens to incoherent formulae in unknown worlds?
variables stand founknownproperties and so are the for- One choice is to make the propositional part predominant:
mula composed with them. They don't specify properties of incoherent proposition always hold in a world, no matter
“interesting models”. Other atoms correspondstmher- which world. The opposite choice gives more importance
entproperties and do not contribute to “interesting proofs”. to worlds: unknown worlds never satisfies a formula, no
When we start the search for an approximate model, we matter which formula. In the latter case the propositional
process interesting formulae as usual. Each time we find approximation is a secondary approximation and the modal
an unknown formula we conclude the branch of the search one is a primary approximation. This is our choice, mainly
with failure: at this level of approximation, interesting mod-  because it makes computations simpler.
els (plans) do not require to give truth values to unknown  We are only left with the last step: an anytime algorithm.



We decided to pick a traditional system off-the-shelves and

transform it into an anytime procedure based on our seman-

formulae. We can use incoherent formulae for sound but
incomplete (i.e. skeptical) reasoning and unknown formulae

tics. Theideaisto use arefutation procedure and change thefor complete but unsound (i.e. credulous) reasoning.

termination conditions: devise complete approximations by
accepting more (unknown) formulae as approximately con-
tradictory, devise sound approximation by accepting more
(incoherent) formulae as approximately satisfiable.

Preliminaries on Modal Logics

An introduction can be found in (Fitting 1983; Halpern &
Moses 1992). We construchodal formulaeA, B from
atomic propositiong € P and agent namesec A:

AB = p| A | AANB | K,A

We use signed formulae so that thegs, =, v notation
of Fitting (1983) can be used for other connectives. A
signed formulap, ¢ is a pairt.A or £.A. The intuitive
interpretation is that is respectively true and false.

The semantics is based dfripke modelsi.e. triples
(W,{Ra Yaca ,Z> whereW is a non empty set, whose
elements are calledorlds { R, }, 4 is a family of binary
accessibility relation®ver W, and()? is function, called
valuationfrom propositional letter to subset of worlds. In-
tuitively the worlds in(p)? C W are those whergis true.

Let M be a modelw a world in M, andy a signed
formula, the forcing relatiomw | is defined below:

w|t.p if we (p)?

wl-t—A  iff wl|-f.A

w|Ft.AAB if w|t.Aandw |t.B

wlFt KA if Yoe W :wRgvimpliesv [Ft.A
w |-£.p it wé(p?*

wlkt-A  if wl-tA

w|-f.AAB if wl|-f.Aorw |£.B

w|FtK,A if FJveW :wRyvandv ||-£.A
Whenw |- holds we say thatw satisfiesp in M”.
We say that(W, { R, },c 4 ,Z) is model for A iff every
world in W satisfies. 4; itis acounter model for if there
is worldw € W which satisfie€. A.
Our definition of logical consequence is a modal exten-
sion of the propositional definition in (Dalal 1996b).

Definition 1 A formula A is alogical consequencef K B
(in symbolsK' B |= A) iff every model forK' B is not a
counter model ford. If ) = A we say thatd is valid.

Just Propositional Approximation

For the propositional approximation assumapproximate
partition (for short ap) of the set of propositional atofis
into three setsunknownpropositionsunk(P), interesting
propositiongnt(P), andincoherenfpropositiongnc(P).
We only change the forcing relatidp for propositions:

w|Ft.p if p € inc(P)
elseif p € int(P) & w e (p)*
w|-£p if p € inc(P)

elseif p € int(P) & w & (p)*
The corresponding logical consequence=i¥'.
Combined with our key definition of logical consequence,
this is enough to limit logical omniscience to interesting

For instance with incoherent concepts we may be incom-
plete: ifq € int(P) andp € inc(P) we have

P Ka(p D q) NKap D Kag -

With unknown concepts we may draw unsound conclu-
sions. Ifg € int(P) andp € unk(P) then

E? Ka(pVaq) D Kag .

What is interesting is the presence of formulae which
mixes interesting, unknown, and incoherent propositions.
It turns out that we can evaluate the overall nature of a
formula in polynomial time (see the section on tableaux).

Just Modal Approximation

For the modal approximation we partition the worlds of a
Kripke model into interesting world&:.¢(17), incoherent
worldsinc(1V), and unknown worldsnk(W).

At first there is a constraint on the accessibility rela-
tion: from an incoherent (unknown) world we only ac-
cess incoherent (unknown) world$ormally, wR v and
w € inc(W) implies thatv € inc(W). Dually wR,v and
w € unk(W) impliesv € unk(W).

The next step is a revision of the forcing relation for
propositional atoms (the rest is unchanged):

w|tp if w € inc(W)
elseif w € int(W) & w € (p)*
w|£p if w € inc(W)

elseif w € int(W) & w ¢ (p)*

Now, we can prove that if one only see incoherent worlds
then everything is believed (the world satisfie¥ , A for
all A) and everything unbelieved(the world also satisfies
£.K,A). If all worlds nearby are unknown then nothing is
believed and nothing is unbelieved.

To approximate the introspection capabilities of an agent,
we consider first the single agent case.

A bounded agenas a triple(a, k., type) wherek, is
an integer andype is eitherc (for credulous) ors (for
skeptical). We say that agemts k,-skepticalin the former
case and,-credulousn the latter.

A simple method for bounding introspection is to say
that if a is k,-skeptical (credulous) then every simpite,
path with more thark, + 1 worlds terminates into an in-
coherent (unknown) world. Unfortunately, this definition is
too strong: as in (Fagin, Halpern, & Vardi 1995), skeptical
agents would believe too few valid formulae and credulous
agents would believe too many invalid formulae because
we have only specified the “maximal” distance between the
“real world” and incoherent or unknown worlds. Without
a minimal distance, the “real” world may be too close to
uninteresting worlds.

To avoid this problem we introducealistic worlds

Definition 2 Let (a, k,,type) be a bounded agent and
(W,{Rq },c4.T) be an approximate model with a parti-
tion of worlds. A worldw € W is k,-realisticif it is an
interesting world and if

e k,=0anda is skepticalthenwR ,v impliesv€inc(W);



¢ k=0anda is creduloughenwR ,v impliesveunk(W);
e k,>1lthenwR,v implies that is k, — 1-realistic

So, in the definition of forcing forr formulae

wlFf KA weW :wRw&vl|£A (1)

if w is ak,-realistic world therv is ak, — 1-realistic world.
Each time we satisfy a false belieflK , A we get closer to
unknown and incoherent worlds.

We upgrade the notion of counter model: given a bounded
agent(a, kq, type), a model(W,{ R, },. 4,Z) is anap-
proximate counter modér A if there is ak,-realistic world
w € W which satisfies.A. The rest is unaltered and we
denote the corresponding logical consequengetas tvpe.

Some examples can be helpful to clarify the semantics.
For 1-skeptical agents plain logical omniscience holds:

E7* Ko(p D ¢) AKap D Kag (2)

although unbounded logical omniscience may not hold:
l#l—s Ka(Ka (p ) Q) A Kap) D K.Kquq
The situation is reversed for 1-credulous agents: (2) holds
but unsound formulae may become approximately valid.
|:}1—C Ka(Kap \ KaQ) D K.Kquq
Still, 1-credulous agents remain sound if the reasoning
does notrequire introspection over 1 level of modal nesting:
¢ (KaKap V Kaq) O Kag
With many agents around reasoning may remain hard.
Using the same techniques of (Halpern & Moses 1992)
we can prove thatleciding approximate validity remains
Pspacehard if we only bound self-introspectiofihe trick
is to useK ,K; A formulae to reason about mutual beliefs.
For bounding mutual introspection, we introduce the
notion of family of bounded agentas the setF
{{a, kq,typea) },c 4~ We assume that there is only one
triple in F for every agenta and we say that agent
is k.-skepticalif (a,k,,s) € F and it is k,-credulous if
(a,kq,c) € F.

Definition 3 Let F be a family of bounded agents and
(W,{Rq},c4.T) be an approximate model with a par-
tition of woﬁds. A worldw € W is F-realisticif it is an
interesting world and for every ageatin the family

e k,=0anda is skepticalthenwR ,v impliesveinc(W);
e k=0anda is creduloughenwR v impliesveunk(W);
e if k, >0thenwR,v implies thatv is F /a-realistic

where the familyF /a is obtained byF by settingfor all
agentghe bound tdk, — 1 and the type taype,.

Hence, in (1) we converge towards incoherent or unknown
worlds no matter the path we follow. This definition has
a intuitive motivation: when passing from to v we are
performing an introspection step for the agentLoosely
speaking it isa who is now reasoning about the beliefs of
other agents in his own head. dfis skeptical so he will
reason skeptically when reasoning about other agents.

We can prove that ifi has counter model fak B then it
has a counter model with at mogtr2+ 3 worlds wheré,,,
is the maximum bound for every agent in famity

Combined Approximation

We choose the modal approximation as the primary approx-
imation. This requires a revision of the forcing relation:
w|tp if w€Einc(W)
elseif
elseif
w|f.p if
elseif
elseif

& peinc(P)
& peint(P) & w & (p)*

Approximate Tableaux

We useprefixed tableauky Fitting (1983) and present only
the aspects we need for the anytime reasoner.

The basic component is a prefixed signed forraulgy
whereo is an alternating sequence of integers and agent
names callegrefixand defined as ::= 1| o.a.n.

The basic intuition is that is a “name” for a world where
 is satisfied. The key advantage for this representation is
that the name explicitly codes the introspection steps from
the “real” world denoted by 1 to the worlel

The rest of the machinery is pretty standardtableau
for proving thatA is a logical consequence &f B is a tree
where the root is labelled by 1f. A and where nodes are
added and labelled by prefixed signed formulae according
tableau rules (Fitting 1983). Aranch5 is a path from the
root to the leaf. Intuitively, each branch is a tentative model
and the tableau construction is an attempt to construct a
counter model ford. If we fail (because we find a con-
tradiction in each branch) thetis a logical consequence;
if we succeed (because we have reduced all formulae in
a branch without finding contradictions) then we have the
required counter model.

The simplest way to plug our approximation semantics
onto this machinery is to change the rules that terminates the
search by accepting branches which are only approximately
contradictory or approximately reduced.

We need to lift the interesting, unknown and incoherent
meaning that we have given to atoms and worlds to general
prefixed formulae in a quick way.

So, we construct auperficial valuatiorof a formula, i.e.
afunctionMa, k, ) with values in the setinc, unk, int }.

The first argument is the agemtfor which the formula is
evaluated, the second the current bound of introspection and
the last is the signed formula. If the agent is not specified
we use the wild cardl.

For propositional letters we have

int if € int(P)
\% ;Pg - { unk if p € unk(P)
Lot inc if p €inc(P)

We use. as a don't care condition.

The function is defined inductively on the proposi-
tional and modal connectives. For negation we have that
V(a,k,t.~A) = V(a, k,£.A) and similarly forf.—A. The
other cases are shown in Table 1 and Fig. 1. We use the vari-
ableX to representthe table in compact form so in the third
line of thet.A A B-table we have thatif {, ,t.B) = X
then\(_,,t.AAB) = X.



tA tB tAANB fA B fAAB Input The modal formulad{ B and A, and a time limit

unk X unk unk X X Output A tableauT;,
X unk unk inc X inc 1. choosean approximate partition so that the set of interesting
inc X X X inc  inc . . - . o -
. . . . . . variablesly = int(P) is small (e.g. logarithmic in the size of
it wnt wnd int  wnt int
KB andA);
Table 1: Superficial Valuation 2. choosea family of bounded agent&o = { (a, ka, typea) },c 4

where k, is a small constant, and decide whethgpe, Is

J ifai i credulous orskeptical;
V(a,0,f K,A) = ¢ "¢ if a is skeptical

unk if a is credulous 3. computean approximate tabledl,;
V(a,k+1,f KoAd) = V(a,k,f.A) 4. if the approximate tabledf}, is a classical proof or a classical
counter modethen stop;
inc if a is skeptical ; ;
V(a,0.t Kad) = int ifais cregulous 5. elsefnot timeout

. ) . (a) find the part of7;, where non classical reduction or closure
V(a,k+ 1t K,A) = { e Ift\tq (a,k,t.A) = inc rules have been applied
it otherwise (b) increasethe precision so that one approximately reduced or
contradictory formula change status by
e either enlarging the set of interesting variables frdmto
I, +1 generating a new partitiofpy11;

L . - L or increasing the bound, for an agent in the family F,
The intuition behind the superficial evaluation is simple. * generating gnew familyFy..1; g Y

Consider negation: if a formula is interesting, then also its

negation is interesting. On the other case if a formula rep-
resents a unknown concept also its negation is an unknown . ) ) )
concept. In the case of disjunction, if one disjunct of a for- Figure 2: Anytime Deduction Algorithm
mula is unknown then the overall status of the formula will
be given by the remaining disjunct. .

If the bound or the agent is not yet specified, we use the ® ©F @ Pelongs tazand Ma, k, — o], ¢) = inc.
wild card x as a symbol and the equations below, where Definition 5 Let F be a family of bounded agents ang

Figure 1: Meaning of Formulae for Bounded Agents

(c) returnto (3) for a newTy41;

(a, kq,type) € F: an approximate partition. AranchB is approximately
V(x,x, £ K,A4) = V(a,kq,fK,A) contradictoryiff
Vi, tK.Ad) = V(o ka, 0t KoA) e Bis contradictory for interesting formulae according the
We define théirst step of introspectioas first1) = xand classical definition,

first(l.a1.n1....ar.ng) = a1 and say that belongs to an o oro = 1and [+, %, p) = unk
agentaz whenever firgir) = a. Intuitively, this means that T ’

is the “main” agent responsible for the chain of introspective * or o belongs tou and Ma, ko — o, ¢) = unk.

reasoning which lead to the wordd Thelengthof a prefix, If all tableaux branches are contradictory according the clas-

denoted by|o| is the number of introspection steps, i.e. sical definition we have alassical proof In a similar way

|1] = 0 and|l.a1.n1. ... ag.ni| = k. a branch yields alassical countermodé it is not contra-
Intuitively, each time we pass from to ¢.b.n we are dictory and fulfils the classical definition.

performing an introspection step. So the lengthrdtlls We have now the formal machinery to construct an ap-

how many introspection steps that we have already done. If proximating sequence of proofs ofincreasing precision with
o belongs to an agentwith boundk, then we are only left the anytime algorithm in Fig. 2.

with k, — |o| introspection steps. . If we time out aftef7;,, we have available githeran approx-
Once ) is defined we simply need to compute imate proof (all branches df; are approximately closed)
V(first(o), kfirst.,) — %) and reduce it only if it is in-  or an approximate counter model (an open brancffyf

teresting. Moreover we consider it classically contradictory With enough resources we can arrive at a stage where every
with o : 7 only if both formulae are interesting. In all other  2gents inF;, has a bound, sufficiently large to guarantee

cases an approximate decision (without search) is taken. ~ that a classical proof (or counter model) is found.
Formally we revise the definition of reduced formulae ~ FOr what regard theemantical directiorof the approxi-

and contradictory branches from (Fitting 1983): mation, we can increase the soundness of the procedure by
L , increasing the bound of credulous agents or by decreasing
Definition 4 Let 7 be a family of bounded agents ang the number of unknown proposition. Increasing the bound
an approximate partition. The prefixed formuta: ¢ is of skeptical agents or decreasing the number of incoherent
approximately reduceif proposition increase the completeness.
e itis interesting and reduced according the classical defi- _ ) _
nition Quality of Approximation

e oro = land \x,x,p) = inc; Now we analize the quality of the approximation:



Theorem 1 (Approx. Soundness and Completeness)

With this approximation it is possible to define skeptical

Given an approximate partition and a family of bounded (sound) approximations, credulous (complete) approxima-

agents, the formulad is an approximate logical conse-
guence ofK B iff it has a approximate tableau proof.

The standard soundness proof would proceed by induction .

showing that if there is a contradictory branch then we can
unwind the contradiction down to atomic level. The only
difficulty is to rule out “contradictory” incoherent formulae.

For the completeness the hard part is construction of the
model from a reduced but not contradictory branch. It is
similar to the traditional construction (Fitting 1983) with
two tweaks: use two extra worlds (one subsuming all un-
known worlds and one for all incoherent worlds) and con-
sider only interesting propositions for the valuatiph.

The next result shows that, given enough resources we
are guaranteed to find the correct (classical) answer:

Theorem 2 (Convergence Guaranteefor every A and
K B there is akg such that for allk > ko, 7 is a clas-
sical tableau proof fo iff KB = A.

The last step is proving the anytime complexity guarantee.
At first we note that the verification of (¢, k, ) takes
polynomial time in the size oft and K B.

Without restrictions, we cannot guarantee that the timing
of the computation off;, and 7,1 respects the anytime
guarantees from (Dean & Boddy 1988; Russel & Zilberstein
1991). We need the following assumptions:

o for generatin@gipy+1 andFy1, apply a polynomial time
algorithm to not interesting parts @j;

e apply rules for constraint propagation (Massacci 1998)
before other rules and apply rule for reducingi A B
formulae before other rules.

Then we can prove aanytime guaranteen the perfor-
mance of the algorithm as follows: every branch hés 2
prefixes wherek;, is the maximum bound of the family

of bounded agents and for each prefix we can generate a
number of branches which is exponential in the number of
occurrences of interesting propositions.

This is not a good bound since occurrences of interesting
formulae may be many. To improve the bound we consider
modal atomd.e. signed formulaet.A (or t.4) where A
where eitherd = K, B or A is an atomic proposition.

If Ais a modal atom such that both: t.A ando : £.4
are interesting, then we apply the cut rulesto t.A and
o : £.A. Then, the systematic application of constraint
propagation before other rules eliminate the atom from the
branch. So an induction on the number of modal atoms
provide the required anytime guarantee using the number
(notthe number of occurrences) of interesting modal atoms.

Conclusions

We have proposed an approximation technique for propo-
sitional modal logic which encompasses both propositional
and modal aspects. The approximations makes it possi-
ble to tame unbounded logical omniscience and unbounded
logical introspection both in the single and multi-agent case.

tions and mixed approximations where some agents reason
in a skeptical way and other agents in a credulous way.

We designed an anytime procedure which use®xan

sting deduction procedure (prefixed tableau) and we have
discussed the “quality guarantees” of this approximate any-
time deduction mechanism.

There are a number of open problems such as the exten-

sion to first order logic, the definition of a measure theory
for the approximation, the developement of heuristics for
the incremental selection of interesting propositions.
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