From: AAAI-98 Proceedings. Copyright © 1998, AAAI (www.aaai.org). All rights reserved.

On the Conversion between Non-Binary and Binary
Constraint Satisfaction Problems

Fahiem Bacchus
Department of Computer Science
University Of Waterloo
Waterloo, Ontario, Canada, N2L 3G1
fbacchus@logos.uwaterloo.ca

Abstract

It is well known that any non-binary discrete constraint sat-
isfaction problem (CSP) can be translated into an equivalent
binary CSP. Two translations are known: the dual graph trans-
lation and the hidden variable translation. However, there
has been little theoretical or experimental work on how well
backtracking algorithms perform on these binary representa-
tions in comparison to their performance on the correspond-
ing non-binary CSP. We present both theoretical and empiri-
cal results to help understand the tradeoffs involved. In partic-
ular, we show that translating a non-binary CSP into a binary
representation can be a viable solution technique in certain
circumstances. The ultimate aim of this research is to give
guidance for when one should consider translating between
non-binary and binary representations. Our results supply
some initial answers to this question.
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translations to convert it to a binary CSP and then solve
it using binary CSP techniques, or apply one of the direct
solution techniques for non-binary CSPs. A potential ad-
vantage of translating to the binary is that much more is
known about solving binary CSPs: more useful heuristics
are known, more polynomial-time special cases have been
identified, and more algorithms are knownOn the other
hand it is unknown whether or not these techniques are use-
ful when applied to the CSPs that arise from translating non-
binary CSPs. Surprisingly little work has been done on ex-
amining the effectiveness of the translation technique, or on
comparing these two options. The work presented here ad-
dresses this problem.

There are at least two good reasons for looking more care-
fully at the issue of translating non-binary CSPs into binary
CSPs. First, non-binary CSPs appear quite frequently when
modeling real problems. In this case the issue is how to
solve these problems most efficiently, and as we show there

The lion’s share of work on constraint satisfaction problems are certain cases where translating to the binary produces
(CSPs) has restricted its attention to binary CSPs, where all significant performance gains and cases where it produces a
constraints are between two variables. This work has gener- degradation in performance. The second reason is that, as
ated a great deal of knowledge about the theory and practice noted above, a common justification for focusing solely on
of solving CSPs. Unfortunately, it is not always straightfor- binary CSPs is the fact that non-binary CSPs can be trans-
ward to generalize this knowledge to non-binary CSPs. The lated into binary CSPs. Hence, it is important to study the
well known fact that any non-binary discrete CSP can be properties of these translations so as to better understand the
converted into an equivalent binary CSP is usually used as a legitimacy of focusing on the binary case.
justification for restricting attention to binary CSPs. Implic- Two general methods are known for converting non-
itly, the assumption has been that whewdd with anon- binary CSPs to binary CSPs: the dual graph method and
binary CSP we can simply convert it into a binary CSP, and the hidden variable method. The dual graph representa-
then apply the best techniques for solving the binary equiv- tion comes from the relational database community and was
alent. introduced to the CSP community by Dechter and Pearl
The field has not completely ignored the issue of non- (DP89). Earlier, Freuder (Fre78) had used an incremental
binary CSPs, however, as there has been work in both version of the method in an algorithm for finding all solu-
the constraint programming and the traditional CSP com- tions to a CSP. The hidden variable translation has an even
munities that addresses direct solution techniques for non- longer history. Rossi et al. (RPD89) credit Peirce (Pei33)
binary CSPs. In particular, two of the most successful tech- with first showing that binary relations have the same ex-
niques for solving binary problems, backtracking combined pressive power as non-binary relations. Peirce’s method for
with forward checking and backtracking combined with arc  representing non-binary relations with a collection of bi-
consistency, have been generalized to the non-binary casenary relations forms the foundation of the hidden variable
(Mac77; VH89). method. Dechter (Dec90) shows how to represent any non-
Hence, there are at least two options when it comes to binary relation with binary relations using hidden variables

dealing with non-binary CSPs: apply one of the standard ———— ) o .
- - For example, algorithms such as minimal forward checking

(DM94) and lazy arc consistency (SRGV96) are currently only ap-
plicable to binary CSPs.
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that have bounded domain sizes. Rossi et al. (RPD89) dis-

cusses both the hidden and the dual conversion methods and( Y1 = (X1, X3, X¢)

examined whether a non-binary CSP and its binary repre-
sentation are equivalent under various definitions of equiva-
lence.

We present both empirical and theoretical results that help

us understand the properties of the dual graph and hidden
variable representations. Our results compare the number of

nodes visited and the number of constraint checks executed
by the forward checking algorithm (FC), when applied to a
non-binary CSP and to its binary equivalents. The results
indicate that for most problems the non-binary representa-
tion is the most efficient representation. However, there is a
class of problems, when the constraints are tight or restric-
tive, for which the binary translations can be more efficient
by orders of magnitude. Also, we examine a specialized al-
gorithm for the hidden representation, which we callf=C
This algorithm has the advantage that it provably never per-
forms more than a polynomial factor worse than FC on the
non-binary representation, and it can often perform expo-
nentially better.

The ultimate aim of this research is to provide guidance
for efficiently solving a CSP representation of a problem.
Given a problem, there is always the question of how to for-
mulate it as a CSP. Ideally, the problem is modeled in the
most natural way and the machine automatically solves itin
the most efficient way. When presented with a particular in-
stance of a non-binary CSP, should the machine convert it to
a binary representation before solving? To answer this ques-
tion we need a better understanding of the tradeoffs involved
in such a conversion.

Background

We first define constraint satisfaction problems (CSP) and
then briefly review backtrack search, the dual graph transla-
tion, and the hidden variable translation.

Definition 1 [CSPs] A constraint satisfaction problem con-
sists of a finite set ofariables V = {V1, ..., V., }; for
each variableX € V a finite domain ofvalues Dom(X) =

{1, ..., zx }; and a finite collection otonstraints C =
{C4,...Cm}. Each constrain€ € C is a constraint over
some set of variablégars(C'). The size of this set is known
as the arity of the constraint. Non-binary CSPs are CSPs
that contain constraints with arity greater than 2. Every con-
straintC' can be viewed as being a subset of the product of
the domains of the variables Wars(C) (i.e., C is the set of
tuples that satisfy the constraint).

We say that a set of assignments to varialales {X; «
z1,..., Xy « @} is consistenwith a constrainC if (i) it
assigns a value to all of the variables®f(i.e., Var§C) C
{X1,...,X,}) and (ii) the tuple of values assigned Hyto
the variables ofC' is a member ofC (i.e., the assignment
satisfies the constraint). golutionto a CSP is a set of as-
signments to alh variables{V; < vy, ..., V, < v,} that
is consistent with each of the constraints. The notation
||C| is used to denote the size of a €&t

Example 1 Consider the 3-SAT probleriX; v X,V Xg) A
(X1 VX3VX4) A (m Xy VX5V Xe) A X2 VX5 V-Xe).

X5, X
20 Y4: (X27X57X6)>

Xl X57X6

Y, = (X17X3,X4) Y; = (X47X57X6)>

Figure 1: Binary CSP resulting from the dual method

In the non-binary CSP representation of the 3-SAT problem
there is a variable for eachoolean variableXy, ..., Xs,

each variable has the domain of valyés 1}, and there is a
3-ary constraint for each clause in the formula to ensure that
each clause evaluates to 1. For example, the constraint on the
first clause contains the tupleB, x, x, x,3 = {(0,0,1),
(0,1,0), (0,1,1), (1,0,0), (1,0,1), (1,1,0), (1,1,1)},
where the tupld0, 0,0) does not appear in the constraint
since the assignme¥; <« 0, X5 «+ 0, Xg « 0 does not
satisfy the clause.

CSPs are often solved using a backtracking algorithm.
Here we restrict our attention to the widely used forward
checking backtracking algorithm (FC) (HE80; McG79),
which has been generalized to handle non-binary CSPs. Fol-
lowing Van Hentenryck (VH89) we say thatiaary con-
straint, & > 2, is forward checkabldf £ — 1 of its vari-
ables have been instantiated and the remaining variable is
uninstantiated. At a node in the search tree, the new vari-
able assigned at that node causes some (possibly empty)
set of constraints to become forward checkable. For each
newly forward checkable constraint, FC forward checks the
remaining unassigned variable. For eactpruned value of
that unassigned variable FC checks whether or not that value
along with the node’s assignments is consistent with the con-
straint, pruning those values that are inconsistent. If this pro-
cess causes the unassigned variable to have all of its domain
values pruned, FC backtracks.

We now present the dual graph and hidden variable trans-
lations for converting non-binary CSPs into binary ones. In
the dual translation, the constraints of the original prob-
lem become variables in the new representation. We re-
fer to these variables, which represent the constraints, as
c-variablesand the original variables simply as variables.
The domain of each c-variable is exactly the set of tuples
that satisfy the original constraint and there is a binary con-
straint between two c-variables iff the original constraints
share some variables. The binary constraints prohibit pairs
of tuples in which shared variables receive different values.

Example 2 In the dual graph representation of the CSP in
Example 1, there are four variabl¥sg, ..., Y,, one for each
3-ary constraint (or clause) in the original problem (see Fig-
ure 1). For example, the variabiig corresponds to the non-
binary constraint®;x, x, x,} and the domain o¥; con-
tains the tuples (0, 0, 1), ..., (1, 1, 1). The binary constraints
enforce that the ordinary variables appearing in more than



extensionally, as a list of compatible tuples or as a boolean
array that stores for each possible assignment to the con-
strained variables a flag indicating whether or not that as-
signment is compatible. However, the more effective back-
tracking algorithms, such as FC, use storage proportional
to the size of the domains of the variables to keep track of
which domain values have been pruned during search. This
means that when the dual and hidden representations “make
the constraints into variables” they require extra storage of
size equal to the total number of tuples in all of the con-
straints:y ., ||Cil|-

() &2
—X

O OIS

) )

Figure 2: Binary CSP resulting from the hidden method

As well, the dual and hidden representations require ad-
ditional space to store their binary constraints. Fortunately,
the constraints in both can be represented as simple func-
tions, and thus impose only a small additional space require-
ment. For example, in the hidden representation, to check if
H; « his compatible withX), + =z, we simply find the
tuple of assignments correspondingit@nd then check to
add an h-variabl&l;. The domain of{; consists of aunique  see if this tuple assigns to X;. The pair of assignments
identifier for every tuple irC;. The new representation con-  are compatible if and only if this is the case. If the origi-
tains only binary constraints, and these are constructed asnal constraints are represented extensionally, as a list of sat-
follows. For every h-variabléf; we impose a binary con- sfying tuples, then this operation can be done in constant
straint between; and each of the variables Mars(Ci). time. However, if the original constraints are intensionally
Say thatH; and X}, are thus constrained. Every valuerf represented we have a space-time tradeoff. We can convert
corresponds to a tuple of values for the variablegirs(C; ) the intensional representation to an extensional one, and pay
and thus defines a unique value f8f. Hence the binary  the space required to store the list of satisfying tuples. Or
constraint betweefl; and.X;, consists of a unique value for  we can dynamically compute the tuple corresponding to
X for every value ofH;. (Note that the constraint is not by iterating over the possible assignments of the constrained
functional in the other direction as a value @& may be variables to find thé'th satisfying tuple. Since this has to be
compatible with many values @f;.) done every time we check a constraint, it will usually not be
practical. Hence, we may also assume that we have an exten-
sional representation of the original constraints. Of course,
this will be anadditionalspace requirement only when the
original constraints are represented intensionally.

one c-variable have the same value.

In the hidden representation, the set of variables includes
all of the variables of the original problem (with no changes
to their domains) plus a new set of “hidden” lowvariables
variables. For each constraifit in the original problem we

Example 3 In the hidden variable representation of the CSP
in Example 1 there are ten variables: the six original vari-
ablesXy,..., Xz and four hidden variables, one for each

constraint in the original problem (see Figure 2). For ex-
ample, the constrainkx, x, x,1 has a corresponding h- ) ) )
variable,H;, whose domain can be the gt 2,...,7} (a We now show analytic bounds on the differences in the

unique identifier for each of the seven tuples in the con- number of nodes visited and consistency checks performed

straint). We can define a correspondence between the valuesPy the FC algorithm applied to a non-binary CSP and to the

of H; and the tuples iR x, x,, x,} as follows: corresponding binary CSPs. For ease of exposition, we as-
o sume that FC runs until all solutions have been found or it
is proven that no solution exists. One issue to address is
that of properly accounting for checkirigary constraints.

1+ (0,0,1),2+ (0,1,0),3 — (0,1,1), 4+ (1,0,0),
505 (1,0,1),6 — (1,1,0),7 — (1,1,1).

We then impose a constraint between the pairs of variables Clearly, checking if a set of assignmert¥; « =z, ...,

{X1,H},{Xs, H,}, and{Xs, H }, giving the binary con-
straints,

C{X1,H1} :{(07 1)7(072)7(073)7(17 )7(175)7(176)7(177)}1
C{X2,H1} :{(07 1)7(172)7(173)7(074)7(075)7(176)7(177)}1
C{X57H1} :{(171)7(072)7(173)7(074)7(175)7(076)7(177)}-

For example, foCx, x,}, the value 3 forr; corresponds
to the tuple(0, 1,1) in which X, = 0. Hence,H,; = 3 is
only compatible withX; = 0.

Theoretical Comparisons

X « =z} satisfies ark-ary constraint must take at least

k operations. This is true whether or not the constraint is
represented intensionally as a function (where the function
must consider alk values), or extensionally as an boolean
array (where we will requiré operations to index into an
k-dimension array). Hence, we will chardeconstraint
checks for every check of an arityconstraint. To be con-
sistent with this measure we charge the check of a binary
constraint as 2 constraint checks (such a check requires at
least 2 operations). Note that our counts for binary con-
straint checks are thus twice what is traditionally counted
as a constraint check. This way of accounting for constraint

We first consider the space requirements of the dual and hid- checks allows us to properly compare the fundamental oper-
den representations. Most CSP algorithms can deal with ations performed when solving the non-binary CSP and the
constraints represented either intensionally, as a function, or corresponding binary CSPs.



Dual Graph Representation. The relative cost of FC on Example 6 Consider a CSP containing the constraint

the non-binary CSP and the dual CSP depends on the cardi-over some set of variablgsXy, X, ...}. Furthermore, say

nalities of the constraints and on the structure of the under- that there is no tuple i6’ in which X; = 0 andX, = 0. FC

lying constraint graph. applied to the non-binary CSP is unable to detect that every
Example 4 shows that when the constraints have many node containing these assignments is a dead end: it can only

satisfying tuples, the dual can be exponentially worse in forward check on the constraigt when all but one ofC’s

terms of number of consistency checks. However, as Exam- variables have been instantiated. On the other hand, FC ap-

ple 5 shows, when the constraints have few satisfying tuples, plied to the hidden is able to detect all of these dead ends:

the dual can also be exponentially better. In such cases, FCat every such node the h-variable corresponding twill

on the original may have to visit a large number of assign- experience a domain wipe out.

T e Yere e EXAple 7 Consider a CSP cotaning two consrais
Y 9 andC; both over the set of variablés(y, X, X;, }. Say that

consistent with some constraint. C1 = {(0,0.0), (1L, L, 1)} andCs — {(0,0,1). (1,1, 1)},
Example 4 Consider the non-binary CSP with Boolean FC applied to the non-binary CSP is able to detect that every
variables X;,..., X, and n constraints given by{X;, node containing the assignmerifs = 0 andX, = 0is a
-X1VXy, ~X1V-XoVXs, oo, X Ve VX, VX, ) dead end: at such nodes the domaiXgfwill experience a

In this CSP, nodes in the backtrack tree for the dual represen- domain wipe out when we forward check bath andC;.

tation have exponentially many children and there is exactly FC applied to the hidden, on the other hand, is unable to de-
one solution node. FC applied to this problem would visit ~ tect a dead end at every such node: assignments to ordinary
nodes and perforrd(n?) consistency checks, whereas FC  variables can prune the domains of h-variables but not the
applied to the dual of this problem would visitnodes and ~ domains of other ordinary variables.

performO(2") consistency checks. These two examples can be used to construct CSPs where
Example 5 Consider the non-binary CSP with Boolean FC applied to the non-binary representation performs expo-
variablesXy, ..., X,, andn constraints given byX; A- - -A nentially better than FC applied to the hidden and vice versa.
Xp_1, Xa Ao AXp_a AXp, -, Xo Ao A Xy ) ie, all There is a way, however, of improving FC on the hidden so
n possible ways of forming a conjunctionof- 1 variables. that it can still perform exponentially better but can only be

In this CSP, nodes in the backtrack tree for the dual have a outperformed by a bounded amount. The intuition behind
single child and there is exactly one solution node. FC ap- the improvement comes from Example 7. When FC on the
plied to this problem would visiz®~! nodes and perform  hidden CSP visits a node in whicki, = 0 and X, = 0
O(n2") consistency checks, whereas FC applied to the dual it Will reduce the domains of the two h-variablés and

of this problem would visit, nodes and perfor@(n?) con- H, (corresponding to constraig, andC; respectively) to
sistency checks. the singleton se{1}, wherel corresponds to the first sat-

isfying tuple of the constraints. At this point if we continue

When visiting a node in the search tree for the original constraint propagation so that we restore arc-consistency be-
CSP, FC ensures that there existsirzgle extension of the tweenH; andX; and betweerH, and X; we would detect
current set of assignments that satisfies all of the forward the same dead end that FC on the non-binary does.
checkable constraints. With FC on the dual, we have a dif-  We can define the following enhancement to FC.
ferent guarantee, that for every remaining constraint there L _ ) )
existssomeextension of the current set of assignments (to Definition 2 [FC*] FC* is a backtracking algorithm de-
the original variables) that is consistent with it; there need Signed to run on the hidden representation. It operates ex-
not be a single extension satisfying multiple constraints. actly like FC, except that after forward checking prunes the
This means that FC on the original CSP checks for a stronger domain of any h-variable we additionally prune the domains
condition on a smaller number of constraints, while FC on of any uninstantiated variables constrained by that h-variable
the dual checks for a weaker condition on a larger set of con- SO &S to remove values whose support has been lost. As usual
straints. An analysis of examples suggests that as the num-We backtrack if any future variable experiences a domain
ber of constraintsn grows, it becomes increasingly likely ~ WIP€ out.
that FC on the original CSP will detect deadends in the  Thjs enhancement to FC is similar in spirit to those de-

search earlier than FC on the dual, and thatagecreases,  yeloped by Nadel (Nad89). It fits between standard forward
the converse situation becomes increasingly likely. How this  checking and full maintenance of arc-consistency in terms of
works out in practice is an experimental question which we  the amount of constraint propagation it performs. However,
examine in the next section. we can make the algorithm more efficient than the generic
Hidden Variable Representation. We nowturnouratten-  algorithms presented by Nadel because every value for an
tion to the hidden representation. First, we demonstrate that, h-variable functionally determines the values of all the ordi-
as with the dual, FC on the original CSP and FC on its hid- nary varlabl_es itis constrained with. When we instantiate an
den representation are incomparable: the algorithm can per- ordinary variable we forward check any h-variables it is con-
form exponentially better or worse depending on the partic- strained with in the normal manner. This operation requires

ular problem. Examples 6 and 7 illustrate this point. a binary constraint check for every domain value of the h-
variable. Say that h-variabl®; has had some of its values



pruned. FC must then check the domains of all of the unas-
signed ordinary variableH; is constrained with. Say that
{Xi,..., Xy} are thek unassigned variables constrained by
H,. We can restore arc-consistency betwé&grand each of
these variables by iteratiranceover the remaining domain
of H;. Every unpruned value dff; supports a unique value
for each of theX;, and in2k operations per valug: (binary
checks each requiring 2 operations)if we can accumu-
late the set of still supported values feach of theX;. Fi-

they are selected by the heuridticFinally, we count the
checks performed by FC and EGn the manner described
in the previous section with one refinement: when solving
the dual, we charged one constraint check for each shared
variable. For example, with reference to Figure 1, checking
the constraint betweery andY> costs one and checking the
constraint betweebl; andY, costs two.

To systematically examine the effect of the cardinalities
of the constraints and the number of constraints on the cost

nally, in a second phase we iterate through the domains of of solving a non-binary CSP and its corresponding binary

the X; pruning all values not marked as still supported by
the first phase.

Counting all of these operations as primitive constraint
checks, and using the simplifying assumption that each of
the variables in the original non-binary CSP has an identical
domain size, we obtain the following result.

Proposition 1 Given any variable ordering strategy for the
non-binary CSP, there exists an ordering strategy such that
FCt applied to the hidden representation will never visit
more nodes than FC applied to the non-binary CSP, and
it will perform at mostmax?™, ((Arity(Ci) + 1)||Ci]| +
Arity(C;)) as many checks.

representations, we use the following model of a random
non-binary CSP. A random CSP hasvariables each with
domain size ofl, andm constraints each with arity and

t satisfying tuples. Each constraint is over a subset of vari-
ables chosen with uniform probability from tf&) possible

subsets, and each constraint contding ¢t < d* tuples
chosen at random.

Dual Graph Representation. Figure 3 shows the effect

of the number of tuples in the constraints and the number
of constraints on the cost of solving a random non-binary
CSP and its dual. Specifically, for each parametéirggs

we generated and solved an ensemble of non-binary prob-
lems and their dual representations (a minimum of 30 prob-

The variable ordering employed is exactly the same as that lems in each ensemble). We then took the ratio of the me-

used by FC on the non-binary representation. In particular,
we delay instantiating all the h-variables until all of the ordi-
nary variables are instantiated. Once all of the ordinary vari-

dian consistency checks needed to solve the dual represen-
tations over the median consistency checks needed to solve
the non-binary CSPs. Finally, we constructed the contour

ables have been instantiated, and we have not experiencedines shown in the figures using cubic spline interpolation

a domain wipe-out, each h-variable will have its domain re-

on our data points. For example, the left most contour lines

duced down to one value. In fact the values assigned to the in the figures represent the points in the space of random

other variables constitute a solution, so search can be termi-

nated prior to visiting any of the h-variables.

problems where solving the dual wasx<@aster (in terms
of consistency checks) than solving the non-binary CSP, and

These results shed some light on the hidden representa-€Vverything to the left of the Ief'g most line means the dual was
tion. We see that using the hidden imposes an overhead overat least10x faster. The experiments show that the dual can

direct use of the non-binary representation. Although this
overhead is only a multiplicative factor, it can be orders of

be an efficient representation.
We now consider two classes of problems, random 3-SAT

magnitude: non-binary constraints can often contain a large and crossword puzzles, and show that the maps constructed

number of satisfying tuples. On the other hand, if we em-
ploy the FC" algorithm we can potentially save an exponen-
tial amount of work by visiting exponentially fewer nodes.

from our experimental results over the space of random non-
binary problems have predictive power and so provide guid-
ance for selecting between the non-binary and dual CSP

When this potential is realized the savings can outweigh the models of a problem. The results for random 3-SAT are

multiplicative overhead. In the next section we show empir-

shown in Table 1. It can be seen that the cost ratios for solv-

ically that both outcomes are possible, and we provide some ing the original CSP and its dual representation fit well with

guidelines as to when conversion to the hidden might be ef-
fective.

Experimental Comparisons
We now show some experimental results comparing FC on

the predictions of the order of magnitude curves (see Fig-
ure 3,k = 3, at the point 7/8 on the-axis (each of the con-
straints has 7 out of the 8 possible tuples)). This provides
some evidence that the experimental predictions scale for
largern. The results for 20 crossword puzzles (Gin93) are
shown in Table 2. In the non-binary formulation of cross-

the representations. Throughout this section, FC refers to word puzzles there is a variable for each letter to be filled

an implementation of the forward checking algorithm which
dynamically orders the variables by selecting as the next
variable to instantiate the variable with the minimum re-
maining values (ties are broken by choosing the variable
that participates in the most constraints) andrFR€fers to

an implementation of the algorithm of Definition 2 for the
hidden variable method. In FCwe also employ the min-
imum remaining values heuristic. In particular, we allow
h-variables to be instantiated prior to ordinary variables, if

in and the constraints are the words in the Unix dictionary.
There are few constraints and each constraint allows few of
the possible tuples: at most 4000 out of #6& possible tu-
ples fork = 3,..10, where 10 is the length of the longest
word in the puzzles to be filled. The order of magnitude

2We delay instantiating any h-variables all of whose constrained
variables have already been assigned. When this happens the h-
variable has become redundant and need not be further considered.
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Figure 3: Order of magnitude curves for median cost of dual and original CSPwhkef0, d = 2,10, andk = 3,5. From
left to right the curves mean: (i) dual is &Moetter, (ii) dual is % better, (iii) dual and non-binary cost the same, (iv) dual is
2x worse, and (v) dual is 20 worse.

in the constraint that determines the relative effectiveness of
the hidden variable CSP. To determine which representation
is superior, the hidden variable or the original non-binary,
we plot the ratio of the average number of constraint checks
performed by each algorithm. We run a sufficient number
. ; of problems at each data point to obtain averages that have
to random 3-SAT problems with 100 Boolean variables. twg statistically significantpdigits. To present thge data most

m/n |1/4]112] 1] 2| 4] 8]|16]|32 effectively we plot the log (base 10) of this ratio: at zero the

costrat.| 09| 15[ 25[4.2|31|33[38]|44 representations have approximately the same performance,
positive numbers represent the number of orders of magni-
tude the hidden outperforms the non-binary, while negative
number similarly represent the number of orders of magni-
tude the non-binary outperforms the hidden.

The plot shows three sample problem classes, each spec-
ified by the numberén, d, k, m, t). For each problem class
we vary the number of satisfying tuples in each constraint
Hidden Variable Representation. Figure 4 showstheba-  from near 0% to near 100%. In the first two problem classes
sic behavior of the hidden variable representation on random the number of constraints is 10% or less the total possible,
CSPs. Over a wide range of different values+ot, &, and while for the last class the number of constraints is 90% the
m, we have found that it is the number of satisfying tuples total possible. The graphs show what we have also seen in

Table 1: Effect of the ratio of clauses to variables (m/n)
on the ratio of the average number of consistency checks
performed to solve the dual representation over the average
number of consistency checks performed to solve the non-
binary representation (cost rat.), when finding first solution

curves predict that the dual representation should be more
and more efficient as the length of the words in the puzzle
grows. This is indeed the case and on the larger problems
the dual is at least 1000 times faster.



Table 2: Number of consistency checks performed when Ly T T ;605‘3 114_> o
finding one solution to crossword puzzles. The absence of an 10+ <3055114->

entry indicates that the problem could not be solved within <10,5,5,226,-> ~a---

4]
4
5 x 10® consistency checks. For the dual problenis the Joi 8 1
number of variables aneh is the number of constraints; for ; 6 :
the non-binary problemsy is the number of variables and B N |
n is the number of constraints. % i
original dual size - 2 |
puzzle cc’'s cc’'s n m 8 0
1 52 292 | 4 3 ©
2 138 | 3267| 6| 8 2 2y e 1
3 185 | 11,404| 8 14 - 4 ™ ]
4 208 10,481 12 14
5 12,509| 18,686 10 | 19 e e
1| _ssese 2906 14| 23 g O T
8 5,780,710 27,656| 20 | 30
9 - 47,167 | 26 | 41
10 _ | 224,258| 18| 35 Figure 4: Log of the number of constraints checks per-
11 — | 29,777 24| 40 formed by FG on the hidden divided by the number of con-
12 —— | 729,125| 18 | 38 straint checks performed by FC on the non-binary.
13 28,446,460 50,281 | 28 | 52
14 - 72,307 | 34| 65
ig — ggg'?gé 4212 gg variable CSP never finds this particular problem class very
17 — | 178’885 68 | 135 difficult it becomes quite difficult for FC on the non-binary:
18 | 248’877 88 | 180 at the peak (when we have a total of 10 constraints) it re-
19 | 587.826| 86 | 177 quires about 30 million checks on average to solve a prob-
20 _ |1 80l 187 lem vs. an average of 16 thousand checks for the hidden.

More importantly is the fact that in this peak area FC on the
non-binary requires in excess of 500 million checks on 3%
of the problems while using the hidden tb@me problems

other problem classes: if the constraints have few satisfy- Were solved using less than 35 thousand checks. This phe-
ing tuples the hidden variable CSP can outperform the non- Nomenon seems to be related to the exceptionally hard prob-
binary CSP by many orders of magnitude; the performance lems reported by Smith and Grant in (SG95). In particular, it
advantage of the hidden variable CSP decreases as we in-indicates that for this problem class the distribution of con-
crease the number of satisfying tuples in the constraints and Straint checks performed by FQlisplays a lower variance
there is some threshold beyond which the non-binary be- as well as a lower mean.

comes more effective; and finally, as our theory predicts the

potential gain of the non-binary over the hidden is much less Conclusions and Future Work

terms of what FC is doing. As the constraints have fewer  non-binary CSP in comparison to its performance on binary
and fewer satisfying tuples the FGs able to detecta larger  transiations of the CSP.
and larger number of extra deadends over FC runningonthe  oyr experiments show that the dual graph representation
non-binary. can be more efficient by orders of magnitude, when the num-
It is important to note that hard problems exist at all val- ber of constraints is low relative to the number of variables,
ues oft. In particular, the hidden variable representation and the constraints are restrictive. As well, for the hidden
can be superior on hard problems: when the constraints con- variable representation, we showed that a modified forward
tain a small number of satisfying tuples we can generate checking algorithm which we call FG can sometimes per-
hard problems by increasing or by decreasingn, both form exponentially better than simply using FC on the non-
of these changes decrease the number of constraints eactbinary, and sometimes it can be outperformed by a bounded
variable participates in. In Figure 5 we plot the average (but sometimes large) amount. We have also provided bet-
number of constraint checks required by @ solve the ter insights into the behavior and nature of the two binary
hidden variable CSP and the average number of checks re-translations. Translating a non-binary CSP involves some
quired by FC to solve the equivalent non-binary CSP. In this overhead, and we view this work as providing some initial
plot we vary the number of constraints The graph shows intuitions as to when such a translation is worthwhile. Em-
something like the classic easy/hard/easy regions (smoothedpirically, we have shown that the number of satisfying tuples
out to some extent by our use of a log scale) as the varying in the constraints is perhaps the most important factor in de-
number of constraints change the problems from solvable termining how worthwhile the translation is.
to unsolvable, and we see that althoughtF@h the hidden An important question that we have not addressed here is



Constraint Checks

Figure 5: Number of constraints checks performed by the
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two algorithms on the problem claé¥, 5, 5, —, 40).

[HE80] R. M. Haralick and G. L. Elliott. Increasing tree
search efficiency for constraint satisfaction probleAs.
tificial Intelligence 14:263-313, 1980.

[Mac77] A. K. Mackworth. On reading sketch maps. In
Proceedings of theifth International Joint Conference
on Artificial Intelligence pages 598-606, Cambridge,
Mass., 1977.

[McG79] J. J. McGregor. Relational consistency algorithms
and their application in finding subgraph and graph iso-
morphisms.Inform. Sci, 19:229-250, 1979.

[Nad89] B. A. Nadel. Constraint satisfaction algorithms.
Computational Intelligencge>:188—-224, 1989.

[Pei33] C. S. Peirce. In C. Hartshorne and P. Weiss, edi-
tors,Collected Papers, Vol. llHarvard University Press,
1933. Cited in: F. Rossi, C. Petrie, and V. Dhar, 1989.

[RPD89] F. Rossi, C. Petrie, and V. Dhar. On the equiva-
lence of constraint satisfaction problems. Technical Re-
port ACT-Al-222-89, MCC, Austin, Texas, 1989. A
longer version of (RPD90), with more details and results

on the hidden variable method.

[RPD90] F. Rossi, C. Petrie, and V. Dhar. On the equiva-
lence of constraint satisfaction problems.RAmceedings
of the 9th European Conference on Artificial Intelligence
pages 550-556, Stockholm, Sweden, 1990.

[SG95] B. M. Smith and S. A. Grant. Sparse constraint
graphs and exceptionally hard problems.Phoceedings

the relationship between the two binary translations. When
is the dual representation to be preferred to the hidden vari-
able representation and vice versa? Are there any theoretical
results that can be proved about their relative behaviour? We
intend to address these questions in future work.

strgtr:j tigi?ﬁétrl[ﬁvevet\r/grr;sl\gﬁ ofr::?:) ttr;]aet g#];g/aai‘:%sro?ﬁggg's of the Fourteenth International Joint Conference on Arti-
a solution technique for non-binary CSPs. In the end, how- ficial Intelllgencg pages 646,__651’ Montr_eal, 1995,

ever, it could well be that insights about when these trans- [SRGV96] T. Schiex, J.-C. &jin, C. Gaspin, and G. Ver-
lations perform better, can be carried over directly to the  faillie. Lazy arc consistency. IProceedings of the
non-binary case, so that improved methods for solving non- Thirteenth National Conference on Artificial Intelligence
binary CSPs can be developed that avoid the overhead of the Pad€s 216-221, Portland, Oregon, 1996. _
translation entirely. It should be clear, however, that study- [VH89] P. Van HentenryckConstraint Satisfactionin Logic
ing and understanding these binary translations is an essen- Programming MIT Press, 1989.

tial prerequisite to achieving such insights.
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