


erties thaiBundle. Truthful bidding is optimal in theva Approximate Winner-determination.  The auction-
whatever the bids of other agents. In comparison, ratio- eer can also use an approximate algorithm for winner-
nal agents with lookahead could manipulate the outcome of determination, and still maintain the same incentives for
iBundle to their advantage, and lead to suboptimal alloca- myopic agents to follow the same bidding strategy. To
tions. However, there is some evidence that myopic bid- achieve this an approximate algorithm must havebite
ding may be a reasonable assumption in practice, perhapsmonotonicityproperty:

because of the computational complexity of strategic behav- Definition 1. Bid monotonicity. An algorithm for winner-

lor. For example, in the FCC broadband spectrum auction, determination satisfies bid monotonicity if whenever an
conducted as a set of simultaneous ascending-price auctions, y

. . . agent: is allocated a bundle with bid8;, it is also allo-
on spectrum licenses, bids were rarely above minimum ask ey . ;
prices and jump bids were the exception (Cramton 1997). cated a bundle with bidg; U B that include a bid for an
. . additional bundleB.
In Parkes & Ungar (2000) we present a simple extension
to iBundle that makes it robust to strategic manipulation in It is straightforward to prove thabptimal winner-
several interesting problems; we adjust the final prices in determination algorithms are bid-monotonic.

IBundie towards Vickrey prices. Prices. The price-update rule generalizes the rule in the

English auction, which is an ascending-price auction for a
The Ascending-Price Bundle Auction single item. In the English auction the price is increased
, i i i i whenever two or more agents bid for the item at the current
iBundle is an ascending-price auction that allows agents t0 price  |niBundle the price on a bundle is increased when
bid on arbitrary combinations of items during the auction. e or more agents that do not receive a bundle in the current
The auctioneer increases prices on bundles as bids are re|jocation bid at (or above) the current ask price for a bundle.
ceived and maintains a set of winning bids that maximize Tp¢ price is increased tq(the minimal bid increment) above
revenue. the greatest failed bid price. The initial ask prices are zero.
Let G denote the set of items to be auctionédjenote The auctioneer announces a new ask pri¢g,(S) in
the set of agents, arfl C G denote a bundle of items. The  round ¢, for all bundlesS that increase in price. Other
auction proceeds in rounds, indexed 1. We describe the  pundles are implicitly priced at least as high as the great-
types of bids that agents can place, and the allocations andest price of any bundle they contain, i18sk(S") > Pask(,S)
price updates computed by the auctioneer. for S’ O S. These ask prices are anonymous, the same for

Bids. Agents can place exclusive-or bids for bundles, e.g. all agents.
S1 XOR Sy, to indicate than an agent wants either all items  Price discrimination. In some problems the auctioneer

in S; or all items inS, but not bothS; andSs.? introduces price discrimination based on agents’ bids, with

Agenti associates bid pricepy;, ;(S) with a bid for bun- different ask prices to different agents, when this is neces-
dle S in roundt, non-negative by definition. The price must ~ sary to achieve an optimal allocation. A simple rule dynam-
either be withire of, or greater than, thask priceannounced ically introduces price discrimination on an agent-by-agent
by the auctioneer (see below). Parameter 0 defines basis, when an agent submits bids thatraresafe

theminimal bid incrementhe minimal price increase in the

alli'CtiOtr.]' Agl])ertns m‘;fé reﬁiat bids for'bur]fd:ﬁs in ':(he purrﬁnt is allocated a bundle in the current allocation, or it does
atlocation, but can bid at the same price It the ask price Nas 4t hig at or above the ask price for any pairafmpatible
increased since the previous rouhd. bundlesS,. S, such thatS; N S, = 0

Winn.er—d'eterminatiorj. The auctioneer solvgs a winner- Suppose ageritbids unsuccessfully for compatible bun-
determination problem in each round, computing an alloca- dlesS; andsS, in roundt. It is still possible that bids for

tion of bundles to agents that maximizes revenue. The auc- bundlesS; and S, from two different agents can be suc-
tioneer must respect agentsr bid constraints, and cannot  cegsfyl at the prices. Remember thatxie® bid constraint
allocate any item to more than one agent. The provisional ,revents the auctioneer accepting both bids from agent
allocation becomes the final allocation when the auctionter- * \yhen an agent's bids are not safe the agent receives
minate. individual ask prices pask «S), in future rounds. Indi-
BT —— ) o o ~vidual prices are initialized to the current general prices,
The iBundle auction has three variations, that differ in their pgski(s) = p,,(5), and increased te above the agent's

price update rules (Parkes 1999b). In this paper, weiBsadle 250k . .
both to refer to the family of auctions in general, and also to varia- blds.m. future rounds that the agentreceives no bundle in the
provisional allocation.

tion iBundled), which we describe in detail.

2Exclusive-or bids provide complete expressibility, but are not Termination. The auction terminates when: [T1] all

n_eces_sarily computationally effici_ent for all problems. We can de- agents submit the same bids in two consecutive rounds, or
rlvesprlce-update rules fqr other bid Ianguages (Parkes 1999b)_. [T2] all agents that bid receive a bundle.

An agent can also bid below the ask price for any bundle in
any round— but then it cannot bid a higher price for that bundle in ; _ T
the future. This allows an agent to bid for a bundle priced slightly A Myopic Best-Response Bidding Strategy

above its value. iBundle computes an optimal allocation wittyopically ra-

Definition 2. Safe bids. An agent’s bids asafeif the agent



tional agents that play a best (utility-maximizing) response
to the current ask prices and allocation in the auction. The

ficiency’ (Parkes 1999b) compared to 82% allocative effi-
ciency from non-combinatorial auctions in the same prob-

agents are myopic in the sense that they only consider the lems. We found that price discrimination only had a no-

current round of the auction.

Letwv;(S) denote agenits value for bundles, and assume
v;(0) = 0 andfree disposabf items, so that;(S") > v;(S)
forall S’ O S. Consider aisk-neutralagent, with a quasi-
linear utility functionu;(S) = v;(S) — p(S) for bundleS
at pricep(S). Further, assume that agents are indifferent to
within a utility of +¢, the minimal bid increment. This is
reasonable as— 0.

By definition, a myopic agent bids to maximize utility at
the current ask prices (taking ardiscount when repeating
a bid for a bundle in the provisional allocation or bidding
for a bundle priced just above its value). The myopic best-
response strategy is to submit aoRr bid for all bundles
S that maximize (to withine) utility u;(S) at the current
prices. This maximizes the probability of a successful bid
for bid-monotonic WD algorithms.

Theoretical Results

We are now ready to introduce our main theoretical results.
Recall that G| is the number of itemg/| is the number of
agents, and is the minimal bid increment.

Theorem 1. iBundle terminates with an allocation that is
within 3 min{|G|, |I|}e of the optimal solution, for myopic
best-response agent bidding strategies.

The auction isoptimal as the bid increment approaches
zero because the error-term goes to zero.

However,iBundle requires price discrimination, and this
can be hard to enforce. For example, the auctioneer
must prevent agents entering the auction under multiple
pseudonyms, and also prevent the transfer of items in an
after-market. In a simpler variatiorBundle@), the auction-
eer never tests for bid-safety and never price discriminates
between agents (Parkes 1999 tom Theorem 1, this vari-
ation is optimal at least when bids agafe(this condition is
sufficient but not necessary):

Theorem 2. iBundle(2) terminates with an allocation that
is within 3 min{|G|, ||} of the optimal solution when bids
are safe, for myopic best-response agent bidding strategies.

As an example, bids are safe if each agent bids for a set of
conflictingbundles in every round of the auctiaBundle)
also provably solves the following problems without price
discrimination: (1) every agent demands different bundles;
(2) agents have additive or superadditive valuesui(é. U
S > v(S) + v(S") for non-conflicting bundle$ andS’;
(3) the bundles that receive bids throughout the auction are
from a single partition of items, e.g. all bids are for pairs of
matching shoes, or single items.

In experimental testdBundle@) performs well in many
hard problems, achieving an average of 99% allocative ef-

“Label 2 refers to “second-degree” price discrimination, non-
linear prices in bundles of items but identical prices across agents
(Bikchandani & Ostroy 1998).

ticeable effect on allocative efficiency with very small bid
increments, and after many rounds of bidding.

Proof of Optimality

The proof ofiBundle’s optimality is inspired by a proof
due to Bertsekas (1990) for a simpler iterative auction, and
makes an interesting connection wittimal-dualtheory of
linear programming. It helps to motivate the price-update
rules, thesafety conditiorfor introducing price discrimina-
tion, and the conditions for termination.

Primal-dual is an algorithm-design paradigm that is of-
ten used to solve combinatorial optimization problems (Pa-
padimitriou & Steiglitz 1982). A problem is first formulated
both as gorimal and adual linear program (see the exam-
ples below foriBundle). A primal-dual algorithm searches
for feasible primal and dual solutions that satisfymple-
mentary slackness conditignmstead of searching for an
optimal primal (or dual) solution directly. Complementary-
slackness (CS for short) expresses logical relationships be-
tween the values of primal and dual solutions that are neces-
sary and sufficient for optimality:

Complementary-Slackness Theoremkeasible primal and
dual solutions are optimal if and only if they satisfy comple-
mentary slackness conditions.

iBundle implements a primal-dual algorithm for a linear-
program formulation of the combinatorial resource alloca-
tion problem. It does thiwithoutformulating or solving the
primal and dual problems explicitly, but based on informa-
tion in agents’ bids. Remember that the auctioneer does not
know agents’ values for resources.

Proof of iBundle(2)

We first prove Theorem 2, the optimality oBundle@)
(the variation without price discrimination) in problems for
which agents’ bids are safe. A proof of Theorem 1, the opti-
mality of iBundle in general problems, follows from a sim-
ple transformation betweéBundle andBundle@).

Figure 1 presents a standard integer program formula-
tion of the combinatorial resource allocation problem. The
objective is to maximize the total value of the allocation,
given valuewv;(S) for bundleS to agent. Integer variables
z;(S) € {0,1} indicate whether or not agehteceives bun-
dle S. Constraints IP-1) ensure that each agent receives
at most a single bundle, constraints-@) ensure that each
item is allocated to at most one agent.

Bikchandani & Ostroy (1998) formulate the combinato-
rial resource allocation problem aslinear program see
[LP-] in Figure 2. The integer constrainis(S) € {0,1}
in [IP] are relaxed ta;;(S) > 0, and new variables € K
are introduced which correspond to a partition of items into
bundles.K is the set of all possible partitions. Constraints

SAllocative efficiencys a measure of optimality, computed as
the ratio of the total value of the allocation across all agents to the
value of the optimal allocation.



max >0zl S)udS) [IP]

T

8T scGier
st. Y @fS) <1, Vi (IP-1)
sCc@
Yo D> wm(S) <1, Vi (IP-2)
SCG, jes i

z(8) € {0,1},  Vi,S

Figure 1:Combinatorial resource allocation problem: Integer pro-
gram [iP] formulation.

ma. zi(S)v(S LP:
M%ﬁ'ﬂ)sczg% (S)vdS) [LP.]
st Y w(S) <1, Vi (LP-1)
sca@
doa(S)< D yk), VS (LP-2)
iel keK,Sck
doyk) <1 (LP-3)
keEK
z{(S),y(k) > 0, Vi, S, k
i i) + DLP
sl e 2P0+ [DLP:]
st. p(i) +p(S) > v(S),  Vi,S (DLP-1)
T—> p(S)>0, Vk (DLP-2)
Sck
p(i),p(S),® >0,  Vi,S

Figure 2:Combinatorial resource allocation problem: Primal lin-
ear program [[P2] and dual linear progranoLP;] formulations.

(LP-2) and (P-3) replace constraintsA-2), and ensure that

the dual problem computes competitive equilibrium bundle
prices that minimize the sum of agent utility and auctioneer
revenue, see (1) and (2) below.

We prove thatBundle) implements a primal-dual algo-
rithm for [LP2] and [DLP-], and computes integral solutions
to [LP2] when agents follow myopic best-response bidding
strategies and bids are safe. First, we show that the alloca-
tion and prices in each round of the auction correspond to
feasible primal and dual solutions. Then, we show that the
primal and dual solutions satisfy CS when the auction ter-
minates.

Let S; denote the provisional allocation to agentand
Dask(S) denote the ask price for bundfe

Feasible primal. To construct a feasible primal solution
assignz;(S;) = 1 andz;(S") = 0 forall S’ # S;. Partition
y(k*) = 1fork* = [Si,..., S|y}, andy(k) = 0 otherwise.

Feasible dual. To construct a feasible dual solution as-
signp(S) = pask(S). ConstraintsgyLpP-1) and pLP-2) are
satisfied with assignments:

i) = max {0, max(oiS) - S} @
7 =max y _ p(S) @)

Sek

The valuep(i) can be interpreted as agefg maximum
utility at the prices, and can be interpreted as the maximum
revenue that the auctioneer can achieve at the prices (irre-
spective of the bids placed by agents). The auctioneer does
not explicitly compute the value @f), rather we prove that
the allocation and prices in the auction satisfy CS with these
assignments when the auction terminates, based on the bids
placed by agents. This is just as well, because the values
v;(S) remain private information to agents during the auc-
tion.

Complementary-slackness conditionsThe first primal
CS conditiorf (cs-1) is:

z{(S) >0 = p(i) + p(S) =v(S),  Vi,S (CS-1)
Given (1) it states that all agents must only receive bun-

a feasible solution does not allocate more than one of each dles that maximize utility at the current prices.csf1)

item.
In general, an optimal solution to the linear programy]

is maintained throughout the auction because bundles are
only allocated according to bids from agents, and agents

can allocate fractional items to agents, and need not be a fea-place best-response bids. Formally, for any burgileid

sible solution to {P]. In fact, the optimal solution toLP;]

is integral and solves#] if and only if non-discriminatory
bundle prices exist that support the optimal allocation in
competitive equilibriumwith best-response agent bidding
strategies (Bikchandani & Ostroy 1998). Competitive equi-
librium implies that agents’ maximize utility and the auc-
tioneer maximizes’ revenue given the final prices and the
final allocation.

The dual problem,LP>], to primal [LP-] is shown in
Figure 2. Variableo(i), p(S) and« correspond to con-
straints (P-1), (LP-2) and (P-3) respectively, and dual
constraintspLP-1) and LP-2) correspond to primal vari-
ablesz(S) andy(k). When the primal solution is integral

by agenti: (i) pas(S) — € < poia,{S) < pas(S); (i)
vi(S) _pbid,i(s) +e> maXSr{Ui(Sl) —pbid’i(sl)} because
agents bid for bundles that maximize utility withén (iii)
v;(S) — pia,(S) > 0, because agents only bid for bundles
with positive utility. Sincez;(S;) = 1 implies agent bid
for bundleS;, we have:

I'Z(S) >0 => ’UZ(S) _pask(S) + 2¢ >
max {0, max{vi($) — pask(S')} |
5Complementary slackness states that if a primal variable is

non-zero then its corresponding dual inequality constraint is bind-
ing. Similarly for dual variables.



the ask price and have values just below ask prices, other-

Substituting fomp(i) andp,sk(S) = p(S), we prove:-CS-
: wise prices would increase and their bids would change.

1

z;(S) >0 = p(i) + p(S) < v;i(S) + 2¢, Vi, S Finally, the last pair of dual CS conditions;$-4) and
(e-CS-1) (cs-5), are:
The second primal CS conditiorg$-2), is: p(S) > 0= in(S) = Z y(k), VS (CS-4)
el keK,Sck
y(k) >0=>m—> p(S)=0, Vk (CS-2) 7502 S k) =1 (CS-5)
Sek keK

Given (2) it states that the allocation must maximize the
auctioneer’s revenue at pricegS), over all possible allo- o T v
cations and irrespective of bigi)received from agents. We 51 ---S5|r] trivially satisfies the RHS of both conditions.
prove (Cs-2) is maintained in all rounds because it is not  Termination. By contradiction, assume the auction never
binding that the auctioneer must allocate bundles according terminates. Informally, [T1] implies that agents must submit
to agents’ bids. Through the price-update rules the auction- different bids in successive rounds, but with myopic best-
eer is able to maximize revenue given prices in every round. response bidding this implies that prices must increase, and

The assignmeny(k*) = 1 for the partitionk* =

Formally: (i) Agent:i with one of the highest losing bid
for bundleS in roundt will continue to bid for bundles in
roundst + 1. Letu!(S) denote agents utility for bundle
S in roundt. Then,u!™(S) = uf(S) — € because the ask
price for S increases by. Also, ul(S) > ui(S’) for all
bundlesS’ the agent did not bid in round Hence, with
ut(S") > ul™(S") because the price &f can only increase
in roundt + 1, we haveu!™(S) > u!™(S") — ¢ and a bid for
S’ can never exclude a bid féffrom agent’s best-response
bids in round + 1. A similar argument can be made for the
utility of bundles that the agemtid bid in roundt; (i) No

single agent causes the price to increase to its current level

on a pair of compatible bundles. This follows because price
updates are due to safe bids from agents.

Therefore, for partitionk* such thaty(k*) = 1,
Y5, ch+ Pask(Si) > > s ek Poia,{Si),  because
Pask(S) > pia,{S), and Y g p. PoiadSi) >

maxgex Zsiekpbid7i(si) because of (i) and (i), i.e.
the constraints to allocate to agents’ bids are not binding.
Finally, with (2) we havemaxicrk D g ¢ Pbid,{Si) >

7 — min{|G|, |I|}e becausepniqa {S) > pask(S) — € and

an allocation can include no more bundles than there are
agents or items. We proveCS-2:

y(k) >0=>7T—Zp(5) < min{|G|, [I|}e, vk
Sek
(e-CS-2)
The first dual CS conditiongs-3), is:
p(i)>0= > z(S)=1, Vi (CS-3)

sca

Given (1) it states that every agent with positive utility for
some bundle at the current prices must receive a bundle in
the allocation. €¢s-3) is only satisfied during the auction
for agents that receive bundles in the provisional allocation,
but we prove ¢s-3) for all agents whemBundle@) termi-

nates. In termination case [T2] every agent that bids receives

a bundle, so we immediately havest 3) with myopic best-

agents must eventually bid above their values for bundles.
We prove a contradiction with myopic best-response bidding
strategies.

Putting it all together. Summinge-CS-1 over all agents
in the final allocation, and witp(i) = 0 for agents not
in the allocation by €s-3), >, (i) < >, vi(Si) —
> icr P(Si) + 2min{|G|, |I|}e, because an allocation can
include no more bundles than there are items or agents.
Introducinge-CS-2, becausg(k*) = 1 for the bundle-
set that corresponds to the final allocatifp thenw <
> icr P(Si) + min{|G|,|I|}e. Finally, adding these two
equations, we haver + >, ;p(i) < > .. vil(S:) +
3min{|G|, |I|}e. The LHS is the value of the final dual
solution, Vpr,p, and the first-term on the RHS is the value
of the final primal solution}1,p. We knowVsz < Vprp,
where V[ is the value of the optimal primal solution by
the weak duality property of linear programs. Thus, be-
causeVprp < Vip + 3min{|G|,|I|}e, it follows that
Vip > V'p — 3min{|G/, |1|}e . Finally, because the primal
solution is integral (by construction durinBundle), it is a
feasible and optimal solution to the combinatorial resource
allocation problemip]. O

In addition, it follows immediately thaitBundle@) ter-
minates in competitive equilibrium when agents are myopi-
cally rational and place safe bids.

Proof of iBundle

A simple transformation of agents’ bids allovigundle to be
implemented withinBundle@) and ensures that agents’ bids
remain safe throughout the auction. Whenever bids from
agent are not safe imBundle@) we can simulate the price-
update rule inBundle by introducing a new dummy item
that is specific to that agent, callif;. This item is concate-
nated by the auctioneer to all bids from agéimnt this round
and all future rounds. It has the following effects:

1. The outcome of winner-determination, or the allocative

efficiency of the auction, is unchanged because no other
agent bids for iteni;.

response agents. In case [T1] some agents may bid and re2. Agenti's bids are always safe because every bid includes

ceive no bundles. However, these agents must hithelow

item X;, and no pair of bids is compatible.



. The price increases due to bids from agent isolated to
that agent in all future rounds because all price increases
are for bundles that include iter;.

The optimality ofiBundle follows immediately from the
optimality ofiBundle(2).

Computational Analysis

As an iterative auctionBundle has many computational ad-
vantages foagentsover the sealed-bidva, as we discussed

in the introduction. In Parkes (1999b) we present results that
demonstrate savings in agent valuation workginndle.

However, the winner-determination (WD) problem that
the auctioneer solves in each roundiBtindle to compute
the provisional allocation is/" P-hard, just as in th&vaA.

The auctioneer must solve one WD problem in each round,
and a naive worst-case analysis give&B V.« /€) rounds

to converge, for a total B bundles with positive value over

all agents, maximum valug,,,, for any bundle, and mini-
mal bid increment. In the worst-case the price of a single
bundle must increase by at leasin each round the auc-
tion remains open, and prices are bounded by the maximum
value over all agents. The number of rounds to termina-
tion is inversely proportional to the minimal bid increment.
The auctioneer can solve less WD problems by increasing
the minimal bid increment, for some loss in economic effi-
ciency.

A number of optimizations are possible withiBundle
to speed-up computation on winner-determination in each
round. First, the provisional allocation from the previous
round provides a good initial solution to the WD problem,
because agents must re-bid bundles received in the previ-
ous round. This allows pruning of the search for a revenue-
maximizing allocation. An additional saving in computa-
tion time is achieved by limiting search to an allocation at
leaste better than the value of the allocation in the previous
round. Moreover, although each intermediate WD problem
in iBundle may be intrinsically more difficult than each WD
problem inGvA because all agents bid at similar prices for
bundles (Anderssoet al. 2000), the problems are typically
much smaller than in theva.

The auctioneer only announces pricereasesin each
round, and need not maintain explicit prices for all possible
bundles. Bid prices are verified dynamically in each round,
to check that bids are at least as large as the ask price of
all contained bundles. With a simple sorted-list implemen-
tation, the total work in checking each bidlisear in the
numberP of bundles that have explicit ask prices. Simi-
larly, prices can be maintained in linear-timefhfor each
new price increase. In additio < B, with agents that
have values foB bundles, because only bundles that receive
bids can receive explicit ask prices.

Experimental Results

We compare the computation and communication cost of
iBundle with the Generalized Vickrey AuctiogyA).

We consider problemBecay Weighted-randonfWR),
Randomand Uniform from Sandholm (1999). Each prob-
lem defines a distribution over agents’ values for bundles of

items, withxoR valuation functions, such that agents want
at most one bundle. In our main experiments the number of
items, |G| = 50, and we scale the problems by increasing
the number of agents from 5 to 40, with values for 10 bun-
dles per agent. We set Sandholm’s parametet 0.85 in
Decay, and select bundles of size 10 in Uniform.

Results are presented fi@undle@), the auction variation
without price discrimination. A variation on Sandholm’s
depth-first branch-and-bound search algorithm (Sandholm
1999) solves winner-determination (WD) in each round, and
computes the allocation and prices in thea. We introduce
a new heuristic to make search more efficientfor bids.

The heuristic computes an overestimate of the possible value
of a partial allocation based on allocating at mmrstbundle
to each remaining agent without a bundle.

In addition, we measure the performancédndle with
a greedy approximate winner-determination algorithm due
to Lehmanret al. (1999) that satisfies the bid-monotonicity
property (Definition 1).
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Figure 3: Total computation time inBundle@), the GvA, and a
sealed-bid auction with truthful agents, in problem set Decay. The
performance ofBundle is plotted with different bid increments
selected to give allocative efficiency of 80%, 85%, 95% and 99%.

Figure 3 plots the total auctioneer winner-determination
and price-update tinrfén iBundle in the Decay problem set.
Performance is measured for different bid increments, with
the bid increment selected to give allocative efficiency of
80%, 85%, 95% and 99%t(1%). Figure 3 also plots per-
formance for thesva, and for a sealed-bid auction in which
agents are assumed to bid truthflllyResults are averaged
over 10 trials. First, note that the curves are sublinear on the
logarithmic value axis as the number of agents increases,

"Time is measured as user time in seconds on a 450 MHz Pen-
tium Pro with 1024 MRAM, withiBundle coded in C++.

8The Gva proved intractable for 30 and 40 agents. In those
problems the run time is estimated as the time to compute the opti-
mal solution in a single WD problem multiplied by the number of
agents in the optimal allocation.



indicating polynomial computation time in the number of
agents.

The performance improvement @undle overGva is
striking, achieving at least one order of magnitude improve-
ment with 99% allocative efficiency and three orders of mag-
nitude with 85% allocative efficiency. For up to 95% effi-
ciency we essentially get the myopic truth-revelation prop-
erties ofiBundle for free, becausdBundle’s run-time is
approximately the same as for the sealed-bid auction with
truthful agents.

Problem GVA iBundle Approx-
~ 90% ~ 95% ~ 99%| Bundle
Decay Eff(%) | 100| 915 949 98.3] 85.1
67.39% WD-time" (s)|4170Q 831 2400 5650 O
13.4 Prtmé(s)| — | 26 345 44| 39.2
Comnf (kBit)| 18.8| 221 306 394 377
WR Eff (%) 100 | 90.7 949 99.2( 79.4
71.5% WD-time(s) 3 | 0.6 1.7 6 0
1 Pr-time (s) | — 54 115 40.9| 12.2
Comm (kBit)| 18.1| 20.5 52.1 144| 53.1
Rand Eff (%) 100 | 89.3 97 99 | 95.8
37.8% WD-time (s) 68 4.4 7.4 11 0
11.2 Pr-time (s)| — 6.5 9.7 12.1| 12.9
Comm (kBit)| 18.7| 49.5 66.4 82.6| 85.6
Unif  Eff(%) | 100| — 956 99.1] 76.2
58% WD-time (s)| 25 - 6.6 18.7 0
3 Pr-time (s) | — - 147 42.0| 46
Comm (kBit)| 18.2| — 56.5 120| 124

Table 1: Performance in the Decay, WR, random, and uniform
problems.® Auctioneer WD time? Price-update time? Commu-
nication cost.? Alloc. eff. of a sealed-bid auction with a greedy
WD algorithm and truthful agents$. Average number of agents in
the optimal solution.

Table 1 comparesBundle with thegva for all Sand-
holm’s problems, for problems with 30 agents. With our

change in problems with agents that have values for many
bundles because all values must be reported irGthe or

in easier problems becauggundle will terminate quickly
with less bids.

The performance oifBundle with the greedy WD algo-
rithm is noteworthyiBundle performs well in the hard De-
cay problem set, with allocative efficiency 85.1%, giving at
least a 1000-fold reduction in WD time. We believe that
other, slightly less greedy, approximate algorithms will give
even further performance improvements.

Speeding upiBundle In addition to using the allocation
from the previous round to prune search, it is also useful to
cache all previous provisional allocations and select the best
cached allocation as an initial solution for WD. A simple
linear program is used to select the best allocation from the
cache, and requires negligible computation. In our main tri-
als we use a cache size of 1, i.e. take the solution from the
previous round as an initial solution to the WD problem.

% Cache
Correct
0 28 47 59
0 11 57 57
0 6 30 78
0 14 29 49

WD Time
0 1 T T
415 371 355 291
253 243 231 163
1823 1616 1491 864
343 337 336 110

Problem

Decay 50/15/150
WR  50/50/100d
Rand 50/30/60(Q
Unif  50/40/800

Table 2:Winner-determination time with caches of size 0, 1 (last
round), andl” (all previous rounds). In cact#! revenue maximiz-

ing cached solutions from previous rounds are assumed optimal.
Eff > 99% in all problems except, whereEff = 96.8%. * |G| /

|I| / # bundle values.

Table 2 compares the WD time in each problem with
and without caching of previous allocations. Although a
full cache can provide an additional speed-up over using
no cached solutions, or just the allocation from the previ-

parameters the WR and Uniform problems are quite easy ous round, the effect is not very dramatic. The reason is that
because the optimal allocation sells large bundles to a few it remains expensive teerify that a cached solution is opti-

agents, which allows considerable pruning during search.

The Random and, in particular, Decay problems tend to

mal. For example, although an extended cache in the Decay
problem provides the correct allocation in 47% of problems,

be harder because the optimal allocation requires coordina- the speed-up is limited to around 14%.

tion across a humber of agents, see also Sandholm (1999)

and Anderssormet al. (2000). In all problemsBundle has
less WD time at 95% allocative efficiency than tGeA.
Note that price-update is relatively expensive in the oth-

In an attempt to leverage the correct solutions from the
cache, we tested the performance®findle under an ad-
ditional assumption that if a cached solution from before
roundt — 1 generates more revenue than the solution from

erwise easy weighted-random (WR) problem, because bid roundt — 1, this is adopted as the new provisional alloca-

prices for large bundles must be checked for price consis-

tency against the price of all included bundles.
There is a communication c8gtenalty in usingBundle
compared with the VA in these problems (Table 1) because

tion without further computation. The rule is designed to
capture “flip-flop” competition between a number of good
allocations during an auction.

LabeledI", the rule proves useful in Decay, WR and Uni-

of repeated bids across a number of rounds. This would form, reducing computation by 30%, 36% and 68% from the

®We assume that bids and price informationiBundle must

only specify a bundle, because bids are usually at the current ask

price, and ask prices only increase by the minimal bid increment.

We also assume a broadcast network infrastructure for price up-

dates. A bundle is specified witft7| bits. In theGva a bid

time with no cache for a negligible drop in allocative effi-
ciency. However, one must be careful: although we also see
a speed-up in Random, the allocative efficiency falls from
99% t096.8%. Further analysis shows that cached solutions
prove optimal in 54%, 97% and 49% of rounds in Decay,

specifies both a bundle and a value. We assume that values re-WWR and Uniform, but only optimal 34% of rounds in Ran-

quire 10 bits, enough to specify a value to 3 significant figures
(log,(1000) ~ 10.)

dom.
Further optimizations should be possible, for example



using cached solutions once a large enough cache is con-

structed, and solving WD when an auction is about to ter-
minate with cached solutions. Another useful approach is
e-scaling, that adjusts the bid increment during an auction
(Bertsekas 1990).

Related Work

Rassentet al. (1982) describe an early single-round combi-
natorial mechanism for airport slot allocation, while Banks
et al. (1989) describeauswm, an early iterative bundle auc-
tion. Ausm has no explicit price-update rules, and agents
must solve hard problems to bid effectively. DeMartéi
al. (1998) describeRAD, an iterative extension of Rassenti
et al, also with linear prices. No optimal properties have
been proved for any of these auctions in general problems.
The AKBA (Wurman 1999, chapter 5) auctions are con-
ceptually similar taBundle, but have different price-update
rules and no price discrimination. kBA shares many of
iBundle’'s computational properties, but is not known to be
optimal for any reasonable bidding strategy.

There have been a number of proposals to reduce the com-

putational costs of combinatorial auctions while maintain-
ing incentives for truth-revelation; e.g. limit the types of
bundles that agents can bid for (Rothkapfal. 1998); or
introduce an approximate solution for winner-determination
(Lehmannet al. 1999), but little success in designing good
auctions for general bundle problems. Moreover, most pre-
vious work focuses on sealed-bid auctions.

Conclusions

iBundle is a new iterative combinatorial auction that is opti-
mal for myopically-rational agents. As an iterative auction,
iBundle is particularly useful when agents have hard local
valuation problems because it allows agents to compute es-
timates of the value of different outcomes incrementally, in
response to bids from other agents. We proigdndle’s
optimality within a primal-dual framework, which we be-
lieve will provide a useful conceptual basis for the design
and analysis of iterative auctions for other problems.

It remains expensive to compubgtimal solutions with
iBundle in many problems, because the auctioneer’s winner-
determination (WD) problem i8/ P-hard. We suggested a
number of techniques to reduce computation, possibly for
some loss in allocative efficiency, for example: increase the
bid increment, use cached allocations, and introduce approx-
imate winner-determination algorithms. We demonstrated
orders of magnitude performance improvements over the
GVA, the only other known optimal combinatorial auction,
in some hard problems.

In future work we plan to tesBundle in some real prob-
lems, and experiment with additional bid restrictions and al-
ternative approximate WD algorithms. An interesting open
problem is to adapiBundle for two-sided markets, with
multiple buyers and sellers.
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