


In this paper we present a new algorithm for computing
minimal models. Using this algorithm, we can show a hi-
erarchy of classes of knowledge basés, ¥,, ..., with the
following properties: first¥, is the class of all Horn knowl-
edge bases; second, if a knowledge bAss in ¥y, then
T has at mosk minimal models, and all of them may be
found in timeO(ink), wherel is the length of the knowledge
base and, the number of atoms iffi; third, for an arbitrary
knowledge basé&’, we can find the minimurk such thatl"
belongs to¥, in time polynomial in the size df’; and, last,
where is the class of all knowledge bases, it is the case
that{J;-, ¥; = K, that is, every knowledge base belongs to

Figure 1: The dependency graphf

some class in the hierarchy. The algorithm that we presentis Example 2.1 (Running example)Consider the following

demand-driven, that s, it is capable of generating one model
at a time. We show how the algorithm can be generalized to
allow efficient computation of minimal Herbrand models for

the subclass of all function-free first-order knowledge bases.

2 Preliminary Definitions
2.1 syntax
We assume that all rules are in the form

where all thed’s and B’s are positive atoms and, n > 0.
The B’s are called the head of the rule, tHés - the body.
Whenm = 0 (1) becomes

Ay A .. N A, —false

and is calledan integrity constrain{name borrowed from
database terminology). When= 0 (1) becomes

true—B; V...V B,
or simply:
By V...V By,

and is called a fact. When both,n are0, (1) is equal to
false The rule (1) iHorn whenevern < 1.

Itis easy to see that our language covers all CNF proposi-
tional formulas, Hence, for any propositional formula there
is a logically equivalent formula in our language.

2.2 The dependency graph

We will divide all the atoms in the knowledge base to equiv-
alence sets as follows:

e If P and(@ are in the head of the same rule, theand@
are in the same set.

e If P and( are both in the body of the same integrity
constraint, they are in the same set.

e If P and( are both unconstrained, they are in the same
set. An atomP is unconstrainedff it appears in no in-
tegrity constraint and in no head of any rule in the theory.

knowledge basgé):

T PV @

ro ! Pi— P,V (Qs
r3 P,—P3V Qs
Ty P3—Qs3

r5 P A Qy—>false
TG : PyVQy

r7o Ps—Py.

Note thatPs is the only unconstrained atom. The equiva-
lence sets we get are:

s1: {P1,@1},
s2. { P, Q2, P3},
s3: {Qs3},

54t { Py, Qu},
S5 {P5}

Given a knowledge basg, the dependency graph @,
DG is a directed graph built as follows:

Nodes: there are two types of nodes:

1. each equivalence set is a node, cai&inode

2. each rule having nonempty head and nonempty body is
a node, calledR-node

Edges: There is an edge directed from an ES-nede an
R-noder iff an atom from ES-node appears in the body
of r, and there is an edge directed from an R-nede
an ES-nodss iff there is an atom in the ES-nodethat
appears in the head of

Example 2.2 The dependency graph of the knowledge base
of Example 2.1 is shown in figure (1).

With each ES-node in the dependency graph, we asso-
ciate a subset of rules from T, call@yl. T’ is all the integrity
constraints over the atoms érand all the rules in which the
atoms froms appear in the head. For examglg, isr; and
Tsz is r2,73, andrs.

Thesuperdependency grapbf a knowledge basg, de-
notedGr, is the superstructure of the dependency graph of
T. Thatis,Gr is a directed graph built by making each
strongly connected component (SCC) in the dependency

It's easy to see that all the equivalence sets make up a graph ofT into a node inGy. An arc exists from an SCC

partition of all the atoms in the knowledge base.

s to an SCCy iff there is an arc from one of the nodesdn



Figure 2: The super dependency graph gf

to one of the nodes inin the dependency graph @t Note
thatG is an acyclic graph.

3 The algorithm

Algorithm ALL-MINIMAL (AAM) in Figure 3 exploits the
structure of the knowledge base as it is reflected in its super
dependency graph. It computes all minimal models while
traversing the super dependency graph from the bottom up,
and can use any algorithm for computing minimal models as
subroutine.

LetT be a knowledge base. With each neda G (the
super dependency graph @%, we associatd’s, Ag, M,
ande. T is the subset o containing all the rules about
the atoms ins (as explained in section 2)\ is the set of all
atoms in the subgraph éf1 rooted bys, andM; is the set
of minimal models associated with the subset of the knowl-
edge basd’ which contains only rules about atoms .

The strongly connected components of a directed graph The definition off’, is more involved: we defing, to be the

G make up a partition of its set of nodes such that, for each
subsetS in the partition and for each,y € S, there are
directed paths from to y and fromy toz in G. The strongly

knowledge base obtained froffy by deleting each occur-
rence of an atom that does not belong toom the body of
every rule. For example, f; = {b—a,a A d—c,a} and

connected components are identifiable in linear time (Tarjan 5 — {a,c}, thenT, = {a,a—>c}. While visiting a nodes

1972).

Recall that asourceof a directed graph is a node with
no incoming edges, while sinkis a node with no outgoing
edges. Given a directed graghand a node in G, thesub-
graph rooted bys, is the subgraph off having only nodes
t such that there is a path directed frono s in G (this in-
cludess itself). Thechildrenof s in G are all nodes such
that there is an arc directed franto s in G.

Example 2.3 The super dependency graphTf is shown

in Figure 2. The nodes in the square are grouped into a single

node.

Sometimes we will treat a truth assignment (in other
words, interpretation) in propositional logic as a set of atoms
— the set of all atoms assignédie by the interpretation.
Given an interpretatiodi and a set of atomd, 14 denotes
the projection off over A. Given two interpretationd, and
J, over sets of atomd and B, respectively, the interpreta-
tion I + J is defined as follows:

I(P) if Pe A\ B
J(P if Pe B\ A

(I+])(P) = I((P)) P e A(\] BandI(P) = J(P)
undefined otherwise

If I(P) = J(P) foreveryP € A B, we say thaf and.J
areconsistent
A patrtial interpretation is a truth assignment over a subset

during the execution of AAM, we have to compute at step
1.d. all minimal models of some knowledge bd&de The
estimated time required to find all minimal modelsIafis
shorter than or equal to the time required to find all minimal
models ofTs, because the truth value of atoms outsab
already known at this stage of the computation. Thus; if

is a Horn knowledge base, we can find the minimal model of
T, and hence of’,, in polynomial time. If7’ is not Horn,
then we can find all minimal models 8, and hence oy,

in time O(22™) wheren is the number of atoms used 1.
Note that in many cases we can use algorithms with better
performance as subroutines.

Initially, M is empty for every. The algorithm traverses
G from the bottom up (that is, starting from the sources).
When at a nods, it first combines all the submodels of the
children of s into a single set of model3/,,). If sis a
source, then/,,) is set to{(}2. Next, for each modetr
in M5, AAM convertsT; to a knowledge basg;,, using
some transformations that depend on the atoms;ithen,
it finds all the minimal models dfs,, and combines them
with m. The setM; is obtained by repeating this operation
for eachm in M,..,). AAM uses the procedure CartesProd
(Figure 4), which receives as input several sets of models
and returns the consistent portion of their Cartesian product.
If one of the sets of models which CartesProd gets as in-
put is the empty set, CartesProd will output an empty set of
models. The procedure Convert gets as input a knowledge
basel” and a modein, and performs the following: for each

of the atoms. Hence, a partial interpretation can be repre- positive literalP in m, each occurrence at is deleted from

sented as a consistent set of literals: positive literals repre-

the body of each rule iff". The procedure AL-MINIMAL -

sent the atoms that are true, negative literals the atoms that SusrouTINE called by AAM may be any procedure that

are false, and the rest are unknown. A model for a knowl-
edge base (set of rules) in propositional logic is a truth as-
signment that satisfies all the rules. A modeis minimal
among a set of model¥ iff there is no modein’ € M such
thatm’ C m. A knowledge base will be calledorn iff all

its rules are Horn. A Horn knowledge base has a unique
minimal model (if it has a model at all) that can be found in
linear time (Dowling & Gallier 1984).

generates all minimal models.

Theorem 3.1 Algorithm AAM is correct, that isn is a min-
imal model of a knowledge bagsff m is generated by AAM
when applied td".

Note the difference betweefl}, which is a set of one model
- the model that assigrfalseto all the atoms, and, which is a set
that contains no models.



ALL-MINIMAL (T")
Input: A knowledge bas#'.
Output: The set of all minimal models @f.

1. Traverse&7r from the bottom up. For each nodge
do:
(a) M, := 0;
(b) Letsy,...,s; be the children o.
(c) If j =0, thenM,, := {0};
elseM,, := CartesPro{ M, , ..., My, });
(d) Foreachn € M), do:
i. Ts,, :=ConvertTs,m);
ii. M:=ALL-MINIMAL -SUBROUTINE(TS,,, );
iii. If M #£0,
thenM; := M| JCartesPro({{m}, M });
2. Output CartesProd{/;,, ..., M, }),
wheresy, ..., s are the sinks of7 .

Figure 3: Algorithm ALL-MINIMAL (AAM)

CartesProd{1)

Input: A set of sets of model$1.
Output: A set of models which is the consistent port
of the Cartesian product of the sets/i.

1. If M has a single elemeRj#}, then returnk;
2. M :=0;

3. LetM' € M;

4. D := CartesProdUt \ {M'});

5. Foreachlin D, do:

(@) Foreachnin M’, do:
If m andd are consistent,
thenM := MU{m + d};
(b) EndFor;

6. EndFor;

7. ReturnM;

Figure 4: Procedure CartesProd

ion

Proof: (sketch) Letsy, s1,...,s, be the ordering of the
nodes of the super dependency graph by which the algorithm
is executed. We can show by inductionidhat AAM, when

at nodes;, generates all and only the minimal models of the
portion of the knowledge base composed of rules that only
use atoms fromd,;, . U

We will now analyze the complexity of AAM. With each
knowledge basd’, we associate a numbey as follows.
Associate a number, with every node inGp. If T, is a
Horn knowledge base, then is 1; elseu, is (227), where
n is the number of atoms that appeaﬂ]’p Now associate
another numbet, with every nodes. If s is a leaf node,
thent, = vs. If s has childrersy,...,s; in Gr, thent, =
vsktg, %%t . Definetr to bet,, x...xt,, , wheresy, ..., s
are all the sink nodes iG'7.

Definition 3.2 A knowledge basg belongsto¥; if t7 = j.

Theorem 3.3 If a knowledge base belongsig for somey,
then it has at most minimal models that can be computedin
timeO(Inj), wherel is the length off’ andn is the number
of atoms used iff'.

The proof is omitted due to space constraints.

Note that all Horn theories belong #®,, and the more
that any knowledge base looks Horn, the more efficient al-
gorithm AAM will be.

Given a knowledge basg, it is easy to find the minimum
J such thafl” belongs to¥ ;. This follows because building
G and findingt; for every node irG 1 are polynomial-time
tasks. Hence,

Theorem 3.4 Given a knowledge basg, we can find the
minimumy such thatl’ belongs to¥ ; in polynomial time.

Note that some models generated at some nodes of the
super dependency graph during the run of AAM may later be
deleted, since they cannot be completed to a minimal model
of the whole knowledge base:

Example 3.5 Consider knowledge bage:

aVe

a — b

a — d
bAd — false

During the run of algorithm AAM M, (the set of models
computed at the nodf, c}) is set to{{a}, {c}}. However,
only {c} is a minimal model of/».

Nevertheless, we can show that if there are no integrity
constraints in the nodes that follows, each minimal model
generated at some node will be a part of a minimal model of
the whole knowledge base.

Despite the deficiency illustrated in Example 3.5, algo-
rithm AAM does have desirable features. First, AAM en-
ables us to compute minimal models in a modular fashion.
We can usé&r as a structure in which to store the minimal
models. Once the knowledge base is changed, we need to re-
sume computation only at the nodes affected by the change.

Second, in using the AAM algorithm, we do not always
have to compute all minimal models up to the root node.



If we are queried about an atom that is somewhere in the
middle of the graph, it is often enough to compute only the
models of the subgraph rooted by the node that represents
this atom.

Third, the AAM algorithm is useful in computing the la-
beling of a TMS subject to nogoods. A set of nodes of a
TMS can be declaredogood which means that all accept-
able labeling should assidalseto at least one node in the
nogood set. In minimal models terminology, this means
that when handling nogoods, we look for minimal models in
which at least one atom from a nogoodatse. A straight-
forward approach would be to first compute all the minimal
models and then choose only the ones that comply with the
nogood constraints. But since the AAM algorithm is mod-

FIRST-ALL-MINIMAL (T')
Input: A first-order knowledge bage
Output: All the minimal models df'.

1. Travers&ir from the bottom up. For each nodg
do:
(a) M, = [Z)a
(b) Letsy,...,s; be the children of;
(¢) M., := CartesPro{ M, , ..., My, });
(d) Foreachn € M., do
M, := M| Jall-minimal(Ts| J{true—P|P € m})

2. Output CartesProd{(/, , ..., Ms, }),
wheresy, ..., s;, are the sinks of7 7.

ular and works from the bottom up, in many cases it can
prevent the generation of unwanted minimal models at an
early stage. During the computation, we can exclude the
submodels that do not comply with the hogood constraints
and erase these submodels frdf) once we are at a node

in the super dependency graph such thaincludes all the
members of a certain nogood.

4  Computing Minimal Models of
First-Order Knowledge Bases

In this section, we show how we can generalize algorithm
AAM so that it can find all minimal models of a knowledge
base over a first-order language with no function symbols.
The new algorithm will be called IRST-ALL-MINIMAL
(FAAM).

Figure 5: Algorithm FRST-ALL-MINIMAL (FAAM)

A modeffor a knowledge base is a subdétof the knowl-

edge base’s Herbrand base having the following two proper-
ties:

1. For every rule with non-empty head in the grounded

knowledge base, if all the atoms that appear in the body
of the rule belong tal/ then at least one of the atoms in
the head of the rule belongs id.

2. For every integrity constraint, not all the atoms in the body

appearini/.
A minimal model for a first-order knowledge bafes a

the form

A1 /\Az/\/\An—)Bl\/Bz\/\/Bm (2)

where allAs andBs are atoms in first-orderlanguage with
no function symbols. The definitions of head, body, facts,
and integrity constraints are analogous to the propositional
case. Inthe expressigiiXi, ..., X), p is called goredicate
name

As in the propositional case, every knowledge base
is associated with a directed graph called tlependency
graphof T', in which we have predicates names instead of
atoms. The super dependency gra@h,, is defined in an
analogous manner.

A knowledge base will be calleshfeiff each of its rules
is safe. A rule issafeiff all the variables appearing in the

grounded version df".

We now present FAAM, an algorithm that computes all

minimal models of a first-order knowledge base. [ebe

a first-order knowledge base. As in the propositional case,
with each node in G (the super dependency graphloy,
we associatd’, A, andM,. T is the subset of” contain-
ing all the rules about predicates whose names aredn is
the set of all predicate namésthat appear in the subgraph
of Gr rooted bys. M are the minimal models associated
with the sub—knowledge base ©fthat contains only rules
about predicates whose names aredin Initially, M, is
empty for everys. Algorithm FAAM traverseg7 from the
bottom up. When at a nodg the algorithm first combines
all the submodels of the children efinto a single set of
models,M.(,). Then, for each modeth in M., it calls

head of the rule also appear in in the body of the rule. In @ procedure that finds all the minimal modelsZgfunion
this section, we assume that knowledge bases are safe. Théhe set of all the clausé¢sue — P such thatP € m. The

Herbrand baseof a knowledge base is the set of all atoms

procedure AL-MINIMAL called by FAAM can be any pro-

constructed using predicate names and constants from thecedure that computes all the minimal models of a first-order
knowledge base. The setgiound instances of a rulis the knowledge base. Because procedute AMINIMAL com-

set of rules obtained by consistently substituting variables Putes minimal models for only parts of the knowledge base,
from the rule with constants that appear in the knowledge it may take advantage of some fractions of the knowledge
base in all possible ways. Thgound instance of a knowl- base bem_g Horn or ha\{lng any other property that simplifies
edge bases the union of all ground instances of its rules. computation of the minimal models of a fraction.

Note that the ground instance of a first-order knowledge base Theorem 4.1 Algorithm FAAM is correct, that isy is a

can be viewed as a propositional knowledge base. minimal model of a knowledge bageiff m is one of the
models in the output when applying FAAMKo

Proof: As the proof of Theorem 3.1.

3In our terminology nogoods are simply integrity constraints,

and can be added directly to the knowledge base. O



Note that the more that a knowledge base appears Horn,

the more efficient algorithm FAAM becomes.

5 Related Work

During the last few years there have been several studies re-

garding the problem of minimal model computation. Ben-
Eliyahu and Dechter (Ben-Eliyahu & Dechter 1996) have
presented several algorithms for computing minimal mod-

els, all of them different from the one presented here. One

limitation of the algorithms presented there is that they pro-
duce asupersetf all minimal models while every model
produced using our algorithm is minimal. In addition, for

each of the algorithms presented by (Ben-Eliyahu & Dechter

1996) we can show a set of theories for which our algorithm

performs better. A more detailed comparison is omitted here

because of space constraints.

Ben-Eliyahu and Palopoli (Ben-Eliyahu & Palopoli 1997)
have presented a polynomial algorithm for finding a minimal
model, but it works only for a subclass of all CNF theories
and it finds only one minimal model.

The algorithm of Ben-Eliyahu (Ben-Eliyahu 1996) for

finding stable models of logic programs has some common
ideas with the one presented here. However, it finds only

stable models and it does not work for rules with more than
one atom in the head.

Special cases of this task have been studied in the past

in the diagnosis literature and the logic programming litera-

ture. For instance, many of the algorithms used in diagnosis

systems (de Kleer & Williams 1987; de Kleer, Mackworth,
& Reiter 1992) are highly complex in the worst case. To
find a minimal diagnosis, they first compute all prime impli-
cates of a theory and then find a minimal cover of the prime
implicates. The first task is output exponential, while the

second is NP-hard. Therefore, in the diagnosis literature, re-
searchers often compromise completeness by using heuris-

tic approaches. Some of the work in the logic programming
literature has focused on using efficient optimization tech-
nigues, such as linear programming, for computing minimal
models (e.g., (Belet al. 1994)). One limitation of this ap-

Ben-Eliyahu, R., and Dechter, R. 1996. On computing
minimal models. Annals of Mathematics and Atrtificial
Intelligencel8:3-27. A short version in AAAI-93: Pro-
ceedings of the 11th national conference on artificial intel-
ligence.

Ben-Eliyahu, R., and Palopoli, L. 1997. Reasoning with
minimal models: Efficient algorithms and applicatioAs-
tificial Intelligence96:421-449. A short version in KR-94.

Ben-Eliyahu, R. 1996. A hierarchy of tractable subsets for
computing stable modeldournal of Atrtificial Intelligence
Researclb:27-52.

Cadoli, M. 1991. The complexity of model checking for
circumscriptive formulae. Technical Report RAP.15.91,
Universi@ di Roma “La Sapienza”, Dipartimento di Infor-
matica e Sistemistica. To appeatiiiormation Processing
Letters

Cadoli, M. 1992. On the complexity of model finding
for nonmonotonic propositional logics. In Marchetti Spac-
camela, A.; Mentrasti, P.; and Venturini Zilli, M., edBrp-
ceedings of the 4th Italian conference on theoretical com-
puter sciencel25-139. World Scientific Publishing Co.
Chen, Z., and Toda, S. 1993. The complexity of selecting
maximal solutions. IrProc. 8th IEEE Int. Conf. on Struc-
tures in Complexity TheoyB13-325.

de Kleer, J., and Williams, B. 1987. Diagnosis multiple
faults. Artificial Intelligence32:97-130.

de Kleer, J.; Mackworth, A.; and Reiter, R. 1992. Char-
acterizing diagnosis and system@rtificial Intelligence
56:197-222.

Dowling, W. F., and Gallier, J. H. 1984. Linear time al-
gorithms for testing the satisfiability of propositional horn
formulae.Journal of Logic Programmin§:267—-284.

Eiter, T., and Gottlob, G. 1993. Propositional cir-
cumscription and extended closed-world reasoning are
I1%-complete Theoretical Computer Scienté4:231-245.
Elkan, C. 1990. A rational reconstruction of nonmonotonic
truth maintenance systemasrtificial Intelligence43:219—

proach is that it does not address the issue of worst-case and 234.

average-case complexities.

6 Conclusions

We have presented a new algorithm for computing mini-
mal models. Every model generated by this algorithm is
minimal, and all minimal models are eventually generated.

The algorithm induces a hierarchy of tractable subsets for

the problem of minimal model computation. The minimal

models can be generated by the algorithm one at a time, a

property which allows demand-driven computation. This al-
gorithms calls for a distributed implementation, an issue we
leave for future work.
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