


search strategies in a given problem (or diagnose problems Novelty+(p, ) Like Novelty, except that after the clause
with a given method, or tune parameters) without havingto  is selected, flip a random; in ¢ with probabilityh, oth-
run exhaustive search experiments to their completion. erwise continue with Novelty. (Hoos 1999)

To further justify our endeavor, we introduce a new lo-
cal search procedure, SDF (“smoothed descent and flood”) h
that arose from our investigation of the characteristics of ef-
fective local search procedures. We show that SDF exhibits
uniformly good depth, mobility, and coverage values, and
consequently achieves good performance on a large collec-
tion of benchmark SAT problems.

Note that, conventionally, these local search procedures
ave an outer loop that places apper boundF, on the
maximum number of flips allowed before re-starting with a
new random assignment. However, we will not focus on ran-
dom restarts in our experiments below becaasgsearch
strategy can be improved (or at the very least, not dam-
aged) by choosing an appropriate cutoff valig€Gomes,
Selman, & Kautz 1998). In fact, it is straightforward and

Local search procedures well known how to do this optimally (in principle): For a
In this paper we investigate several dominant local search given search strategy and problem, let the random variable
procedures from the literature. Although many of these f denote the number of flips needed to reach a solution in
strategies appear to be only superficial variants of one an- a single run, and lefr denote the number of flips needed
other, they demonstrate dramatically different problem solv- when using a random restart after evenyflips. Then we
ing performance and (as we will see) they exhibit distinct have the straightforward equality (Parkes & Walser 1996)

local search characteristics as well.
. . E = F/P(f<F)-|F-E <F
The local search procedures we consider start with a ran- Ir [PU<F) = (FIF < F)]
dom variable assignmett = (x4, ..., z,), ¢ € {0,1} and Note that this always offers a potential improvement since
make local moves by flipping one variabte = 1 — z; at _
a time, until they either find a satisfying assignment or time Efr = FP(f>F)/P(f<F)+E(fIf<F)

out. For any variable assignment there are a total pbs- < FP(f>F)+E(f|f<F) < Ef
sible variables to consider, and the various strategies differ
in how they make this choice. Current methods uniformly
adopt the original GSAT objective of minimizing the num-
ber of unsatisfied clauses, perhaps with some minor variant
such as introducing clause weights or considering how many
new clauses become unsatisfied by a flip (break count) or
how many new clauses become satisfied (make count). The
specific flip selection strategies we investigate (along with
their free parameters) are as follows.

GSAT() Flip the variabler; that results in the fewest total Measuring local search performance
number of clauses being unsatisfied. Break ties randomly. |y order to tune the parameters of a search strategy, deter-
(Selman, Levesque, & Mitchell 1992) mine whether a strategic innovation s helpful, or even debug
HSAT() Same as GSAT, but break ties in favor of the least an implementation, it would be useful to be able to measure
recently flipped variable. (Gent & Walst993) how well a search is progressing without having to run it to

. - . completion on large, difficult problems.
WSAT-G(p) Pick a random unsatisfied clause With To begin, we consider a simple and obvious measure of
probability p flip a randomz; in ¢. Otherwise flip the

h h . | | rch performance that has n n n
variable inc that results in the smallest total number of ocal search performance that has no doubt been used to tune

- and debug many search strategies in the past.
unsatisfied clauses. (McAllester, Selman, & Kautz 1997) g y g P

WSAT-B(p) Like WSAT-G except, in the latter case, flip
the variable that would cause the smallest number of new
clauses to become unsatisfied. (McAllester, Selman, &
Kautz 1997)

WSAT (p) Like WSAT-B except first check whether some
variablez; would not falsify any new clauses if flipped,

for any cutoff’ > 0. In particular, one could choose the op-
timal cutoff valueF™ = argming Efr. We report this op-
timal achievable performance quantity for every procedure
below, using the empirical distribution ¢fover several runs

to estimatek fr.. Thus we will focus on investigating the
single run characteristics of the various variable selection
policies, but be sure to report estimates of what the optimum
achievable performance would be using random restarts.

Depth measures how many clauses remain unsatisfied as
the search proceeds. Intuitively, this indicates how deep
in the objective the search is remaining. To get an overall
summary, we take a depth average over all search steps.
Note that it is desirable to obtain a small value of depth.

Although simple minded, and certainly not the complete
and always take such a move if available. (Selman, Kautz story, itis (;Iea( that effe_ctivg search'strategies do_tend to de-
Py Coheny1994' McAllester Selman. & Kéutz 1997’) ' scgnd_rapldly in the objective function and remain at good
' ' ' objective values as the search proceeds. By contrast, strate-
Novelty(p) Pick a random clause Flip the variabler; in gies that fail to persistently stay at good objective values
¢ that would result in the smallest total number of unsatis- usually have very little chance of finding a satisfying assign-
fied clauses, unless is the most recently flipped variable  ment in a reasonable number of flips (McAllester, Selman,
in c. In the latter case, flig; with probabilityl — p and & Kautz 1997).
otherwise flip the variable; in c that results in the second To demonstrate this rather obvious effect, consider the
smallest total number of unsatisfied clauses. (McAllester, problem of tuning the noise paramegefor the WSAT pro-
Selman, & Kautz 1997) cedure on a given problem. Here we use the uf100-0953



100 runs on Avg. Avg. Est. opt.

uf100-0953 depth flips  w/cutoff

WSAT(.5) 5.62 11,153 9,618
WSAT(.7) 8.65 16,772 14,926
WSAT(.8) 10.3 29,322 25,835
WSAT(.9) 12.1 48,175 48,175
Novelty(.5) 4.85 3,958 3,958
SDF 2, .995) 3.93 1,242 1,242

Figure 1: Depth results

Flips Depth rank Mobility rank
rank | bestl 2 3worst4 best1 2 3worst4
best1 82 09 .05 .04 81 .11 .07 .01
2 .08 39 30 .16 .11 50 .30 .08
3 07 36 .41 23| .07 .25 .50 .18
worst4 03 .16 .25 57| .01 .13 .13 .73
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Figure 2: Large scale experiments (2700 uf problems)

problem from the SATLIB repository to demonstrate our
point! Figure 1 shows that higher noise levels cause WSAT
to stay higher in the objective function and significantly in-
crease the numbers of flips needed to reach a solution. This
result holds both for the raw average number of flips but also
for the optimal expected number of flips using a maximum
flips cutoff with random restartd] f.. The explanation is
obvious: by repeatedly flipping a random variable in an un-
satisfied clause, WSAT is frequently “kicked out” to higher
objective values—to the extent that it begins to spend signif-
icant time simply re-descending to a lower objective value,
only to be prematurely kicked out again.

Although depth is a simplistic measure, it proves to be
very useful for tuning noise and temperature parameters in
local search procedures. By measuring depth, one can de-
termine if the search is spending too much time recovering
from large steps up in the objective and not enough time ex-
ploring near the bottom of the objective. More importantly,
maintaining depth appears to becessaryor achieving rea-
sonable search times. Figure 2 shows the results of a large
experiment conducted over the entire collection of 2700 uf
problems from SATLIB. This comparison ranked four com-
parable methods—SDF (introduced below), Novelty, Nov-
elty+, and WSAT—in terms of their search depth and av-
erage flips. For each problem, the mads were ranked in
terms of their average number of flips and average depth.
Each (flips rank, depth rank) pair was then recorded in a ta-
ble. The relative frequencies of these pairs is summarized in
Figure 2. This figure shows that the highest ranked method
in terms of search efficiency was always ranked near the best
(and almost never in the bottom rank) in terms of search
depth.

Although useful, depth alone is clearly natafficientcri-
terion for ensuring good search performance. A local search

1The uf series of problems are randomly generated 3-CNF for-
mulae that are generated at the phase transition raticdaflauses
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uf100-0953 mobility  depth flips  w/cutoff
GSAT() 5.7 2.13 99,006 52,100
HSAT() 71 210 99,006 12,300
WSAT-G(.5) 9.7 429 26,685 13,700
WSAT(.5) 157 565 11,342 9,421
Novelty(.5) 189 476 4,122 4,122
SDF £, .995) 259 4.09 1,355 1,355

Figure 3: Mobility results

could easily become stuck at a good objective value, and yet
fail to explore widely. To account for this possibility we in-
troduce another measure of local search effectiveness.

Mobility measures how rapidly a local search moves in the
search space (while it tries to simultaneously stay deep
in the objective). We measure mobility by calculating
the Hamming distance between variable assignments that
arek steps apart in the search sequence, and average this
guantity over the entire sequence to obtain average dis-
tances at time lagk = 1,2, 3, ..., etc. It is desirable to
obtain a large value of mobility since this indicates that
the search is moving rapidly through theasp.

Mobility is obviously very important in a local search. In
fact, most of the significantinnovationsin local search meth-
ods over the last decade appear to have the effect of substan-
tially improving mobility without damaging depth. This is
demonstrated clearly in Figure 3, again for the uf100-0953
problem. It appears that the dramatic improvements of these
methods could have been predicted from their improved mo-
bility scores (while maintaining comparable depth scores).

Figure 3 covers several highlights in the development of
local search methods for satisfiability. For example, one of
the first useful innovations over GSAT was to add a pref-
erence for least recently flipped variables, tgsg in the
superior HSAT procedure. Figure 3 shows that one ben-
efit of this change is to increase mobility without damag-
ing search depth, which clearly corresponds to improved so-
lution times. Another early innovation was to incorporate
“random walk” in GSAT. Figure 3 shows that WSAT-G also
delivers a noticeable increase in nildlp—again resulting

to variables. Such formulae have roughly a 50% chance of be- in & dramatic reduction in solution times. It is interesting to
ing satisfiable, but uf contains only verified satisfiable instances. note that the apparently subtle distinction between WSAT-
http://aida.intellektik.informatik.tu-darmstadt.eioos/SATLIB/ G and WSAT in terms of their definition is no longer sub-



100 runs on ‘ Avg.  Avg. Avg. Avg.  Est ing rapidly through the search space and visiting very dif-

ufl00-0953 | cover. rate mob. dep. flips _opt ferent variable assignments without returning to previously

mgx::g&(%) 8%3? 13 j'; g'égg gééé explored regions. That is, we surmise th_at good Io_cal search

SDR(2 995) '0572 26 41 1’355 1’355 methods dq not possess any spemal abllltyto predict whether
m’ ' ' ’ ' a local basin of attraction contains a solution or not—rather

they simply descend to promising regions and explore near
the bottom of the objective as rapidly, broadly, and system-
atically as possible, until they stumble across a solution. Al-

tle here: WSAT offers a dramatic improvement in mobility, though this is a rather simplistic view, it seems supported

along with an accompanying improvement in efficiency. Fi- by our data and moreover it has led to the development of

nally, the culmination of novelty and random walk in the & new local search technique. Our new procedure achieves

Novelty procedure achieves even a further improvement in 900d characteristics under these measures and, more impor-

mobility, and, therefore it seems, solution time. tar)tly, exhibits good search performance in comparison to
We have observed this effect consistently over the entire €Xisting methods.

range of problems we have investigated. Thus it appears

that, in addition to depth, mobility also is &cessary char- A new local search strategy: SDF

acteristic of an effective local search in SAT problems. To Ajthough the previous measures provide useful diagnostic
establish this further, Figure 2 shows the results of a large jnformation about local search performance, the main con-
experiment on the entire collection of 2700 uf problems in  {ripytion of this paper is a new local search procedure, which
SATLIB. The same four procedures were tested (SDF, Nov- \ye call SDF for “smoothed descent and flood.” Our proce-
elty, Novelty+, WSAT) and ranked in terms of their search  qure has two main components that distinguish it from pre-
mobility and solution time. The results show that the high- yious approaches. First, we perform steepest descent in a
est ranked in terms of mobility is almost always ranked near more informative objective function than earlier methods.
the top in problem solving efficiency, and that low mobility  second, we use multiplicative clause re-weighting to rapidly
tends to correlate with inferior search efficiency. move out of local minima and efficiently travel to promising
Afinal characteristic of local search behavior that we con- e regions of the search space.
sider is easily demonstrated by a simple observation: HO0S  Recall that the standard GSAT objective simplyuots
(1999 presents a simple satisfiable CNF formula with five the number of unsatisfied clauses for a given variable as-
variables and six clauses that causes Novelty to (sometlmes)signment_ We instead consider an objective that takes into
get §tuck in a local basin of attraction that prevents it from  5ccount how many variables satigfgch clause. Here it will
solving an otherwise trivial problem. The significance of e more convenient to think of a reversed objective where we
this example is that Novelty exhibits good depth and mobil-  seek to maximize the number of satisfied clauses instead of
ity in this case, and yet fails to solve what is otherwise an mjnimize the number of unsatisfied clauses. Our enriched
easy problem. This concern Ie_d Hoos to develop the slightly objective works by always favoring a variable assignment
modified procedure Novelty+ in (Hoos 1999). The charac- tnat satisfies more clauses, but all things being equal, fa-
teristic that Novelty is missing in this case is coverage. voring assignments that satisfy more clauses twice (subject

Coverage measures how systematically the search explores t0 satisfying the same number of clauses once), and so on.
the entire space. We compute a rate of coverage by first In effect, we introduce a tie-breaking criterion that decides,
estimating the size of the largest “gap” in the search space When two assignments satisfy the same number of clauses,
(given by the maximum Hamming distance between any that we should prefer the assignment which satisfies more
unexplored assignment and the nearest evaluated assign<clauses on two distinct variables, and if the assignments are
ment) and measuring how rapidly the largest gap size is still tied, that we should prefer the assignment that satis-
being reduced. In particular, we define the coverage rate fies more clauses on three distinct variables, etc. This tie-
to be (n — max gap/search stepsNote that it is desir- breaking scheme can be expressed in a scalar objective func-
able to have a high rate of coverage as this indicates that tion that gives a large increment to the first satisfying vari-

the search is systematically exploring new regions of the able, and then gives exponentially diminishing increments
space as it proceeds. for subsequent satisfying variables for a given clause. For

k-CNF formulas withm clauses, such a scoring function is

Figure 4: Coverage results

Figure 4 shows that Hoos’s modified Novelty+ procedure
improves the coverage rate of Novelty on the uf100-0953 fae(x) = Z scord# z,’s that satisfy)
problem. Space limitations do not allow a full description, -
but Novelty+ demonstrates uniformly better coverage than
Novelty while maintaining similar values on other measures, wherescord0) = 0, scord1) = m*~!, scorg2) = m*~! +
and thus achieves better performance on nearly every prob-m*~2,...,scordk) = m*~1 4+ mF=2 4 ... 4+ 1.
lem in the benchmark collections. Our intuitionis that performing steepest ascent in this ob-
Overall, our results lead us to hypothesize that local jective should help build robustness in the current variable
search procedures work effectively because they descendassignment which the search can later exploit to satisfy new
quickly in the objective, persistently explore variable assign- clauses. In fact, we observe this phenomenon in our exper-
ments with good objective values, and do so while mov- iments. Figure 5 shows that following a steepest ascent in



itly falsified and had the overall effect of restoring search
depth and improving performance. The final SDF procedure
we tested is summarized as follows.

SDF(4, p) Flip the variabler; that leads to the greatest in-
crease in the weighted objective

fwne(x) = > w(c) scord# z;’s that satisfy)

c

Avg. Depth

If the current variable assignment is a local maximum and

0 5w Timelgteps . ® % not a solution, then re-weight the clauses to create a new
ascent direction and continue.
Figure 5: Descent results Re-weight(d, p) Multiplicatively re-weight the unsatisfied

clauses and re-normalize the clause weights so that the

resulting largest difference in th&yase Objective (when
/ase descends deeper in the original GSAT objective than  flipping any one variable) ié. (That is, create a minimal
the GSAT procedure itself (before either procedure reaches greedy search direction.) Then flatten the weight profile
a local extrema or plateau). This happens because plateaus of the satisfied clauses by shrinking thém p of the dis-
in the GSAT objective are not plateausfiksg; in fact, such tance towards their common mean (to prevent the weights
plateaus are usually opportunities to build up robustness in  from becoming too small and causing clauses to be falsi-
satisfied clauses which can be later exploited to satisfy new  fied gratuitously).
clauses. This effect is systematic and we have observed it
in every problem we have examined. This gives our first
evidence that the SDF procedure, by descending deeper in
the GSAT objective, has the potential to improve the perfor-
mance of existing local search methods.

The main outstanding issue is to cope with local maxima
in the new objective. That is, althoughse does not contain
many plateaus, the local search procedure now has to deal
with legitimate (and numerous) local maxima in the search
space. While this means that plateau walking isorgkr a
significant issue, it creates the difficulty of having to escape Evaluation
from true traps in the objective function. Our strategy for o .
coping with local maxima involves the second main idea be- e have conducted a preliminary evaluation of SDF on sev-
hind the SDF procedurenultiplicativeclause re-weighting. ~ €ral thousand benchmark SAT problems from the SATLIB
Note that when a search is trapped at a local maxima the and DIMACS repositories. The early results appear to be
current variable assignment must leave some subset of theVvery promising. Comparing SDF to the very effective Nov-
clauses unsatisfied. Many authors have observed that suchelty+ and WSAT procedures, we find that SDF typically
local extrema can be “filled in” by increasing the weight reduces the number of flips needed to find a solution over
of the unsatisfied clauses to create a new search direc-the best of Novelty+ and WSAT by a factor of two to four
tion that allows the procedure to escape (Wu & Wah 1999; ©n random'satlsflable CNF formulae (f_rom the uf, flat, and
Frank 1996; Morris 1993; Selman & Kautz 1993). How- aim collections), and by a factor of five to ten on non-
ever, previous published re-weighting schemes alladkh- random CNF formulae (from the SATLIB plocks-world and
tive updates to increment the clause weights. Unfortunately, @is problemsets). These results are consistentacross the vast
additive updates do not work very well on difficult search Majority of the problems we have investigated, and hold up
problems because the clauses develop large weight differ- €ven when considering the mean flips without restart, me-
ences over time, and this causes the update mechanism todian flips, and optimal expected flips using restarts estimated
lose its ability to rapidly adapt the weight profile to new re-  from (1). However, our current implementation of SDF is
gions of the search space. Mplicative updating has the ~ not optimized and does not yet outperform current methods
advantage of maintaining the ability to swiftly change the interms of CPU time. Details are reported below. _
We|ght prof"e whenever necessary. In all experlments, each pl’oblem was executed 100 times

One final issue we faced was that persistently satisfied and results averZaged over these runs. All problems were
clauses would often lose their weight to the extent that tried with SDR:2,.995), Novelty(.5), Novelty+.5), and
they would become frequently falsified, and consequently WSAT(.5). Furthermore, smaller problems were also tried
the depth of search (as measured in the GSAT objective) With HSAT, GSAT, and simulated annealifg.There are
would deteriorate. To cope with this effect, we flattened the  2ye have as yet been unable to replicate the reported results
weight profile of the satisfied clauses at each re-weighting by for the DLM procedures from the published descriptions (Wu &
shrinking them towards their common mean. This increased Wah 1999; Shang & Wah 1998), and so did not include them in our
the weights of clauses without requiring them to be explic- study. This remains as future work.

One interesting aspect of this procedure is that it is almost
completely deterministic (given that ties are rare in the ob-
jective, without re-starts) and yet seems to perform very well
in comparison to the best current methods, all of which are
highly stochastic. We claim that much of the reason for this
success is that SDF maintaigsod depth, mobility, and cov-
erage in its search. This is clearly demonstrated in Figures
1-3 which show that SDF obtains superior measurements in
every criteria.



SDF Novelty+ WSAT
Avg. Est. opt. Avg. Est. opt.| Est. opt.
ufs50 214 140 411 271 505
uf75 488 411 978 732 1394
uf100 939 748 2297 1470 2877
ufl25 1906 1563| 5160 2712 5876
ufl50 2962 2209| 8253 4314 8393
ufl7s 6632 4945| 18208 10719 20696
uf200 | 14106 9485| 29536 18371 32039
uf225 | 17026 12198| 38288 21129 35394
uf250 | 17980 13619 30617 23681 33993
flat125 | 15230 12868 37085 26369 64294
flat150 | 36020 31615 81668 59194 135981
aim100 | 94642 89155| 236540 236215 236281
SDF Novelty+ % Failed
‘ Avg. flips | Est. opt.‘ Est. opt. | SDF/ Nov+
bwlarge.a 2747 2701 10588 0/0
bwlarge.b 41907 39611 354111 0/40
bwlarge.c 470366 47036 - 87/100
huge 2561 2560 11104 0/0
logistics.c 17249 16870, 140412 0/0
SDF WSAT % Failed
‘ Avg. flips | Est. opt.‘ Est. opt.‘ SDF / WSAT
ais6 441 435 1063 0/0
ais8 6901 5617| 34508 0/0
ais10 20214 16095/ 297460 0/28
ais12 154464 134491 488421 5/96

Figure 6: Search results

three sets of experiments reported in Figure 6. The first
set covers a wide array of random SAT problems from both
the SATLIB and DIMACS repositories. The results shown
are averaged over all problems in the respective problem set
and are shown for the runs with SDF, Novelty+ (which was
2nd best), and WSAT. The second set covers large planning
problems. The results are shown for SDF and Novelty+ (2nd
best), and the failure rates of each are compared. The third
set covers the ais (All-Interval Series) problem set and shows
results for SDF and WSAT (2nd best). In all experiments,
the mean flips without restart and optimal expected flips are
reported for SDF, and the optimal expected flips is reported
for the other algorithms (when significantly smaller than the
mean without restarts).

The results for the non-random blocks-world and ais
problems are particularly striking. These problems chal-
lenge state of the art local search methods (verified in Fig-
ure 6) and yet SDF appears to solve them relatively quickly.
This suggests that, although SDF shares many similarities to
other local search methods currently in use, if might offer a
qualitatively different approach that could yield benefits in
real world problems.

The current implementation of SDF is unfortunately not
without its limitations. We are presently using a non-
optimized floating-point implementation, which means that
even though SDF executes significantly fewer search steps
(flips) to solve most problems, each search step is more ex-
pensive to compute. The overhead of our current implemen-
tation is about factor of six greater than that of Novelty or

WSAT per flip, which means that in terms of CPU time,
SDF is only competitive with the current best methods in
some cases (e.g. hlarge.b). However, the inherent algo-
rithmic complexity of each flip computation in SDF is no
greater than that of GSAT, and we therefore expect that an
optimized implementation in integer arithmetic will speed
SDF up considerably—possibly to the extent that it strongly
outperforms current methods in terms of CPU time as well.
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