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Figure 1: Sample ACTs.

though we will mostly ignore this for simplicity. In the above
example, this would remove;x 5.

For an ordering, DR, (%) denotes the set of clauses ob-
tained by processing with DR alongo. We useb[z;]* (re-
spectivelyb[z;] ) for the set of clauses dfz;] in which z;
occurs positively (respectively, negatively). For any expres-
sionE, Var(E) denotes its variables.

Tractable classes: ACNs

We next define acyclic component networks. They are in the
spirit of other “structured system descriptions,” e.g. (Dar-
wiche & Pearl 1994; Dechter & Dechter 1996). Our building
elements areomponentswhose associated “microtheories”
describe their input/output behavior. This, together with an
acyclic graphical structure (a DAG) representing flow from
“inputs” to “outputs”, ensures tractability results.

Formally, a componen€; is a tupleC; = (I;,0;,T};),
wherel; andO; are disjoint sets of variables (respectively, the
“input” and “output” variables of’;), andl’; is a set of clauses
overl;UO;, the “component theory.” The “component micro-
graph”G; = (V;, E;) is defined by vertice¥; = I; U O; and
directededgest;, where(z,y) € F; iff z € I, andy € O;.

Components may be those of some device (e.g. logical

gates in a circuit, engine parts), or represent events, or some

other causal or logical relationship. We restrict how compo-
nents can be linked together, which is what makes interesting
structures appear:

Definition 1 An Acyclic Component Network (ACN) is de-
fined in terms of a ssfOMP = {C4,...,C,,} of compo-
nents. We require:

1. O;,N0O; = 0, for any distinct andj (i.e. a variable can be
output variable of at most one component).

The component grapfic = (|J, Vi, U, E;:) is acyclic.

For any ¢ and inverse topological ordepb of G¢, (a)
DR, (T;) can be computed in polynomial time, and (b) any
clauseC € DR, (T;) satisfiesVar(C) N O; # 0.

A theoryY. is an Acyclic Component Theory (ACT) just in
case it can be partitioned into a set of disjoint subsetX as
|, I'; such thatVar(T';) can in each case be partitioned into
two setsl; andO; as above, and all other required properties
are satisfied.

2.
3.

Example 2 Figure 1 displays a simple logical circuit (a)
side by side with its component graph (b). The associ-
ated theory>); = I'; U I'; consists of microtheorie; =
{irigay, ariy, iz}, andl'y = {a1izaz, azay, azis}.

Figure 1.c illustrates multiple outputs with a possible com-
ponent graph for a 2-bit adder, composed of two full adders,
with carriesc, input bitsi and output bit®. For convenience,
all arcs for a single component are summarized as a single,
star-shaped hyperedge.

Notice that one can easily “read” in the component graph
an associated graph where nodes are components rather than
propositional variablesa

Theorem 1 Let X be an ACT. There is an ordersuch that
DR,(X) =, DR, (T';), for which computind R, (X) takes
polynomial time.

Proof sketch: Fix o to be any inverse topological sort 6f-. For
anyz;, letO(z;) be the uniqug, if any, such that; € O;. (Unique-
ness follows from condition 1). We can show, by induction on the
numberk of variables processed that, for amy, if O(z;) is de-
fined, therb[z;] C DRo(To(x;)), €lseblz;] = 0. In particular, we
can show that every resolveft generated by processing; is in
DR,(I'o(s,)), and can be indexed only in a bucket;] such that
z; € Oo(xy,) = Oo(a;), thus preservingz;] € DRo(To(x;))-

It now easily follows thatDR,(X) = | J, DR,(I';), and since
each component can be computed in polynomial time, the total cost
of DR, (X) is also polynomial.O

Example 3 DR generates no non-tautologous resolvents on
the theoryX, of Example 2, using for example the order of
processingis, a1, 1, i2,43. O

Condition (3.b) implies that eadh; is satisfiable; thus by
theorem 1, any ACT is satisfiable, as DR is complete for sat-
isfiability. As in (Darwiche & Pearl 1994), consistency of
components guarantees global consistency. What DR adds is
the ability to generate any model of an ACT backtrack free
(Dechter & Rish 1994) fronD R, (X)), using reverse order of
processing —i.e. in topological order, with inputs assigned
before outputs, if we follow Theorem 1.

ACNSs capture a wide class of real-world theori@s,par-
ticular those describing any combinatorial circuit. In this case
the components would be the gates, and their simple microthe-
ories, illustrated above, satisfy the given requirements. Con-
dition 2 follows from the absence of feedback loops in combi-
natorial circuits. Condition 3 follows from the fact that these
microtheories are (or can be easily put into) prime implicate
form, so that (a) no new unsubsumed resolvents can be gen-
erated by any form of resolution on a gate’s microtheBry
henceDR,(I";) = T'; for anyo; and (b) is satisfied initially
by I';, and by (a) this does not change. Thus applying Theo-
rem 1 we obtain that in this cageR,(X) = X for any inverse
topological sorb of G¢.

Theorem 1 is in fact a generalization of ampirical obser-
vation, the behavior of DR with ISCAS logic circuit bench-
marks. It was not obvious at all that DR could do well on
these benchmarks, until we tried them with an ordering com-
patible with this theorem. ACTs are however more general
than theories of circuits, as in the latter inputs actually deter-
mine outputs; whereas Theorem 1 only suggests the weaker
restriction that any assignment to a component’s inputs can be
consistently extended its outputs; it need ndix them.

Other complexity results for structured descriptions, e.g.
(El Fattah & Dechter 1995; Darwiche 1998) address tasks dif-
ferent from model-finding, e.g. abduction or diagnosis. It
is interesting to note though that they come up with induced



width analysis of circuits which fail to predict tractability ex-
cept for tree-structured circuits. This suggests that the induced
width analysis that we ourselves will advocate in the next sec-
tion would fail to predict the tractability of DR on ACTs. For,

as said, all circuits fit in the ACT framework.

Even though the tasks addressed are different, it is worth
comparing the expressive power of ACTs and Symbolic
Causal Networks (SCNs) (Darwiche & Pearl 1994; Darwiche
1998), since there are many similarities. It appears that ev-
ery SCN is an ACN such that: (a) there is a single output per
component; (b) “direct causes” are our inputs; (c) the SCN's
“exogenous” or “assumable” propositions are treated as addi-
tional ACN outputs® (d) outputs are determined by inpits;
(e) microtheories are required to have bounded size.

It can be seen, in particular from (a), (d) and (e), that SCNs
are a relatively simple special case of ACNs.

Topological parameters for DR

We now turn to a more general analysis of the complexity of
DR. We first introduce the concepts of induced width and di-
versity from (Dechter & Rish 1994). For application of these
concepts to other areas of Al and CS, see (Dechter 1999;
Bodlaender 1993). The intuitive idea is very simple. We cap-
ture the input theory: with a graph that represents cooccur-
rence of literals in clauses &f. We then “simulate” DR in
polynomial time by processing the graph to generate a new
“induced” graph. Finally, we recover from the induced graph
information about all relevant complexity parameters for the
hypothetical execution of DR for the given theory and order-
ing. Example 5 below will illustrate this idea of polynomial
simulation of resolution.

As before, we use as our primary ordering the order of pro-
cessing, as opposed to the inverse order used in (Dechter &
Rish 1994). This means thatrr induced width along an or-
dering corresponds to Dechter and Rish’s induced width along
the reverse ordet. The following definitions, though some-
what dense, should not be hard to parse for readers familiar
with the notion of induced width.

Definition 2 Let G be an undirected graph, and
v1,. .., U, an ordering of its vertices.

Thedownward sefD(v;) of v; alongo is the set of vertices
v; such that there is an edge;,v;) in G andi < j. The
(downward) width ofv; alongo is the cardinality| D(v;)| of
its downward set.

The(downward) width of a graptv alongo is the maximum
downward width among the nodes@f

Definition 3 (Dechter & Rish 1994, induced width) LEtbe
a clausal theory, and = z4, ..., x,, an ordering of its propo-
sitional variablesV ar(X%).

1. Theinteraction graphof 3 is an undirected graph
GI(X) = (Vi, Ey), with verticesV; = Var(X), and edges
Er ={(zi,z;) | i, z; € Var(C) for someC € X}.

2They are “private” to each component in (Darwiche & Pearl
1994), in line with our weaker restrictiaB; N O; = 0.

3This follows from the syntactic restrictions on SCN microtheo-
ries imposed in (Darwiche & Pearl 1994).

4See also footnote 1. After all, the induced graphs below are also
generated in DR’s order of processing.
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Figure 2: The interaction graph &f;.

2. Theinduced interaction graph af along ordering is
the graphI,(GI(X)) = (Vi, E¢) obtained fromGI(X) as
follows: initially, &9 = Er; then fori = 1ton do: add edges
(z;,zr) to EY for all 2; andzy, in the currentD(z;).

3. Thewidth w,(x;) of a variablex; alongo is the width of
x; In GI(X) alongo. Theinduced widthw (x;) of x; alongo
is the width ofz; in I,(GI(X)) alongo. When the ordering
is fixed, we abbreviate, (x;) asw;, andw?(z;) asw;x*.

4. Thewidth w(o) of ¥ alongo is the width ofGI(X) along
o, and thewidth w of ¥ is the minimal width o= over all
orderings. Thenduced widthw=(0) of ¥ alongo is the width
of I,(GI(X)) alongo, and theinduced widthw= of ¥ is the
minimal induced width over all possible orderings.

Example 4 Figure 2 illustrates induced width for the theory
31 of Example 1. (a) the interaction graphf; (b) the same
graph, with nodes ordered from top to bottom along the given
(natural) order; (c) the induced interaction graph along this or-
dering. The width and induced width &f; with this ordering
are both 20

Definition 4 (Dechter & Rish 1994, diversity) Thieduced
diversity of a variablex; along ordero is div}(z;)
|b[z;] | x |b[x;]~|, where the product is taken after running
DR,(X). Theinduced diversityliv* (o) of ¥ alongo is the
maximum induced diversity of its variables alomgThein-
duced diversityliv* of X is its minimal induced diversity over
all orderings.

Clearly, the induced diversity of an ordering provides a
bound on the number of resolution steps performed by DR.
Since each resolution step 3(n), the time complexity of
DR along an ordering is O(n? - divx(0)).

(Dechter & Rish 1994) show that the size BiR,(X) is
bounded by. - 2 - 3¥*(©) and the number of resolution steps
by?’l X (2 . 311;*(0))2 =n-4- 32111*(0)_

We can greatly improve these estimates by introducing
some new concepts. The basic idea is to split literals according
to their sign, and use this to define more fine-grained concepts
of width and to estimate diversity.

Definition 5 (split interaction graph) Let ¥ be a clausal
theory, andv = z1, ..., xz, an ordering ofVar(X), extended
in the obvious way to literals (e.g; < z; iff i < j).°

SNote that the extended ordering is a partial order.
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Figure 3: The split interaction graph Bf;.

1. Thesplit interaction graplof X is an undirected graph
GS(X) = (Vs, Es), whose vertice¥s are the set of all liter-
als of¥, and E5 is the set of edgeg;, I;) such that literald;
and/; occur together in some clause.

2. Theinduced split interaction graph af along ordering
is the graphl,(GS(X)) = (Vs, E%) obtained by augmenting
GS(X) asfollows: initially, EZ = Eg; then fori = 1 ton do:
add edgegi;, ;) to Eg for eachl; € D(z;) andl, € D(T;).

3. Theliteral width of a literall; alongo is the width of
l; in GS(X) along o. Theinduced literal width ofl; in 2
alongo is the width ofl; in I,(GS(X)) alongo. Wheno is
fixed, we writev;” andw;  for the literal widths along of z;;
andz;, respectively; similarly, we use;"+ andw; * for the
respective induced literal widths.

4. The s-width of a variablez; along o is sw;
maz(w;",w; ). Thet-width of z; alongo is tw; = w;" +w; .
Theinduced s-widthsw;* andinduced t-widthtw;* are de-
fined similarly fromw; + andw; x.

5. Thes-width sw(o) of ¥ alongo is the maximal s-width
of its variables alon@. Thet-width tw(o) of ¥ alongo is the
maximal t-width of its variables along

6. Theinduced s-widthsw * (0) of ¥ alongo is the max-
imal induced s-width of its variables along Theinduced
t-width tw« (0) of ¥ alongo is the maximal induced t-width
of variables along. Theinduced s-widthsw* and induced
t-width tw= of X are respectively the minimal induced s-width
and t-width over all orderings.

Induced width is basically an instrument to predict that cer-
tain literals will occur together in certain clauses; induced s-
width and t-width are more fine-grained instruments that take
into account the sign of literals to predict, respectively, the
space (s) and time (t) requirements of DR. Note that both in-
duced graphs can be computed in polynomial time.

Example 5 Figure 3 illustrates induced s-width and t-width
for the theoryX; of Example 1: (a) the split interaction graph
of X1, with nodes ordered from top to bottom along the given
ordering; (b) the induced interaction graph along this ordering.
¥1 has s-width, t-width, and induced s-width 2, and induced
t-width 3.

Note that the generation of the induced graph closely
matches the generation of resolvents by DR. Sinceooc-
curs withzz andzy with 25 we can “predict” that as a result
of resolving uponz; we will obtain a resolvent in which,

andZT3 occur together. This corresponds to adding the edge
(z2,73) to the induced graph; and similarly with other added
edgesO

All these definitions, incidentally, can be adjusted to apply
to ¥ under any fixed set of polynomial time simplifications,
along the lines of the “adjusted width” of (Dechter 1999). Our
next lemma shows that the induced graph simulates DR as far
as the split interaction graph is concerned.

Lemma 2 GS(DR,(X)) is a subgraph of ,(GS(X)).

Proof: We show by induction along the ordering thatiifl; € C
for some claus€' obtained when DR processes budKet:] then the
edge(l;,1;) is in I,(GS(X)) after processing:, when generating
the induced graph. (Assunige {z;,z;} andl; € {z;,7;}.)

For the base case, edges corresponding to clausesaoé obvi-
ously in both graphs. Inductively, consider any edigel;) such that
l;,1; € R for some resolvenk of clausesC, D € b[z,]. Note that
k < i,andk < j. If [; andl; occur together in some parent then the
claim follows directly from the inductive hypothesis, as both parents
were generated before DR processgsOtherwise, say,l; € C,
andZx,l; € D. By inductive hypothesis, the edgésy, ;) and
(Tx, ;) were added td,(GS (X)) before processing;. in the gen-
eration of the induced graph. Sinke< ¢ andk < j, the edgdi;, ;)
is added td,(G'S(X)) when processing,. O

We can now bound the space and time complexity of DR.
Lemma 3 |b[z;]*| < 2@, and|blz;]~| < 2% .

Proof: b[z;]" contains all clauses whose smallest literal is
z;. There arew; literals that cooccur with the positive lit-

eral z; which are later in the ordering tham;, hence there are
+

> i
0<i<w i
- - T

clauses formed by adding to one such subset can bebi;]*. O

) — 2% subsets of thosev; literals. Only

Theorem 4 For any ordering o, the size of DR,(X) is
bounded by}, ,, (29 * + 2% *) < . 25w*()+1 The
number of resolution operations performedBy? is bounded
by cic, 2 < 2tw=(°) 'hence the time complexity is

O(n2 . 2tw*(o))_
Proof: Use lemmas 2 and 3 to bound bucket sizesDiR, ().

From this obtaindiv; (z;) < 9w * . 9w; * — otwi* A each resolu-
tion step isO(n), time follows. O

This yields our second tractable class:

Corollary 5 If the induced s-width or t-width At is bounded
by a constant then for some orderimgcomputingD R, (X)
takes polynomial time and space.

Finding the minimal induced s- or t-width of a theory is NP-
hard® though we conjecture that techniques to recognize in
time exp(k) theories with induced width bounded byan be
adapted to recognize theories with bounded induced s-width.
And we can always use the polynomially computable bounds
for any given ordering to choose among candidate orderings.

(Dechter & Rish 1994) prove a result similar to Corollary 5
for boundedstandardinduced width. But it is easy to find the-
ories with constant induced s-width yet unbounded (261))
standard induced width:

6As proven with a trivial reduction from the problem of finding
the minimal induced width.



Example 6 LetXg = {xixgi,xiinH | 1< < m} Along

the natural order, each; gets linked tox;,; throughxo;,1

in the standardinduced graph, whereas no new edges are
added in thesplit induced graph, since negative literals have
no edges. Thuswx (o) = 2 is constant, while the standard
induced width is the unbounded+ (o) = w,,,* = m + 1.

For a non-binary theory with identical induced graphs, con-
siderXy = {x;x9;22,41 | 1 < ¢ < m}. There is little point
however in providing non-binary examples to exhibit proper-
ties of sw+ andwsx*, even though binary theories are tractable.
This is because, for any non-binary thedty there exists a
binary theoryX with exactly identical initial and induced

graphs.0 Figure 4: Induced split interaction graph 8.

Example 7 Let us compare the estimates derivable from in-

duced width, t-width, and s-width with the theoB; of Ex-

ample 1, using figures 2 and 3. Counting cliques ovelD(x;) is NP-hard, but there are a
We can obtain two estimates from induced width, using the number of ways to approximate them, including polynomial

results of (Dechter & Rish 1994). The looser prediction yields randomized algorithms. The following simple upper bound

a size estimate of, - 2 - 3*(©) = 5.2.32 = 90 clauses suffices to obtain new tractable classes:

for DR,(31), or more precisely (summing over the induced _
widths of each variable} - (2 -32) + 23" + 230 = 62 Lemma 7 Let D;(!) be the downward set éfin I,(GS(X))

clauses. The estimated number of resolutions is, loosely,  'ght tJ)refore processing; when generating the induced graph.

(2 - 3wx(0)2 = 5.(2.3%)2 = 1620; and more precisely, Letdi () = |Diz:) N Di(D)], d7 (1) = ‘Di(xi)[‘Di(”'-

3.(2-3%)% 4 (2-3)2 4 (2-39)2 = 1012 After running DR, [bz;]"| < 1+ 3,cp(,,) 2% @, and
The estimates derived from s-width and t-width are signifi- \,r - < 1 | __9d; ()

cantly better. For size, these are 25w*(9)+1 = 5. 23 = 40 bl < 2ten(m)

or moreoprecgselﬁl +20)+ (20 2+ (21 +29) + (2°+ We can seel (1) as therelative widthof I with respect to

27) + (27 + 27) = 19 clauses. For time, the loose estimateis  , Intuitively, each term in the sum estimates the number of

that there arex - 2“"*(_0) =5-2% = 40 resolution steps; the  cliques (whose smallest literalis) containing/ but no earlier

precise estimate, doing the summation, is that there are only |iterals; the estimate is tight only when(xz;) N D;(1) is itself

19 stepsD a clique right before processing. Our next result is now

More generally, we can compare thaigh estimates pro- straightforward:
vided by these parameters as follows:

Theorem 6 If (1;,1) is an edge of ,(GS(X)) then(z;, zx) ) )
is an edge off,(GI(X)). Hencesw;+ < w;x for anyi and 1. Space: The size oDR,(X) is bounded by2n +

fixed ordering. S cien (ZleDm) 2d (1) 4 S ienen Qd;(l)) ,

It easily follows that the size estimate derived from in-
duced width is at least3/2)*“*(°) times larger than the es-
timate derived from induced s-width, and the time estimate Q) = ()
at least4 - (3/2)2v*() times larger. Both ratios hold when ZlﬁignKl + 2ien() 2% )(1 + Lien@) 2% )}
sw;x = w;*, but as Example 6 illustrates, oftem;* is much
smaller. And, in fact, we can greatly improve even the sum-
mation form of our estimates.

!

T2

L3

Tn

Theorem 8

2. Time: The number of resolution steps per-
formed by DR along orderingo is bounded by

As a special case of this theorem, suppose that for every lit-
erall;, the restriction of,(GS (X)) to its downward seD(l;)
at the timez; is processed contains no edges. (This is com-
Relative width patible with unbounded s-width, see Example 8.) Then the
size of eachb[z;] is only 2 + w;" * +w; *, and its diversity
(14w *)(1 4+ w; *). And now the exponents are out! Gen-
eralizing this observation yields a new tractable class:

A clauseC is captured by the interaction graph asligue of

all its literals, i.e. all literals ofC' are pairwise linked. The
size bound®®: of Lemma 3 can be read as an estimate of the
number of cliques in whiclx; is the smallest literal, an es- Coro”ary 9 Suppose thdi(D,S are bounded by a constant
timate which is tight only if its downward sd®(x;) is itself for some ordering. Then|DR,(X)| = O(n - swx(0)) =

a clique. Furthermore, it follows from the proof of Lemma 2 O(n?). The number of resolution operations@n - (sw*
that the clique corresponding to a resolvent obtained when DR (0))?) = O(n?), and thus the time complexity@n?).
processe$|z] is added tol,(G'S(X)) when processing:

as well. Thus, resolvents whose smallest literal;ibecome Proof:  We havelb[z;]"| < 1+ 37, , k. for some constart,
cliquesbeforeprocessing:;, since they are generated by pro-  hence|b[z;]*| = O(w; ) = O(swx(0)) = O(n). The rest is
cessing earlier buckefs. obvious. O

"This is important because processingnay link together nodes
of D(z;). Indeed, in thestandardinduced graph processing; means makind(x;) a clique.



Example 8 X3 = {x129,..., 212, T1%3, . .., T1Z, } illus-
trates the principle of bounded;(i)'s with unbounded s-
width. The induced split interaction gragh(G.S(%s)) is de-
picted in Figure 4, with induced edges dashed. Despite the
high s-width of the graph;" = w; * = n — i for eachi),
thed;(1)'s always equal 0O

We can also use relative widths to improve the estimates de-
rived from the standard induced grapf(GI(.)). However,
this would not allow us to derive tractability results such as
corollary 9. This is because boundéd!)’s in I,(GI(.)) im-
ply bounded induced width. In other words, the use of the
splitinduced graph is essential in obtaining this new tractable
class.

The effect of subsumption

A clique of sizek over D(x;) has2* subcliques, and all our
estimates of bucket size so far take all of them as represent-
ing legitimate clauses. However, it is a well-known result in
combinatorics, known as Sperner’s theorem (Anderson 1987),
that the maximum number einsubsumedubsets of a set of

k literals isC'(k, k/2) = ( k:];Q > If we delete subsumed

clauses, therefore, any term of the foeh in our previous
estimates can be replaced &Yk, k/2). In the theory>; of
Example 1 this improves our size estimate to 11 clauses, and
the number of resolution steps to 6.

This is unlikely to yield new tractable classes. It does allow
us to obtain better predictions of complexity, though at a sig-
nificant computational cost. This cost can be easily reduced
with some loss of accuracy, e.g. by building a table of up-
per bounds in terms of powers of two (e.g. foK k£ < 40,
C(k,k/2) < 2F=2), so that all calculations are by powers
of two. Even so, if our goal is only to compare various or-
derings in order to choose which one to use with DR, it is
unclear whether this greater accuracy will help discriminate
better among them.

Discussion

We have introduced new tractable classes for DR, and tight-
ened the space and time bounds provided by (Dechter & Rish
1994) by means of a more refined analysis of the structure of
theories. These bounds can be used to choose in polynomial
time among different orderings before running DR.

As mentioned, the generation of the induced graph can be
seen as a “polynomial time simulation” of resolution, which
need not be limited to DR. In (del Val 2000), we extend this
kind of analysis to the consequence-finding task, which for
example allows us to estimate the number of prime implicates
of any theory and identify tractable abduction classes.
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