
Sampling Methods for Action Selection in Influence Diagrams

Luis E. Ortiz
Computer Science Department

Brown University
Box 1910

Providence, RI 02912 USA
leo@cs.brown.edu

Leslie Pack Kaelbling
Artificial Intelligence Laboratory

Massachusetts Institute of Technology
545 Technology Square

Cambridge, MA 02139 USA
lpk@ai.mit.edu

Abstract

Sampling has become an important strategy for inference in
belief networks. It can also be applied to the problem of
selecting actions in influence diagrams. In this paper, we
present methods with probabilistic guarantees of selecting a
near-optimal action. We establish bounds on the number of
samples required for the traditional method of estimating the
utilities of the actions, then go on to extend the traditional
method based on ideas from sequential analysis, generating a
method requiring fewer samples. Finally, we exploit the intu-
ition that equallygood value estimates for each action are not
required, to develop a heuristic method that achieves major
reductions in required sample size. The heuristic method is
validated empirically.

Introduction
The problem of decision-making involves the selection of
an optimal strategy. A strategy determines how we should
act based on observations or available information about the
variables of the system relevant to the decision problem.
Posed in the framework of decision theory, an optimal strat-
egy is one that maximizes our utility. The utility defines our
notion of value associated with the execution of actions and
the states of the system. The states result from the combina-
tion of the state of the individual variables in the system. In
the case of decision-making under uncertainty, we are un-
certain about both the state of the system and the result of
the actions we take. We express this uncertainty as proba-
bilities. Therefore, in this context anoptimal strategyis one
thatmaximizes our expected utility.

In this paper our main interest is in decision problems un-
der uncertainty formulated asinfluence diagrams (ID). An
influence diagramis a graphical model that provides a com-
pact representation of (1) the probability distribution gov-
erning the states, (2) the structural strategy model represent-
ing how we make decisions, and (3) a utility model defining
our notion of value associated with actions and states. We
study the problem of selecting an optimal strategy in an in-
fluence diagram, concentrating on the case in which there is
only one decision to be made. This is because we can de-
compose the problem of multiple decisions into many sub-
problems involving single decisions (i.e., by using the tech-
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nique presented by Charnes & Shenoy (1999)). We note that
we can apply methods developed to solve IDs of this kind
to obtain methods to solve finite-horizon Markov decision
processes (MDPs) and partially observable Markov decision
processes (POMDPs) expressed as dynamic Bayesian net-
works (DBNs) (i.e., by modifying the technique presented
by Kearns, Mansour, & Ng (1999)).

The problem of strategy selection involves the sub-
problem of selecting anoptimalaction, from the set of action
choices available for that decision,for each possible obser-
vationavailable at the time of making the decision. There-
fore, we want to select the action that maximizes the ex-
pected utility foreach observation. One way to do action
selection is to compute, exactly or approximately, the prob-
abilities of the sub-states of the system directly relevant to
our utility in order to evaluate the expected utility orvalue
of each action. A sub-state is formed from the state of a sub-
set of variables in the system. We believe this approach fails
to take advantage of an important intuition: it only matters
which action is best. Therefore, the problem of action selec-
tion is primarily one of comparing the values of the actions.
We combine this with the intuition that actions that are close
to optimal are also good. In this paper, we present meth-
ods for action selection in IDs that take advantage of these
intuitions to make major gains in efficiency.

Notation
Before we present the definition of the ID model, we in-
troduce some notation used throughout the paper. We de-
note one-dimensional random variables by capital letters and
denote multi-dimensional random variables by bold capi-
tal letters. For instance, we denote a multi-dimensional
random variable byX and denote all its components by
(X1, . . . , Xn) whereXi is theith one-dimensional random
variable. We use small letters to denote assignments to ran-
dom variables. For instance,X = x means that for each
componentXi of X, Xi = xi. We also denote by capi-
tal letters the nodes in a graph. We denote byPa(Y ) the
parents of nodeY in a directed graph.

We now introduce notation that will become useful during
the description of the methods presented in this paper. For
any functionh with variablesX andZ, the expression

h(X , Z)|Z=z
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stands for a functionf ′ over variablesX that results from
setting the values ofZ in h with assignmentz while letting
the values forX remain unassigned. In other words,

f ′(X) = h(X , Z)|Z=z = h(X , Z = z).

The notationZ = (S, S′) means that the variableZ is
formed by all the variables that formS andS′. That is,Z =
(Z1, . . . , Zn′) = (S1, . . . , Sn1 , S

′
1, . . . , S′

n2
) = (S, S′),

wheren′ = n1 + n2. Note that we are assuming that the set
of variables formingS and those formingS′ are disjoint.
The notationZ ∼ f means that the random variableZ is
distributed according to probability distribution f . We de-
note a sequence of samples fromZ by z(1), z(2), . . . , where
z(i) is theith sample. In this paper, we assume that the sam-
ples areindependent.

Definitions
An influence diagram (ID) is a graphical model for decision-
making (See Jensen (1996) for additional information and
references). It consists of a directed acyclic graph along with
a structural strategy model, a probabilistic model and a util-
ity model. The graph represents the decomposition used to
compactly define the different models. Figure 1 shows an
example of a general graphical representation of an ID. The
vertices of the graph consist of three types of nodes: decision
nodes, chance nodes and utility nodes. Decision nodes are
square and represent the decisions or action choices in the
decision problem. Chance nodes are circular and represent
the variables of the system relevant to the decision problem.
Utility nodes are diamonds and represent the utility associ-
ated with actions andstates. A stateis an assignment to the
variables associated with the chance nodes of the ID.

Structural strategy model The structural strategy model
defines locally the form of a decision rule for each decision
nodeAi. This rule is a function of (a subset of) the infor-
mation available at the time of making that decision, which
is contained in its parentsPa(Ai) in the graph, the decision
nodes that are predecessors of decision nodeAi in the graph
and their respective parents. The example ID of Figure 1 has
only one decision node. Denote a strategy for our example
model byπ, thestate spaceor set of possible assignments
for the parents of the action node byΩPa(A) and the set of
possible actionsΩA. Then, a policyπ : ΩPa(A) → ΩA.

Probability model The probability model compactly de-
fines the joint probability distribution of the relevant vari-
ables given the actions taken using a Bayesian network (BN)
(See Jensen (1996) for additional information and refer-
ences). The model defines locally a conditional probabil-
ity distributionP (Xi | Pa(Xi)) for each variableXi given
its parentsPa(Xi) in the graph. This defines the following
joint probability distribution over then variables of the sys-
tem, given that a particular actiona is taken:

P (X1, . . . , Xn | A = a) =
∏n

i=1 P (Xi | Pa(Xi))|A=a .

O

O1

S

S1

A

S′

S′
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X

Sn1 S′
n2

On3

Figure 1: General structure of ID we consider.

In our example ID,X = (S, S′, O) and, since there is only
one decision node, we can expressP (X | A = a) as

P (X | A = a) = P (S, S′, O | A = a)
= P (S)P (S′ | S, O, A = a)P (O | S),

where

P (S) =
∏n1

i=1 P (Si | Pa(Si)), (1)

P (S′ | S, O, A = a) =
∏n2

i=1 P (S′
i | Pa(S′

i))|A=a ,(2)

P (O | S) =
∏n3

i=1 P (Oi | Pa(Oi)). (3)

Utility model Finally, the utility model defines the utility
associated with actions resulting from the decisions made
and states of the variables in the system. The total utility
function U is the sum of local utility functions associated
with each utility node. Foreach utility node Ui, the utility
function provides a utility value as a function of its parents
Pa(Ui) in the graph. The total utility can be expressed as

U(X, A) =
∑m

i=1 Ui(Pa(Ui)). (4)

Note that we are using the label of the utility node to also
denote the utility function associated with it.

In this paper we assume that the variables and the deci-
sions are discrete and the local utilities are bounded. In ad-
dition, we concentrate on IDs with one decision node and the
general structure shown in Figure 1. The results in this paper
are still valid for more general structural decompositions of
the probability distribution. We use the structure given by
the ID in the figure to simplify the presentation. Also, the
results allow random utility functions.



Value of a strategy The valueV π of a strategyπ is the
expected utility of the strategy:

V π =
∑

X P (X | A = π(O))U(X, A = π(O))

=
∑

O

∑
S

∑
S′ P (S, S′, O | A = π(O))

U(S, S′, O | A = π(O)).

The optimal strategyπ∗ is that which maximizesV π over
all π. We denote the value of the optimal strategy byV ∗.

Note that we can decompose this maximization into max-
imizations over the set of actions for each observation. For
each assignment to the observationso, we define thevalue
of an actiona by

Vo(a) =
∑

S

∑
S′ P (S, S′, O = o | A = a)

U(S, S′, O = o | A = a). (5)

Hence, the value of a strategy isV π =
∑

O VO(π(O)).
Note that this is not the traditional definition of the value
of an action. We discuss below why we do not use the tradi-
tional definition.

If we denote bya∗ = π∗(o) the action that maximizes
Vo(a) over all actionsa, then the value of the optimal strat-
egy isV ∗ =

∑
O VO(π∗(O)) =

∑
O maxa VO(a). Hence,

the problem of strategy selection reduces to that of action
selection for each observation.

Exact methods exist for computing the optimal strategy
in an ID (See Charnes & Shenoy (1999) and Jensen (1996)
for short descriptions and a list of references). However,
this problem is hard in general. In this paper, we concen-
trate on obtaining approximations to the optimal strategy
with certain guarantees. Our objective is to find policies that
are close to optimal with high probability. That is, for a
given accuracy parameterε∗ and confidence parameterδ∗,
we want to obtain a strategŷπ such thatV ∗−V π̂ < ε∗ with
probability at least1−δ∗. Note that given the decomposition
described above, if we obtain actions for each observation
such that their value issufficientlyclose to optimal withsuffi-
cientlyhigh probability, then we obtain a near-optimal strat-
egy with high probability. That is, letl be the number of pos-
sible assignments to the observations. If for each observa-
tiono we select action̂a such thatVo(a∗)−Vo(â) < 2ε with
probability at least1 − δ, whereε = ε∗/(2l) andδ = δ∗/l,
then we obtain a strategy that is withinε∗ of the optimal
with probability at least1 − δ∗. Therefore, we concentrate
on finding agoodaction for each observation.

Typically the value of an action is defined as thecondi-
tional expected utility of the actiongivenan assignment of
the observations. If we denote this value byV (a | o), we can
express the value of a policy asV π =

∑
O P (O)V (π(O) |

O). We do not use this definition because it is harder to
obtain estimates forV (a | o) with guaranteed confidence
bounds than it is to obtain estimates forVo(a).

Multiple Comparisons with the Best: Results
There are two important results from the field ofmulti-
ple comparisonsand in particular from the field ofmulti-
ple comparisons with the bestthat we take advantage of
in this paper. These results are based on the work of Hsu

(1981) (See Hsu (1996) for more information). Before we
present the results we introduce the following notation: de-
notex+ = max(x, 0) and−x− = min(0, x). The first
result is known asHsu’s single-bound lemma, which is pre-
sented as Lemma 1 by Matejcik & Nelson (1995).
Lemma 1 Let µ(1) ≤ µ(2) ≤ · · · ≤ µ(k) be the (un-
known) ordered performance parameters ofk systems, and
let µ̂(1), µ̂(2), . . . , µ̂(k) be any estimators of the parameters.
If

Pr{µ̂(k)− µ̂(i)− (µ(k)−µ(i)) > −w, i = 1, . . . , k− 1}
= 1− α, (6)

then

Pr{µi −maxj 6=i µj ∈ [−(µ̂i −maxj 6=i µ̂j −w)−,

(µ̂i −maxj 6=i µ̂j + w)+], for all i} ≥ 1− α. (7)
If we replace the= in (6) with≥, then(7) still holds.
In our context, we let for each actiona, the true value
µa = Vo(a) and the estimatêµa = V̂o(a). Also, theith

smallest true value corresponds toµ(i). That is, ifVo(a1) ≤
Vo(a2) ≤ · · · ≤ Vo(ak), then for all i, µ(i) = Vo(ai).
Note that in practice, we do not know which action has
the largest value. In order to apply Hsu’s single-bound
lemma, we obtain the boundPr{µ̂j − µ̂i − (µj − µi) >
−w, for all i 6= j} ≥ 1 − α, for each actionj, individu-
ally. This implies thatPr{µ̂(k) − µ̂(i) − (µ(k) − µ(i)) >
−w, i = 1, . . . , k − 1} ≥ 1 − α, which allow us to ap-
ply the lemma. Figure 2 graphically describes this practi-
cal interpretation of the lemma. For each actioni, individ-
ually, the upper bounds on the true differences, drawn on
the left-hand side,Vo(i) − Vo(j) < V̂o(i) − V̂o(j) + w,
for eachj 6= i, hold simultaneously with probability at least
1 − α. The confidence intervals, drawn on the right-hand
side,Vo(i)−maxj 6=i Vo(j) ∈ [−(V̂o(i)−maxj 6=i V̂o(j) −
w)−, (V̂o(i)−maxj 6=i V̂o(j)+w)+], for each actioni, hold
simultaneously with probability at least1− α.

The second result allows us to assess joint confidence in-
tervals on the difference between the value of each action
from the value of the best action when we have estimates of
the differences between value of each pair of actions with
different degrees of accuracy. The result is known asHsu’s
multiple-bound lemma. It is presented as Lemma 2 by Mate-
jcik & Nelson (1995), and credited to Chang & Hsu (1992).
Lemma 2 Let µ(1) ≤ µ(2) ≤ · · · ≤ µ(k) be the (unknown)
ordered performance parameters ofk systems. LetTij be
a point estimator of the parameterµi − µj . If for each i
individually
Pr{Tij − (µi − µj) > −wij , for all j 6= i} = 1− α, (8)

then we can make the joint probability statement
Pr{µi −maxj 6=i µj ∈ [D−

i , D+
i ], for all i} ≥ 1− α, (9)

whereD+
i = (minj 6=i[Tij + wij])+, G = {l : D+

l > 0},
and

D−
i =

{
0 if G = {i}
−(minj∈G,j 6=i[−Tji − wji])− otherwise.

If we replace the= in (8) with≥, then(9) still holds.
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Figure 2: Graphical description for practical application of
Hsu’s single-bound lemma. Note that the “lower bounds” on
the left-hand side are−∞.

Figure 3 presents a graphical description of this lemma.
Let, for all actionsi, D−

i andD+
i , be as defined in Hsu’s

multiple-bound lemma, withµi = Vo(i) and for allj 6= i,
Tij = V̂o(i) − V̂o(j). For each actioni, individually, the
upper bounds on the true differences, drawn on the left-hand
side,Vo(i)−Vo(j) < Tij+wij , for eachj 6= i, hold simulta-
neously with probability at least1−α. The confidence inter-
vals, drawn on the right-hand side,Vo(i)−maxj 6=i Vo(j) ∈
[D−

i , D+
i ], for each actioni, hold simultaneously with prob-

ability at least1− α. Also, in this example,G = {1, 2}. In
our context,G is the set of all the actions that could poten-
tially be the best with probability at least1− α. That is, for
each actiona in G, the upper boundD+

a on the difference of
the true value of actiona and the best ofall the other actions,
including those inG, is positive.

Estimation-based methods
One approach to selecting the best action is to obtain esti-
mates ofVo(a) for eacha by sampling, using the probability
model of the ID conditioned ona, then select the action with
the largest estimated value.

We can apply the idea ofimportance sampling(See
Geweke (1989) and the references therein) to this estima-
tion problem by using the probability distribution defined by
the ID asthe importance functionor sampling distribution.
This is essentially the same idea aslikelihood-weightingin
the context of probabilistic inference in Bayesian networks
(Shachter & Peot, 1989; Fung & Chang, 1989). We present
this method in the context of our example ID.

First, we present definitions that will allow us to rewrite
Vo(a) more clearly. First, letZ = (S, S′). Define thetarget
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Figure 3: Graphical description of Hsu’s multiple-bound
lemma. Note that the “lower bounds” on the left-hand side
are−∞.

function(in our case, theweighted utilities)

ga,o(Z) = ga,o(S, S′)
= P (S)P (S′ | S, O = o, A = a) ·

P (O = o | S)U(S, S′, O = o, A = a).

Note thatVo(a) =
∑

Z ga,o(Z). Define theimportance
functionas

fa,o(Z) = P (S)P (S′ | S, O = o, A = a). (10)

Define theweight functionωa,o(Z) = ga,o(Z)/fa,o(Z).
Note that in this case,

ωa,o(Z) = P (O = o | S)U(S, S′, O = o, A = a). (11)

Finally, note thatVo(a) =
∑

Z fa,o(Z)(ga,o(Z)/fa,o(Z)).
The idea of the sampling methods described in this section is
to obtain independent samples according tofa,o, use those
samples to estimate the value of the actions, and finally se-
lect an approximately optimal action by taking the action
with largest value estimate. Denote theweight of a sample
z(i) from Z ∼ fa,o asω

(i)
a,o = ωa,o(z(i)). Then an unbiased

estimate ofVo(a) is V̂o(a) = 1
Na,o

∑Na,o

i=1 ω
(i)
a,o.

Traditional Method
We can obtain an estimate ofVo(a) using the straightfor-
ward method presented in Algorithm 1; it requires parame-
tersNa,o that will be defined in Theorem 1.

This is the traditional sampling-based method used for
action selection. However, we are unaware of any result
regarding the number of samples needed to obtain a near-
optimal strategy with high probability using this method.



Algorithm 1 Traditional Method

1. Obtain independent samplesz(1), . . . , z(Na,o) from
Z ∼ fa,o.

2. Compute the weightsω(1)
a,o, . . . , ω

(Na,o)
a,o .

3. OutputV̂o(a) = average of the weights.

Theorem 1 If for each possible actioni = 1, . . . , k, we es-
timateVo(i) using the traditional method, the weight func-
tion satisfiesli,o ≤ ωi,o(Z) ≤ ui,o, and the estimate uses

Ni,o =
⌈

(ui,o − li,o)2

2ε2
ln

k

δ

⌉

samples, then the action with the largest value estimate has
a true value that is within2ε of the optimal with probability
at least1− δ.

Proof sketch. The proof goes in three basic steps. First,
we applyHoeffding bounds(Hoeffding, 1963) to obtain a
bound on the probability thateach estimate deviates from its
true mean by some amountε. Then, we apply theBonfer-
roni inequality (Union bound)to obtain joint bounds on the
probability that the difference ofeach estimate from all the
others deviates from the true difference by2ε. Finally, we
apply Hsu’s single bound lemma to obtain our result.

Note that we can computeli,o andui,o efficiently from
information local to eachnode in the graph. Assuming that
we have non-negative utilities, we can let

ui,o =
[∏n3

j=1 maxPa(Oj) P (Oj | Pa(Oj))|O=o

]
•
[∑m

j=1 maxPa(Uj) Uj(Pa(Uj))|O=o,A=i

]
, (12)

li,o =
[∏n3

j=1 minPa(Oj) P (Oj | Pa(Oj))|O=o

]
•
[∑m

j=1 minPa(Uj) Uj(Pa(Uj))|O=o,A=i

]
. (13)

However, these bounds can be very loose.

Sequential Method
The sequential method tries to reduce the number of samples
needed by the traditional method, using ideas from sequen-
tial analysis. The idea is to first obtain an estimate of the
variance and then use it to compute the number of samples
needed to estimate the mean. The method, presented in Al-
gorithm 2, requires parametersN ′

a,o andN ′′
a,o that will be

defined in Theorem 2.
Note that given the sequential nature of the method, the

total number of samples is now a random variable. We also
note that while multi-stage procedures of this kind are com-
monly used in the statistical literature, we are only aware
of results based on restricting assumptions on the distribu-
tion of the random variables (i.e., parametric families like
normal and binomial distributions) (Bechhofer, Santner, &
Goldsman, 1995).

Theorem 2 If, for each possible actioni = 1, . . . , k, we
estimateVo(i) using the sequential method, the weight func-

Algorithm 2 Sequential Method

1. Obtain independent samplesz(1), . . . , z(2N′
a,o) from

Z ∼ fa,o.

2. Compute the weightsω(1)
a,o, . . . , ω

(2N′
a,o)

a,o .

3. Forj = 1, . . . , N ′
a,o, let yj = (ω(2j−1)

a,o − ω
(2j)
a,o )2/2.

4. Computêσ2
a,o = average ofyj ’s.

5. LetNa,o = 2N ′
a,o + N ′′

a,o(σ̂2
a,o).

6. ObtainN ′′
a,o(σ̂2

a,o) new independent samples

z(2N′
a,o+1), . . . , z(Na,o) from Z ∼ fa,o.

7. Compute the new weightsω
(2N′

a,o+1)
a,o , . . . , ω

(Na,o)
a,o .

8. OutputV̂o(a) = average of the new weights.

tion satisfiesli,o ≤ ωi,o(Z) ≤ ui,o, σ2
i,o = V ar[ωi,o(Z)],

N ′
i,o =

⌈
(ui,o − li,o)4/3

2 22/3ε4/3
ln

2k

δ

⌉
,

and

N ′′
i,o(σ̂2

i,o) =

⌈(
2σ̂2

i,o + 2(ui,o − li,o)ε/3
ε2

+

21/3 (ui,o − li,o)4/3

ε4/3

)
ln

2k

δ

⌉
,

then the action with the largest value estimate has a true
value that is within2ε of the optimal with probability at least
1− δ. Also,

Ni,o <

(
2σ2

i,o + 2(ui,o − li,o)ε/3
ε2

+

5
22/3

(ui,o − li,o)4/3

ε4/3

)
ln

2k

δ
+ 1

= O

(
max

(
σ2

i,o

ε2
,
(ui,o − li,o)4/3

ε4/3

)
ln

k

δ

)
,

with probability at least1− δ/(2k), and

E[Ni,o] = 2N ′
i,o + N ′′

i,o(σ2
i,o)

= O

(
max

(
σ2

i,o

ε2
,
(ui,o − li,o)4/3

ε4/3

)
ln

k

δ

)
.

Proof sketch. The only difference from the proof of The-
orem 1 is the first step. Instead of using Hoeffding bounds
to bound the probability thateach estimate deviates from
its true mean, we use a combination ofBernstein’s inequal-
ity (as presented by Devroye, Gy¨orfi, & Lugosi (1996) and
credited to Bernstein (1946)) and Hoeffding bounds as fol-
lows. We first use the Hoeffding bound to bound the prob-
ability that the estimate of the variance after taking some
number of samples2N ′ deviates from the true variance by
some amountε′. We then use Bernstein’s inequality to
bound the probability that the estimate we obtain after taking
some number of samplesN ′′ deviates from its true mean by



ε giventhat the true variance is no larger than our estimate
of the variance plusε′. We then find the value ofε′ (in terms
of ε) that minimizes the total number of samplesN ′′ +2N ′.
The results on the number of samples follow by substituting
the minimizingε′ back into the expressions forN ′′ andN ′.
Steps2 and3 are as in Theorem 1.

The sequential method is particularly more effective than
the traditional method whenσ2

i,o � (ui,o − li,o)2.

Comparison-based Method
Using the results from MCB, we can compute simultaneous
or joint confidence intervals on the difference between the
value ofVo(a) and the best of all the others for all actionsa.
Therefore, MCB allows us to select the best action choice or
an action with value close to it, within a confidence level.

In the previous section we presented methods that require
that we have estimates with the same precision in order to
select a good action. Hsu’s multiple-bound lemma applies
when we do not have estimates ofVo(a) for eacha with the
same precision. Based on this result, we propose the method
presented in Algorithm 3 for action selection.

Algorithm 3 Comparison-based Method
1. Obtain aninitial number of samplesfor each actiona.
2. ComputeMCB confidence intervalson the difference
in value of each action from the best of the other actions
using those samples.
while not able to select a good action with high certainty
do

3(a). Obtainadditional samples.
3(b). Recompute MCB confidence intervals using total
samples so far.

We compute the MCB confidence intervals heuristically.
To do this, we approximate the precisions that satisfy the
conditions required by Hsu’s multiple-bound lemma (Equa-
tion 8) using Hoeffding bounds (Hoeffding, 1963). Using
this approach, for each pair of actionsi and j, and val-
ueslij,o anduij,o such thatlij,o ≤ ωi,o(Z) ≤ uij,o and
lij,o ≤ ωj,o(Z) ≤ uij,o, we approximatewij as

wij = (uij,o − lij,o)

√
1
2

(
1

Ni,o
+

1
Nj,o

)
ln

k − 1
δ

, (14)

whereNi,o is the number of samples taken for actioni thus
far. We then use these approximate precisions and the value-
difference estimates to compute the MCB confidence inter-
vals (as specified by Equation 9). There are alternative ways
of heuristically approximating the precisions but, in this pa-
per, we use the one above for simplicity.

Once we compute the intervals, the stopping condition is
as follows. If at least one of the lower bounds of the MCB
confidence intervals is greater than−2ε, then we stop and
select the action that attains this lower bound. Otherwise,
we continue taking additional samples.

We define the value ofinitial number of samplesin our ex-
periments as40. When taking additional samples, we use a
sampling schedule that is somewhat selective in that it takes

more samples from more promising actions as suggested by
the MCB confidence intervals. We find the action whose
corresponding MCB confidence interval has an upper bound
greater than0 (i.e., from the setG as defined in Hsu’s multi-
ple bound lemma) and whose lower bound is the largest. We
take40 additional samples from this action and10 from all
the others. We understand that these sample sizes are very
arbitrary. Potentially, other setting of these sample sizes can
be more effective but we did not try to optimize them for our
experiments. Algorithm 4 presents a detailed description of
the instance of the method we used in the experiments.

Algorithm 4 Algorithmic description of the instance of the
comparison-based method used in the experiments.

for each observationo do
l ← 1
for each actioni = 1, . . . , k do

Computeui,o and li,o using equations 12 and 13,
respectively.
D−

i ← −∞; N
(l)
i,o ← 40; Ni,o ← 0; V̂o(i)← 0.

for each pair of actions(i, j), i 6= j do
uij,o← max(ui,o, uj,o); lij,o ← max(li,o, lj,o).

while there is no actioni such thatD−
i > −2ε do

for each actioni do
ObtainN

(l)
i,o samplesz(Ni,o+1), . . . , z(Ni,o+N

(l)
i,o)

from Z ∼ fi,o, as in equation 10.

Compute weightsω(Ni,o+1)
i,o , . . . , ω

(Ni,o+N
(l)
i,o)

i,o .

V̂o(i)← (Ni,oV̂o(i)+
∑N

(l)
i,o

j=1 ω
(Ni,o+j)
i,o )/(Ni,o +

N
(l)
i,o).

Ni,o ← Ni,o + N
(l)
i,o.

for each pair of actions(i, j), i 6= j do
Tij ← V̂o(i) − V̂o(j); Tji ← −Tij .
Computewij using equation 14;wji ← wij.

for each actioni do
ComputeD+

i , G, andD−
i using Hsu’s multiple-

bound lemma.
for each actioni do

if D−
i == maxj∈G D−

j then N
(l+1)
i,o ← 40

elseN
(l+1)
i,o ← 10.

l ← l + 1.
π̂(o)← argmaxi D−

i .

Although this method may seem well-grounded, we are
not convinced that the bounds hold rigorously. The preci-
sions are correct if the samples obtained so far for each ac-
tion are independent. However, this might not be the case,
since the number of samples gathered on each round de-
pends on a property of the previous set of samples (that is,
that the lower-bound condition did not hold). It is not yet
clear to us whether the fact that thenumberof samples de-
pends on the values of the samples implies that the samples
must be considered dependent.



Related Work
Charnes & Shenoy (1999) present a Monte Carlo method
similar to our “traditional method.” One difference is that
they use a heuristic stopping rule based on a normal approx-
imation (i.e., the estimates have anasymptoticallynormal
distribution). Their method takes samples until all the esti-
mates achieve a required standard error to provide the cor-
rect confidence interval on each valueunder the assumption
that the estimates are normally distributed and the estimate
of the variance is equal to the true variance. They do not
give bounds on the number of samples needed to obtain a
near-optimal action with the required confidence. We refer
the reader to Charnes & Shenoy (1999) for a short descrip-
tion and references on other similar Monte Carlo methods
for IDs.

Bielza, Müller, & Insua (1999) present a method based
on Markov-Chain Monte Carlo (MCMC) for solving IDs.
Although their primary motivation is to handle continuous
action spaces, their method also applies to discrete action
spaces. Because of the typical complications in analyzing
MCMC methods, they do not provide bounds on the number
of samples needed. Instead, they use a heuristic stopping
rule which does not guarantee the selection of a near-optimal
action. Other MCMC-based methods have been proposed
(See Bielza, M¨uller, & Insua (1999) for more information).

Empirical results
We tried the different methods on a simple made-up ID.
Given space restrictions we only describe it briefly (See Or-
tiz (2000) for details). Figure 4 gives a graphical representa-
tion of the ID for thecomputer mouse problem. The idea is
to select an optimal strategy of whether tobuya new mouse
(A = 1), upgradethe operating system (A = 2), or take
no action(A = 3). The observation is whether the mouse
pointer is working (MPt = 1) or not (MPt = 0). The vari-
ables of the problem are the status of the operating system
(OS), the status of the driver (D), the status of the mouse
hardware (MH), and the status of the mouse pointer (MP ),
all at the current and future time (subscripted byt andt+1).
The variables are all binary.

The probabilistic model encodes the following informa-
tion about the system. The mouse is old and somewhat un-
reliable. The operating system is reliable. It is very likely
that the mouse pointer will not work if either the driver or
the mouse hardware has failed. Table 1 shows the utility
functionU(MPt+1, A) and the values of the actions and ob-
servationsVO(A) computed using an exact method. From
Table 1 we conclude that the optimal strategy is: buy a
new mouse (A = 1) if the mouse pointer is not working
(MPt = 0); take no action (A = 3) if the mouse pointer is
working (MPt = 1). This strategy has value 26.50.

Table 2 presents our results on the effectiveness of the
sampling methods for this problem. We set our final de-
sired accuracy for the output strategy toε∗ = 5 and con-
fidence levelδ∗ = 0.05. This leads to the individual ac-
curacy 2ε = 2.5 and confidence levelδ = 0.025 for
each subproblem. We executed the sequential method and
the comparison-based method 100 times. The comparison-
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Figure 4: Graphical representation of the ID for the com-
puter mouse problem.

U V
MPt+1 MPt

A 0 1 0 1
1 0 40 18.20 6.60
2 5 45 7.54 7.39
3 10 50 10.57 8.30

Table 1: This table presents the utility function and the
(exact) value of actions and observations for the computer
mouse problem.

based method produces major reductions in the number of
samples. When we observe the mouse pointer not working,
The comparison-based method always selects the optimal
action of buying a new mouse. When we observe the mouse
pointer working, The comparison-based method failed to se-
lect the optimal action oftaking no action4 times out of the
100. In those cases, it selected the next-to-optimal action
of upgrading the operating system (A = 2). This action
is within our accuracy requirements since the difference in
value with respect to the optimal action is 0.91.

The comparison-based method is highly effective in cases
where there is a clear optimal action to take. For instance,
in the computer mouse problem, buying a new mouse when
we observe the mouse not working is clearly the best option.
The differences in value between the optimal action and the
rest are not as large as when we observe the mouse working.

In this problem, the results for the sequential method
should not fully discourage us from its use, because the vari-
ances are still relatively large. We have seen major reduc-
tions in problems where the variance is significantly smaller
than the square of the range of the variable whose mean we
are estimating.

Summary and Conclusion
The methods presented in this paper are an alternative to
exact methods. While the running time of exact methods
depends on aspects of the structural decomposition of the



Method
A MPt Traditional Sequential Comp-based
1 0 2403 3802 (188) 335 (151)
2 0 3007 2266 (142) 115 (37)
3 0 3679 2426 (129) 118 (39)
1 1 2213 2508 (178) 521 (216)
2 1 2794 2969 (201) 695 (421)
3 1 3443 3468 (202) 1361 (560)

Total 17539 17438 (434) 3145(809)

Table 2: Number of samples taken by the different methods
for each action and observation. For the sequential and the
comparison-based methods, the table displays the average
number of samples over 100 runs. The values in parenthesis
are the sample standard deviations.

ID, the running time of the methods presented in this paper
depends primarily on the range of the weight functions, the
variance of the value estimators and the amount of separa-
tion between the value of the best action and that of the rest
(in addition to the natural dependency on the number of ac-
tion choices, and the precision and confidence parameters).
In some cases, we can know in advance whether they will
be faster or not. The methods presented in this paper can be
a useful alternative in those cases where exact methods are
intractable. How useful depends on the particular character-
istics of the problem.

Sampling is a promising tool for action selection. Our
empirical results on a small ID suggest that sampling meth-
ods for action selection are more effective when they take
advantage of the intuition that action selection is primarily
a comparison task. We look forward to experimenting with
IDs large enough that sampling methods are the only poten-
tially efficient alternative. Also, our work leads to the study
of adaptive sampling as a way to improve the effectiveness
of sampling methods (Ortiz & Kaelbling, 2000).
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