


scription for a propositional logic or a first-order logic
with domain closure axioms and unique name axioms.
Our method can compute minimal models for this class
of axioms not only with fixed predicates, but also with
varied predicates. Moreover, (Nerode et al., 1995) gives
a checking method of circumscriptive entailment for a
limited class of formulas, whereas we give a complete
checking method. Then, we extend our method to ap-
ply for prioritized circumscription as well.

(Cadoli et al., 1992) propose a method of eliminat-
ing varied predicates in circumscription by translat-
ing inference problem of a formula under circumscrip-
tion with varied predicates and fixed predicates into
another inference problem under circumscription with-
out varied predicates nor fixed predicates. So, read-
ers might think that methods of (Bell et al., 1992;
1996) which compute all the minimal models without
varied nor fixed propositions are sufficient for comput-
ing minimal models. However, it is not clear how to
apply the method proposed by (Cadoli et al., 1992) to
computing minimal models since the relationship be-
tween a model of the original circumscription and a
model of the translated circumscription is not known.

Preliminaries

We restrict our attention to propositional circumscrip-
tion. For the first-order case with domain closure ax-
ioms and unique name axioms, we can translate each
ground atom into a distinct proposition.

We assume that all propositional formulas are trans-
lated into a set of clauses of the form L1V Ly V...V L,
where L; is a positive literal p; or a negative literal —p;.

We associate each propositional symbol p with 0-1
variable X, which represents the truth value of p; If
Xp, =1, pis true and if X, = 0, p is false. We also
use an interpretation I to represent a solution of the
assignments to variables from integer programming. If
p € I, it represents X, = 1 and if p ¢ I, it represents
X, =0.

Let F and G be tuples of formulas, (Fy, Fs,..., F,)
and (G1,Ga,...,G,). We define F < G as \[_, F; D
G;. Wedefine F < Gas F<Gand G L F,and FF =~ G
as FF<Gand G < F.

Let A be a conjunction of formulas and P be a set
of propositional symbols used in A. We divide P into
disjoint three tuples of propositions P, Z,Q which are
called minimized propositions, varied propositions, and
fixed propositions.

Circumscription of P for A with Z varied is defined
as follows.

Circum(A; P; Z) =

A(P,Z) AN —=3p3z(A(p,z) Ap < P).

For a model theory of circumscription, we define an
order of interpretations to minimize P with Z varied as
follows. Let I be an interpretation and ® be a tuple of
propositional symbols. We define I[®] as {p € ®|I |= p}
or, equivalently, I N ®.

Let I; and I be interpretations.

I, <PZ [, if

Step 1: Let AC := () and S5 := 0.

Step 2: Minimizing Z X, under Tr(A)JAC us-
peP
ing 0-1 integer programming.
Step 3: If there is no solution for the above min-
imization, output SS
Step 4: Otherwise,

1. Let M be a solution of the above minimiza-
tion.

2. Add M[P] to SS.

3. Add Y X, <|M[P]|-1to AC.
pEM|[P]

4. Go to Step 2.

Figure 1: The algorithm of Nerode et al.

L L[Q] = L[Q].
2. I[P] C L[P].

We define I} <% I as I} <% I, and I, £73% I,. A
minimal model M of A(P,Z) w.r.t. P with Z varied is
defined as follows.

1. M is a model of A(P, Z).

2. There is no model M’ of A(P, Z) such that M’ <F%
M.

According to (Lifschitz, 1985), I is a minimal model
of A(P,Z) w.r.t. P with Z varied if and only if I is a
model of Circum(A; P; 7).

Computing Minimal Models without
Varied Propositions

Let A be a set of clauses. Then, a set of inequalities,
Tr(A), translated from A is defined as follows.
Tr(A) =
{Xp,+ + X, +Q1-X,)+...+(1-X,,) >1]
pLV..Vp, Vg V..V g, € A}

Let Z be empty. Then, the algorithm proposed in
(Nerode et al., 1995) is in Figure 1. We adapt their
algorithm for propositional circumscription. Note that
the algorithm is an extended version of the algorithm
of (Bell et al., 1992; 1996) to minimize all propositions.
The algorithm of (Bell et al., 1992; 1996) is a special
case of the algorithm of (Nerode et al., 1995) where a
set of fixed propositions, @, is empty.

The algorithm works as follows. We start with
Tr(A) as the initial constraints and minimize an ob-
jective function corresponding with minimized proposi-
tions under Tr(A). If we do not obtain any solution,
we are done. Otherwise, we add a constraint AC which
excludes non-minimal models larger than the obtained
solution.

(Nerode et al., 1995) claims the following on the cor-
rectness and completeness of the above algorithm.



Claim(Nerode et al., 1995, Theorem 1) Output SS
from the algorithm in Figure 1 is equivalent to

{MI[P]|M is a minimal model of A(P) with respect
to P with no propositions varied }.

Unfortunately, this claim is not correct in general as the
following example shows.

Example 1 Let A(ab) be the following set of clauses.

=birdV abV fly.
bird.

Then, the minimal models of A(ab) with respect to {ab)
are My = {bird, fly} and My = {bird,ab}. Note that
fly is a fixed proposition and so, the two models are
incomparable since interpretations of fly are different
in these two models.

However, from the algorithm in Figure 1, we cannot
obtain Ms as follows.

Tr(A) is

1 — Xpira + Xap + X1y > 1

Xpira > 1
By minimizing Xqp using 0-1 integer programming un-
der Tr(A), we obtain a solution Xup = 0, Xpira =
1, X1y = 1 which corresponds with M.

Then, we add Mi[(ab)] =0 to SS. Since Mi[{ab)] =
0, 3 peni(any Xp = 0 and [M;[(ab)]| = 0. Thus, we add
the following constraint to AC.

0<—1.

Obviously, we cannot get any further solution. This
means that we cannot obtain a minimal model M.

Therefore, the above claim does not work in general
if there is a fixed proposition. Although their method
is not correct with circumscription with fixed proposi-
tions, we later show that their method actually works
for circumscription with varied propositions without
fixed propositions.

Now, we give an algorithm which works correctly for
circumscription with fixed propositions in Figure 2. Let
I be an interpretation and ® be a tuple of propositional
symbols. We define I[®] used in Figure 2 as {p € ®|I F~
p} or equivalently, ® — I.

Theorem 1 OQutput SS from the algorithm in Figure 2
is equivalent to

{M|M is a minimal model of A(P) with respect to P
with no propositions varied }.

Proof: Let a be a formula which consists of logical con-
nectives and propositional symbols in P. Then, accord-
ing to (de Kleer and Konolige, 1989), Circum(A; P) &=
a if and only if Circum(AAN(R=--Q); P,Q,R) = «
where R is a tuple of new propositions not in A and
R=--Qis N*yr = —g for R = (ry,...,ry,) and
Q = {q1,.-,¢m). Then, we use the algorithm of (Bell
et al., 1992) to minimize all propositions and replace
every occurrence of variables X, for a proposition r; in
Rbyl-X,.0O

Example 2 Let A(ab) be the following set of clauses
as in Example 1

Step 1: Let AC := () and S5 := 0.

Step 2: Minimizing Z X, under Tr(A)JAC us-
peP
ing 0-1 integer programming.

Step 3: If there is no solution for the above min-
imization, output SS.

Step 4: Otherwise,

1. Let M be a solution of the above minimiza-

tion.
2. Add M to SS.
3.0Add Y X+ > X+ Y (1 -

pEM[P] qeMIQ]
Xqg) < |M[P]|+|Q| — 1 to AC.
4. Go to Step 2.

¢ €EMQ]

Figure 2: Algorithm for circumscription with fixed
propositions

=bird V abV fly.
bird.

Then, the minimal models of A(ab) with respect to {(ab)
are My = {bird, fly} and My = {bird, ab}.

By minimizing X under Tr(A), we obtain a solu-
tion Xop = 0, Xpira = 1, Xf1y = 1 which corresponds
with a minimal model M;.

Then, we add My to SS and we add the following
constraint to AC.

Xpira + X1y < 1.

Then, minimizing X under Tr(A)U AC, we obtain
a solution Xap = 1, Xpirq = 1, Xy1y = 0 which corre-
sponds with a minimal model M.

Then, we add My to SS and we add the following
constraint to AC.

Xab + Xpira + (1 — Xjp1y) <2

Then, minimizing Xg, under Tr(A) U AC, we
no longer obtain any solution and therefore, SS =
{{bird, fly}, {bird,ab}} is obtained.

Computing Minimal Models with
Varied Propositions

As shown in Introduction, we need varied proposition to
perform commonsense reasoning. We give a computa-
tion method of handling varied propositions in Figure 3.

Let F,G be disjoint sets of propositions. We define
F(F,.Gyas N\ fA N ~f

feF feaq

Theorem 2 Output MS from the algorithm in Fig-
ure 8 is equivalent to

{M|M is a minimal model of A(P, Z) with respect to
P with Z varied }.

Proof: At Step 4, every M € SS is a minimal model
but there might be alternative models such that the



Step 1: Let AC := () and S5 := 0.

Step 2: Minimizing Z X, under Tr(A)UAC us-
peP
ing 0-1 integer programming.
Step 3: If there is no solution for the above min-
imization, go to Step 5.
Step 4: Otherwise,
1. Let M be a solution of the above minimiza-
tion.
2. Add M[PUQ)] to SS

3.Add > X, + > Xo+ Y, (1-
pEM|[P] qEM[Q] q¢'EM[Q)

Xy) < [M[P]| +1Q] 1 to AC,

4. Go to Step 2.

Step 5: Let MS be () and for every S € SS do

the following.

1. AA=AANF(S,(PUQR)—S9).

2. Compute all the models of A" and add these
models to MS.

Output M S.

Figure 3: Algorithm for circumscription with varied
propositions

interpretations of P U @ are the same but the interpre-
tations of Z are different. At Step 5, we compute such
alternative models. [J

Example 3 Let A(ab) be the following set of clauses.

—bird VvV abV fly.
bird.

Then, the minimal model of A(ab) with respect to {ab)
with (fly) varied is My = {bird, fly}.

By minimizing X under Tr(A), we obtain a solu-
tion where Xqp = 0, Xpirg = 1 and Xyy = 1. We add
M [{ab) U (bird)] = {bird} to SS and the following con-
straint to AC.

Xpira < 0.

Obviously, there is no solution for Tr(A) U AC and
therefore, SS = {{bird}} is obtained.

Then, we add F({bird}, {ab, bird} — {bird}) = bird A
—ab to A to obtain A’ and compute all the models of
A'. We obtain MS = {{bird, fly}}.

Actually, in the algorithm in Figure 3, if @) is empty
and we output SS at Step 3 instead of going to Step
5, then this is equivalent to the algorithm of Nerode et
al. In other words, the correct claim for (Nerode et al.,
1995) is as follows.

Corollary 1 Let P be PU Z and @ be empty. Final
SS in the algorithm in Figure 3 is equivalent to

{M[P]|M is a minimal model of A(P, Z) with respect
to P with Z varied }.

If we only concern about circumscriptive entailment
discussed in (Nerode et al., 1995), that is, whether
Circum(A; P; Z) |= « or not, we do not need Step 5.
Instead, we check whether AAF(S, (PUQ)—S)A—a for
every S € SS has any models or not. This can be done
by checking whether Tr(A A F(S,(PUQ) — S) A —a)
does not have any solution when minimizing any arbi-
trary objective function. Note that in (Nerode et al.,
1995), they use “upper and lower fringes” to compute
circumscriptive entailment for a restricted class of for-
mulas, but actually, such “fringes” are not necessary.

Computing Minimal Models in
Prioritized Circumscription

We firstly give a definition of prioritized circumscrip-
tion. We divide a set of propositions into n partitions
and give an order over partitions. Suppose that this is
P, > P, > ... > P,. Intended meaning of this order is
that we firstly minimize P;, then P» .... ,then P,. Let
P and @ be a tuple of propositions which have orders
Pr>P>..>FP,and Q1 > Q2 > ... > Q,,. We define
P <" Q as follows. Ifi =1, P <" Qis P, < Q; and if
i>1, (/\;;11 P; =~ Q;) D P <Q;. We define P < Q as
AN P=<"Qand P<QasP=<Qand QA P.

Prioritized circumscription of P, > P, > ... > P, for
A with Z varied is defined as follows.

Circum(A; Py > Py > ... > Py Z) =

A(P, Z) N —=3p3z(A(p,z) Ap < P).

In a model theory of prioritized circumscription, we
define an order over interpretations as follows.

Let I; and I5 be interpretations and let P consist of
disjoint sets Py, Ps, ..., P,,Q, Z.

Il 5P1>P2>...>PH;Z 1'2 if

L L[Q] = L[]
2. Il[Pl] - IQ[Pl]

3. For every i, if for every 1 < j <i—1, 1 [P;] = I1[P}],
then Il [Pz] g IQ[PZ]

We define Il _<P1>P2>...>P7,,;Z 12 as Il jP1>P2>...>Pn;Z
IQ and 12 ﬁP1>P2>...>Pn;Z Il-

A minimal model M of A(P,Z) wr.t. P, > Py >
.. > P, with Z varied is defined as follows.

1. M is a model of A(P, Z).

2. There is no model M’ of A(P,Z) such that
M/ _<P1>P2>.~>Pn;Z M

According to (Lifschitz, 1985), I is a minimal model
of A(P,Z) wr.t. P > Py > ... > P, with Z varied iff
I is a model of Circum(A; Py > Py > ... > P,; 7).

Similar to the problem in non-prioritized circumscrip-
tion, the method proposed in (Nerode et al., 1995) of
computing prioritized circumscription is correct if there
are no fixed propositions.

To manipulate fixed propositions in prioritized cir-
cumscription, we need the following theorem which is a
generalization of the result of (de Kleer and Konolige,
1989).



Theorem 3 Let a set of propositions P consist of dis-
joint sets Py, Py, ..., Py, Q,Z and P=PiUP,U...UP,
and o be a formula which consists of logical connectives
and propositional symbols in P. Then,

Circum(A(P,Z); P, > P, > ... > P; Z) = « if and
only if Circum(A(P,Z)N(R=--Q);Q,R, P, > P, >
> Py Z) E a.

Proof: See appendix.

This theorem means that we can translate prioritized
circumscription with fixed propositions to prioritized
circumscription without fixed propositions. Moreover,
we extend the method so that it is applicable even if
there are varied propositions. We show the algorithm
in Figure 4.

Theorem 4 Qutput MS from the algorithm in Fig-
ure 4 is equivalent to

{M|M is a minimal model of A(P, Z) with respect to
Py > ... > P, with Z varied}.

Proof: According to (Lifschitz, 1985),

Circum(A(P,Z); P, > P, > ... > P,;Z) is equiva-
lent to

Circum(A(P, Z); Py; Py, ..., Pp, Z)\
Circum(A(P, Z); Py; P, ..., Py, Z) A
Circum(A(P,Z); Pp; Z).

At Step 1,...,Step 4, we compute interpretation of

P; and @ for every model of
Circum(A(P,Z); Py; Pa, ..., Py, Z).

At the iteration where i = 2...n in Step 5, we com-
pute interpretation of Py, ..., P; and @ for every model
of

Circum(A(P, Z); Py; Pa, ..., Pn, Z)A

Circum(A(P, Z); Py; P, ..., Py, Z) A

Circum(A(P, Z); Pi; Piy1y ..., Pn, Z)
since we reflect interpretation of propositions P, U... U
P;_1 UQ which are obtained up to the latest iteration.
Therefore, at n-th iteration, we obtain interpretation
of Py, ..., P, for every model of Circum(A(P,Z); P, >
P,>...>P;Z). 0

Example 4 Consider the following axioms.

aby V — fly

=bird V abs V fly.

We compute minimal models of Circum(A; (abs) >
(ab1); (fly)) meaning that we minimize aby and aby
with fly varied (and bird fized) and abs is prefer-
ably minimized than aby. The minimal models are
{bird, fly,ab1} and 0. We have two minimal models
since the interpretations of bird in these models are dif-
ferent from each other.

Step 1: AC :=0 and SS := 0.
Step 2(1): Minimize Xap, under the following con-
straints:
)(ab1‘+'1 ")(fly Eil
1 — Xpira + Xap, + Xp1y 21
Step 3(1): Then, there are three solutions for this
minimization:
S1={Xaw, =0, Xpira=1,Xp1y =1, Xop, =1},

Step 1: Let AC := () and SS := 0.

Step 2: Minimizing Z X, under Tr(A) U AC
peEP
using 0-1 integer programming.
Step 3: If there is no solution for the above min-
imization, go to Step 5.
Step 4: Otherwise,
1. Let M be a solution of the above minimiza-
tion.
2. Add M[P, UQ)] to SS

30Add > X, + > X+ Y [

pEM[P1] qeMIQ] ¢’ €M[Q]
X,) < [MIP/]| + Q| ~ 1 to AC.
4. Go to Step 2.
Step 5: For i := 2 to n do the following.
1. S8 :=0.
2. For every S € SS do
Step 5-1: Let AC := .
Step 5-2: Minimizing Z X, under Tr(AA
peP;
F(S,(PLU...UP_1UQ) —
0-1 integer programming.
Step 5-3: If there is no solution for the
above minimization, process the next S.
Step 5-4: Otherwise,
(a) Let M be a solution of the above minimiza-
tion.
(b) Add M[P,U...UP,UQ] to SS".
() Add Y X, <|M[P]| -1 to AC.
pEM[P;]
(d) Go to Step 5-2.
3. §5:= 55" and do the next iteration for 4.
If iteration stops then let M .S be @) and for every
S € 58 do the following.
1. Let A" .= AANF(S,(PLU...UP,UQ) - S).
2. Compute all the models of A’ and add these
models to M S.

Output M S.

S)) U AC using

Figure 4: Algorithm for prioritized circumscription




Sy = {Xap, =0, Xpira =0, X1y =1, Xop, = 1},
S ={Xap, =0, Xpira =0, X515y = 0, Xqp, = 0}.
Step 4(1): Suppose that we obtain Si.
1. My = {bird, fly,ab,}
2. Add M;[{abs) U (bird)] = {bird} to SS. (SS be-
comes {{bird}}.)
8. Add Xpirqg <0 to AC.
Step 2(2): Minimize X, under new AC.
Step 3(2): Then, there are two solutions for this min-
imazation, Sy and S3.
Step 4(2): Suppose that we obtain Ss.
1. My = {fly,abi}.
2. Add Ms[{abs) U (bird)] = 0 to SS. (SS becomes
{{bird},0}.)
3. Add1-— Xbird S 0 to AC.
Step 2(3): Minimize X, under new AC.

Step 3(3): Then, we no longer obtain any solutions,
and go to Step 5.

Step 5:
i:=2 and SS’ := 0.
1. S := {bird}.
Step 5-1(1): AC :=0.
Step 5-2(1): Minimize X, under the following
constraints:
Xap, +1—Xjpy 21
1 — Xpira + Xap, + X1y 21
Xab2 S 0
Xpira 2 1
Step 5-3(1): Then, we obtain the solution Sy again.
Step 5-4(1):
(a) My = {bird, fly,ab;}
(b) Add Mi[{abs) U (aby) U (bird)] = {aby,bird} to
SS". (SS" becomes {{aby, bird}}.)
(c) Add Xap, <0 to AC.
Step 5-2(2): Minimize Xp, under new AC.
Step 5-3(2): Then, we no longer obtain any solu-
tions.
2. 5:=0.
Step 5-1(1): AC :=10.
Step 5-2(1): Minimize X, under the following
constraints:
Xap, +1—-Xypy 21
1— Xyira + Xap, + X1y >1
Xabg S 0
Xpira <0
Step 5-3(1): Then, we obtain the solution S3 only.
Step 5-4(1):
(a) M3 =10
(b) Add Ms[{abs) U {ab1) U {(bird)] = 0 to SS’. (S5’
becomes {{aby, bird},D}.)
(c) Add 0 < —1 to AC.
Step 5-2(2): Minimize Xap, under new AC.

Step 5-3(2): Then, we no longer obtain any solu-
tions.

Tteration stops and by calculation of M S from SS’, we
obtain {{bird, fly,ab;},0}.

We can also give a method of circumscriptive entail-
ment in prioritized circumscription as in ordinary cir-
cumscription. After iteration stops, we check for every
A’ € 85, A’ A -« does not have any models to check
whether « is consequence of the prioritized circumscrip-
tion or not.

Conclusion

Contributions of this paper are as follows.

1. We correctly give the method of computing all the
models of circumscription not only with fixed propo-
sitions, but also with varied propositions.

2. We give a complete method of computing circum-
scriptive entailment for propositional logic.

3. We also extend the method of computing minimal

models to include varied propositions in prioritized
circumscription.
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Appendix (Proof of Theorem 3)

Lemma 1 Let a set of propositions P consist of dis-
joint sets P,Q,Z. Circum(A(P,Z) N (R = - -
Q); P; Z) is equivalent to Circum(A(P,Z) N (R = — -
Q);Q, R, P; 7).

Proof: Suppose that M is a model of
Circum(A(P,Z) N (R =--Q);Q,R,P;Z), but M is
not a model of Circum(A(P,Z) N (R = —--Q); P;2).
Then, there is a model M’ s.t.

e The interpretations of R and ) are same in M and

M.

o M <PZ M.

Then, this means that M’ <P@®Z M and it
contradicts the assumption that M is a model of
Circum(A(P,Z)N(R=--Q);Q,R,P; Z).

On the other hand, Suppose that M is a model of
Circum(A(P,Z) N (R =—--Q); P;Z), but M is not a
model of Circum(A(P,Z) AN (R = —--Q);Q,R,P; 7).
Then, there is a model M’ s.t. M’ <PQBZ pro If
the interpretations of Q and R were same in M and
M’, it would mean that M’ <% M. Therefore, there
must be some difference in the interpretations of ) and
R between M and M’. Let s be proposition in @ or
R s.t. the interpretation of s is different in M and M’.
Suppose that s is in ). Then, there is some proposition
tin R s.t. s = —t. This means that M’ @2 )\,
The same argument applies if s is in R. Therefore, it
leads to contradiction. [J

Lemma 2 Let a set of propositions P consist of dis-
joint sets Py, Py, ..., P, Q,Z and P = PLUP,U...UP,.
Circum(A(P,Z)N(R=--Q);Q, R, Py > P> > ... >
P, Z
s equivalent to
Circum(A(P,Z) N
P.; 7).

Proof: According to (Lifschitz, 1985),
Circum(A(P,Z)AN(R=--Q);Q,R, P, > P> > ... >
P,; Z) is equivalent to
Circum(A(P,Z)AN(R=--Q);Q
ACircum(A(P,Z) A (R = —
Then, use Lemma 1. 0

(R=--Q;P > P > ... >

RaPI;P27"'7PnaZ)
-Q) P> ..>P,; 7).

We also need the following lemma.

Lemma 3 Let a set of propositions P consist of dis-
joint sets Py, Py, .... P, Q,Z and P = PLUP,U...UP,.

Circum(A(P,Z)N(R=—Q); PL > P> ... > P,; Z)
is equivalent to
Circum(A(P,Z); P, > P, > ... > Py;Z) AN (R =

- Q).

Proof: Suppose that M is a model of
Circum(A(P,Z)YN(R==-Q); P, > P> > ... > P; Z),
but M is not a model of Circum(A(P,Z);P >
P, > ..>Py;Z)AN(R=--Q). Misa model of
(R = —- Q) and therefore, M must not be a model of
Circum(A(P,Z); Py > P> > ... > P,; Z). Then, there
is a model M’ of A(P,Z) s.t. M' <t>Pe>>PuiZ \p,
Since R and @ are fixed propositions, M’ = (R = —-Q)
since M = (R = —- Q). This contradicts the assump-
tion that M is a minimal model of A(P, Z)A(R = —-Q)
w.rt. P > Py, > ... > P, with Z varied.

On the other hand, suppose that M is a model of
Circum(A(P,Z); P, > Py > ...> Py; Z)AN(R=—--Q),
but M is not a model of Circum(A(P,Z) AN (R = —-
Q)P > P > ...> P,;Z). Since M is a model of
A(P,Z)N(R = —-Q), there is a model M’ of A(P,Z) A
(R=~-Q) s.t. M/ <Pr>Pe>>PuZ V[ However, this
contradicts with the assumption that M is a minimal
model of A(P,Z) wrt. P, > Py, > ... > P, with Z
varied since the interpretations of R and ) are same in
M and M'. O

Proof of Theorem 3 By Lemma 2,
Circum(A(P,Z)AN(R=--Q);Q,R, P, > P, > ... >

is equivalent to
Circum(A(P,Z) A

P,; 7).

Then, by Lemma 3, the above is equivalent to

Circum(A(P,Z); Py > Py > ... > Py Z) N (R

.0

-

(RE—|~Q);P1 > P > >



