


4. z||yiff neitherz <ynory <z

The relations in a point algebra are always disjunctions of
basic relations and they are represented as sets of basic re-
lations. Since we have 4 different basic relations we get
24 = 16 possible digunctiverelations. The set of basic rela-
tionsis denoted B and the set of all 16 relations is denoted
by PA. Sometimeswe use a short-hand notation for certain
relations, for example, {<, =} is sometimes written as <
and {=, ||} as||. The empty relations is denoted by L and
it is always unsatisfied. We will implicitly assume that the
converse of relations are available. For instance, if (<) isin
aset of relationsT', then the converse (>) isasoinT.

The basic computationa problem of the point algebrais
the satisfiability problem where we have a set of variables
and a set of constraints over the variables and the question is
whether there exists a mapping from the variables to some
partial order such that all constraints are satisfied.

Definition 1 Let ® C PA beaset of point relationsand P a
class of partial orders. A problem instance of SAT,(R) isa
set of variables V' and a set of binary constraints of the form
zRy wherez,y € V and R € R. A tuple (£, (T, <)) where
f:V — Tisatota functionand (T, <) € P iscaled an
interpretation of II.

A problem instance II is satisfiable iff there exists an in-
terpretation M = (f, (T, <)) suchthat f(z) R f(y) holds
for every constraint z Ry. Such an M iscalled amodel of II.

Given an instance IT of SAT,, () and two variables z, y we
writez <T y to say that there exists zero or more variables
Z1, ..., 2n SuUch that

r<z1ANz1< 22N ANz2p 1< 2u N2y Sy

andwewritex <* ytosayz <t yorz = y.

We will consider two classes of partial orders. po which
istheclassof all partial ordersandto C powhichistheclass
of all total orders.

Digunctions
We will now extend the point algebrawith disunctions.

Definition 2 Let Ry, R, berelations of arity ¢, j and define
thedigunction R; V R, of arity i + j asfollows:

RiV Ry = {(:El,...,.%‘H_j) EDi+j|(:E1,...,$i)€R1\/
Tit1y---3Titj) ERy

Thus, the digunction of two relations with arity ¢, j is the
relation with arity 7 + j satisfying either of the two relations.

Let I'y, 'y be sets of relations and define the digunction
I'139Ts asfollows:

'3l =T, U, U{Rl \/R2|R1 el', R € ]._‘2}

The digunction of two sets of relation I'1 VT, first intro-
duced by Cohen et al.(Cohen, Jeavons, & Koubarakis1997),
is the set of digunctions of each pair of relationsin 'y, I's
plusthesatsT'y, I's. Itisanatural toincludeI’; and I’y since
one wants to have the choice of using the digunction or not.
Thefact that if R; V R» isincluded in aset of relations, then
both R; and R, arein the set is an property which we refer

to as the J-closure property. In the sequel, we will tacitly
assumethat all sets of relationsthat we consider can be con-
structed from P.A and v and that they, consequently, satisfy
the v-closure property. In many cases we shall be concerned
with constraints that are specified by disjunctions of an arbi-
trary number of relations. Thus, we make the following def-
inition: for any set of relations, A, define A* = U‘Z.’io AVi
where AV0 = {1} and AVt = AVESA.

The previoudly defined concepts of problem instances, in-
terpretations, models and so on can obvioudly be extended
to disunctions in a natural way. It is worth noting that the
problem SAT,,, isin NP even if we allow the use of disjunc-
tions.

We say that a set of constraintsT" is maximal tractable iff
SAT,(T) istractable and for every set X ¢ T' of relations
which can be constructed by the relationsin P.A and the ¥
operator, SAT,(I' U X) isnot tractable.

Finally, we introduce the independence property as de-
fined by Cohen et al. (1997). This concept will be used ex-
tensively for showing tractability results.

Definition 3 For any sets of relationsI" and A, we say that
A is independent with respect to I if for any set of con-
straints C in SAT,(I' U A), C has a solution whenever
every C' C C, which contains at most one constraint whose
constraint relation belongsto A, has a solution.

Theorem 4 For any setsof relationsT" and A, if SAT,(T'U
A) istractable and A isindependent with respect to T, then

SAT,(IVA*) istractable.

Gadgets

Gadgets allow us to concentrate on small sets of relations
while proving tractability for large sets.

Definition 5 Let ¥ be a satisfiable instance of SAT,,(T")
containing thevariablesz, y, z1, - . . , 2, and assume R to be
arelation not in I'. We say that T implements R iff the fol-
lowing holds: in every problem instance © containing acon-
straint z Ry the following holds: O is satisfiable iff ® with
xRy replaced by afresh copy of the gadget ¥ is satisfiable.

We assume that the variables 24, .. ., z, does not appear in
theinstance ©. It isthen easy to prove the following lemma

Lemma6 Let I beaset of relations such that SAT,(T') is
tractable and assume there exists a gadget ¥ from I" imple-
menting v, then SAT, (T U {~}) istractable.

We also show that independence is preserved under the in-
troduction of gadgets.

Theorem 7 Let A be a set of relations independent of T'
and assume there exists a gadget ¥ from A implementing
therelation §. Then, A U {4} isindependent of T".

Proof: Let II be an arbitrary instance of I' U A U {4} and
let S be the subinstance of II only containing relations from
' — A. Assume that every subset S U {z16191},...,5 U
{z,0,yn} Of Il where §; € A U {4} is satisfiable. Each
such set of constraints can be rewritten on the form S U II;



1 algorithm A
2 Input: AninstanceIl of SAT,,(I'4) or SAT,0(I'B)
3  repeat
4 I« 1I
5 for each pair of nodesni,ns € II do
6 if n1||n2 and n, <* ng then rqut
7 if n1||n2 and nq <* ngy then
8 if ny # ny then reject
9 else II' + contract(Il, ny, ns)
10 esif ny S* Nno and Nno S* ny then
11 if ny # ny € II then reject
12 else II' + contract(Il, ny, ns)
13 end if
14 end for
15 untilIl' =10
16 accept

Figure 1. The algorithm for solving SAT,.(I";) and
SAT o (T')

where II; is either a constraint from A or a set of con-
straints resulting from replacing the §; constraint by the gad-
get ¥. Obvioudly each set S U TI; is aso satisfiable as well
as al the relaxed sets S U {m;1},...,S U {m;,m}, Where
{mi1,-..,mm} arethe constraints in II;. Since A is in-
dependent of I" and IT; only contains relations from A, we
know that S U H where H = {r; ;|i <n,j < m} issatisfi-
able. Since S U H istheresult of replacing each § constraint
in IT by the gadget ¥, we have shown that II is satisfiable
and hence, that A U {4} isindependent of T". O

Tractability Results

We continue by defining four classes of disjunctive relations
Ta,-..,Tp and show that their corresponding satisfiabil-
ity problems are tractable. The classes are defined as fol-
lows. T4 = FACAZ, T = FBéA*B, TC = Fcész and
Tp = A%, and the exact definitions of the sets of relations
can be found in Table 1. The classes 74 and 73 are exten-
sions of the algebras A;4 and Ao as defined by Broxvall
and Jonsson (1999). It should be noted that if a problem
instance of 7 hasamodel, then it has a model that is ato-
tal order. The class 7p istrivia since if an instance has a
model, then it has a one-point model. The class 7¢ is quite
obscure but note that its basic relations are a subset of the
basic relationsin 74.

Contractions are needed in order to understand the algo-
rithms presented in this section. Let nq,n, be two vari-
ables in a problem instance II with variable set V' and
constraints C' and let T’ be a problem instance with vari-
ablesV — {ny} and constraints (C — {naRz,zRns | z €
VHu{niRz | noRz € C}U{zRn; | zRny € C}. Wesay
that II' is obtained by contracting n1, ns, that is, we iden-
tify the nodes ny,ns by n;. Note that this operation may
introduce constraints of theformny; R n;.

Lemma8 SAT,(I"y), SATp(Ig) and SAT,.(I'y) are
tractable.

algorithm C
Input: AninstanceIl of SAT,(T'¢)
repeat
Il «+ 1I.
if existsny,ny suchthatn; = nyinIllthen  II «
contract(II)
until II' =11
if exists node n suchthat n # n or n < n inII then
reject
8 ifny <* ny andny R ns inII where <¢ R then
reject
9 accept
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Figure 2: The algorithm for solving SAT,(I't)

Proof:  An agorithm for SAT,,(I"y) and SAT,0(I'g)
which is a dightly modified version of the agorithm for
Az14 and Az, proven correct and polynomial by Broxvall and
Jonsson (1999) is presented in figure 1.

A polynomial-time algorithm for SAT,,(I',) is presented
infigure 2. Obvioudly algorithm C rejects only unsatisfiable
instances of SAT 0 (I'y).

Assume algorithm C' accepts a certain instance IT and let
I’ be the instance resulting from the contractions made by
the algorithm in lines 3-6. Observe that II’ does not contain
therelation (=) and if IT' is satisfiable, then II is satisfiable.
Let T be the interpretation given by the function f(z) = =
and the partial order (V, {(z,y)|z <* y in II'}) whereV is
the set of variables appearing in IT'.

Each # and < constraint is satisfied by I and if there ex-
ists a constraint z|| < y in II' then either z < y or z||y
under I which guarantees that each such constraint is satis-
fied so I isamodel and II is satisfiable. Thus, SAT, (')
istractable. |

Next, we show a number of independence results.

Lemma9 Ay, Az, A, are independent of I’,,I'y and
T, respectively.

Proof: We show that A, isindependent of I ; the proofs
of the other two cases are similar.

Let IT be an instance of SAT,,(Iy U A'y) and assume
that every instanceIT’ such that IT’ only contains constraints
present in IT and at most one constraint from A', is satisfi-
able. We provell to be satisfiable.

Assume to the contrary that II is not satisfiable. Then,
there exists at least one constraint z R y € II where R is #
or || which causes algorithm A to reject. Let II' denote the
problem instance containing al constraints from II of the
form z R’ w where R’ is < or || plusthe constraint z R y.
Note that IT' causes the algorithm to reject. Contradiction,
sinceIl’ is aproblem instance previously assumed to be sat-
isfiableand the algorithm correctly solves SAT ,, (I, UAY,).
Hence, A'; isindependent of T",. 0

We can now show that the four classes are tractable.

Theorem 10 SAT,,(T4), SATpo(TB), SATLe(Tc) and
SAT,o(Tp) aretractable.



Table 1: Tractable classes

[ L% [AW [Ta|Aa [T [Ap [Ts [Ap [Te [Ag [Te | Ac [ Ap |
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Proof: That SAT, (I, YA'Y) is tractable follows from
Lemmata 8, 9 and Theorem 4. That I, implements I 4
is proven by Broxvall and Jonsson (1999). Let II be an
arbitrary instance of SAT,,(74). We will show how ev-
ery | < relation can be replaced by relations in I, YA}
which implies the tractability of SAT,,(74). Choose an ar-
bitrary digunctiony = z Ry yV ...V 2z, R, y, in1l
where Ry = (|| <). Introduce a fresh variable ¢, add
the constraint z < ¢, , and replace v by the disunction
Y =tey llyV...Vz, R, yn. Repeat thistransformation
until no (]| <) remains—a processwhich clearly takes poly-
nomial time. Let II' denote the resulting instance. Since
the gadget « < t,,4,t.,y|ly implements the relation < ||,
it follows that IT' is satisfiable iff II is satisfiable. Hence,
SAT,0(Ta) istractable.

The tractability of SAT,,(I'zvA’s) follows from Lem-
mata 8, 9 and Theorem 4. That Iy implements I'p is
proven by Broxvall and Jonsson (1999). The gadget = # y,
z <=> yimplementsz <> y which showsthat A’y imple-
ments A g. Thisfact combined with Theorem 7 proves that
SAT o (7g) istractable.

To show that 7¢ is tractable we begin by noting that the
following gadgets from A}, implements A¢: z < ||y, y <
|z implement z|ly, = < [ly,y < |lz,z # y implement
zllyand z < ||ly,z # y implement z < ||y. Hence, Acx
is independent of I', by Lemma 9 and Theorem 7. That
SAT o (T VAL istractable follows from Theorem 4. The
theorem follows sinceI'c = T';; U A¢ which implies that
TC = IcéAEr = FcéA*C

Finally, the tractability of SAT,,(7p) is easy to show
since each relation present in I' , contains only the relations
= and/or L. Consequently, it is sufficient to check whether
an instance II contains a digunction containing only the L
relation. If this is the case, the instance is not satisfiable.
Otherwise, II is satisfied by the model mapping every vari-
ableto asingle node. |

Intractability Results

This section contains the NP-completeness results which are
needed in the classification theorem.

Lemma 11 The following problems are NP-complete:

SATpo({(<>), RY) if R e {|, <, ]I, < I}

SAT,.({<}V {<});

SATp({RYU{SIV{SH IFR € {#, <>
(

SATp({RYU{=} V{=hH ifRe {<, <>, %, lI<}h

SATpo({R1, R} U {|I} VAII}) if Ry € {<,<=>}and
Ry € {<a<>a5£a ||<}

g &~ w DN oPE

Proof: Case 1 is shown in Broxvall and Jonsson (1999).
We only prove case 2 since the proofs of the other cases are
similar. The proof is by a reduction from the NP-complete
problem MONOTONE 3SAT:

INSTANCE: Set U of variables, collection C' of clauses
over U such that for each ¢ € C has|c| = 3 and each clause
contain either only positive or negative literals.

QUESTION: Isthere a satisfying truth assignment for C'?

Given an arbitrary instance P of MONOTONE 3SAT with
variablesU = {u;,...,u,} andclausesC = {cy,...,cn},
construct incrementally an instance II of SAT,,({<} V
{<}) by thefollowing steps.

Begin with the variablesin the set U and a fresh variable
a and add the constraints (u; < a) V (u; > a),1 < i < m.
For each positiveclause ¢; € C of theformz Vy VvV z adda
fresh variable t; and the constraints:

z>aVti>a, y>t;Vz>a.

For each negative clause ¢; € C of theform -z V -y vV =z
add afresh variable t; and the constraints:

z<aVt<a,y<t;Vz<a.

We show that the problem instance constructed is satisfiable
iff the original MONOTONE 3SAT problem instance is sat-
isfiable. For theif-direction, assumethat P is satisfiable and
that Z isatruth assignment satisfying all clausesin C'. Con-
struct an interpretation M = (f, (T, <)) of IT asfollows: let
T ={a; |1 <i <6}, <= {{a;,a;)]i < j} and



f= {{(z,as)|ztrueinZ }U
{(z,a1)|zfdseinT }U
{(ti,a0)| ci =z Vy V z and Z(z)=true }U
{(ti,a4)|ci =2z VyVzandZ(z)=fase}u
{(ti,a2)| ¢; = 7z V ~y V =z and Z(z)=true }U
{(ti,a6)| c; = ~x V —y V -z and Z(z)=fase }U
{(a, a3)}

That each constraint is satisfied by M can trivialy be veri-
fied so M isamodel of IT and II is satisfiable if P is satis-
fiable. For the only-if direction, assumethat II is satisfiable
and that M is a model of II with mapping f. Construct a
truth assignment Z over the variables U assigning a variable
z the value true if f(z) > f(a) and otherwise the value
false. Assume that there exists a clause ¢; not satisfied by
Z. The case when ¢; isapositiveclause z V y V z leads to
f(z) < f(a), f(y) < f(a), f(2) < f(a) 0 f(t:) > f(a)
and f(y) > f(t;) which contradictsthat f(y) < f(a). The
case where u is a negative clause can be ruled out in asim-
ilar manner. Hence, no unsatisfied clause existsand Z is a
satisfying truth assignment. Since the reduction can be per-
formed in polynomial time, the result follows. O

Maximality

This section contains the main result of this paper, namely
that 74,78, Tc and Tp are the only maximal tractable sets
of the digunctive point algebra for partially ordered time.
However, we need some auxiliary results first.

To reduce the number of NP-compl eteness results needed
in the classification, we will employ a closure operator C(-)
which is defined with the aid of the standard operators con-
verse, intersection (N) and composition (o) together with a
number of rules for handling disunctions. These rules are
defined and their tractability-preserving properties are stated
in the next lemma. The straightforward proof is omitted.

Lemmal2 Let R, € PAandI'; C PA.

(1) if SATo(T1 U {<}VT2) istractable, then SAT (T U
{<}\>;F2 U F2\>;F2) istractable;

(2) assume <, <>, Z or < || isinT'1. If SAT,o(F1 U {=
1T,) istractable, then SAT o (I U {=}T2 UT20T) is
tractable.

(3) assume e € {ﬂ, 0}. If SATpo(Fl U{Rl VRs3, Rs \/Rg})
istractabl (S then SATPO (Fl U{R1 \/R3, R VR3, (R1 @Rz)v
R3}) istractable.

(4)if SAT,o(I't U{R1V R,}) istractable, then SAT ,, (T U
{Rl, Rz, RV Rz}) istractable.

If T is aset of relations, we define C(T") as the least set X
suchthat ' C X and X is closed under converse, intersec-
tion and composition on point relations and the expansion
rules in the previous lemma. A composition table for the
point relations can be found in Broxvall and Jonsson (1999).
By using the lemma, the ¥-closure property and the prop-
erties of converse, intersection and composition, it is a rou-
tine verification to show that if SAT,(T') is tractable, then
SAT,,(C(T")) isaso tractable.

Now, we introduce a construction which simplifies the
proof by alowing us to only consider a small number of
digunctions; thisis shown in the next lemma.

Definition 13 Let 7 = T¥A* and A C T. Wedefine T as
(PA—T)U (T — A — A).

Lemmald If T =IVA*, ACTand 7' ¢ T, then there
existsC € T suchthat C € 7.

Proof:  Arbitrarily choosea C € 7' suchthat C ¢ T
and choose Cy,---,C, € PAsuchthat C; vV ---Vv C, =
C. Assume first that there exists some i such that C; ¢ T.
The definition of 7 impliesthat C; € T and the ¥-closure
property impliesthat C; € 7.

Assume instead that C4,---,Cp, € T'. Sincel’ C 7 and
C ¢ T weknow that n > 1. If dl or all but one C; € A,
then we know that C' € 7. Hence, there exists at least two
i,j such that C;,C; ¢ A. Now, C; vV C; € T' by the V-
closure property and the definition of 7 givesthat C; vV C; €
T. O

Using the tractability and NP-completeness results given
in previous sections as well as the previous definition and
results we can now by a simple computer assisted case anal-
ysis prove the main result of this paper.

Theorem 15 74,75, 7c and Tp are the only maximal
tractable subclasses of SAT ..

Proof: Suppose to the contrary that there exists another
maximal tractable algebra 7". From the previous lemma it
follows that there exists ya,--+,yp in T such that y4 €
T a, +,vp € T p. Notethat there exists only afinite num-
ber of possible valuesfor v4,...,vp.

To prove the result, a machine-assisted case analysis of
the following form was performed: each admissible choice
of v4,...,vp wasgenerated and X = C(va,...,yp) Was
computed. Each such set X was examined and it was found
that at least one of the NP-complete sets of Lemma 11 was
asubset of X. Thus, SAT,(7) is NP-complete and the
theorem follows. O

Totally Ordered Time

We will now identify the maximal tractable subclasses of
SATy,, i.e, SAT,, restricted to total orders. The classifi-
cation will rely on the results in the previous sections but
the main theorem is shown without the use of a computer-
assisted case analysis.

Note that the basic relation || is unnecessary when dealing
with total orders so we only have three basic relations (<, =
and >) and eight possibledisunctionsof theserelations. Let
PA;, denotethe set of these eight relationsand define X; =
PAov{#£} ard Xy = A*where A = {r € PAy, | 7 =
1 or {=} C r}. Aswewill seelater on, X; and X, arethe
only maximal tractable subclasses of SAT,.

Lemmal6 SAT:(4X;), 1 < i < 2, aretractable problems.

Proof:  Tractability of X; has been proved by Jonsson
and Béckstrom (1998) and Koubarakis (1996) while the
tractability of X, isshown in Theorem 10. |



The NP-completenessresultsfor SAT;, are al based on the
previously presented NP-completenessresults; interestingly,
many of these results hold even when restricted to total or-
ders.

Lemma 17 SAT;,(N;), 1 < i < 5, is NP-complete where

N ={(<Vv <)} Ny ={#, (SV<)}
Ns={<, (=v=)} Na={# (=Vv=)}
N5 = {<, (S \Y S)}

Proof sketch: We begin by examining the proof of

Lemma 11 which shows that SAT,,({<} V {<}) is NP-
complete. Obvioudly, the proof holds even if we restrict
the possible partial ordersto total orders which implies that
SAT. ({<}V{<}) isNP-complete. By analyzing the proofs
of the other cases, it followsthat SAT,(N;), 2 <4 < 4,is
NP-complete. The NP-completeness of SAT;, (Ns) follows
from the NP-completeness of SAT,,(N3) plus the fact that

{<}e{<} implements {=}{=} 0

We are now ready to prove the main theorem for the point
algebrafor totally ordered time.

Theorem 18 X; and X arethe only maximal tractable sub-
classes of SATy,.

Proof: Assumethat there existsamaximal tractablealgebra
X suchthat X ¢ Xy and X € &,. By Lemma 14, there
exists 1,72 in T suchthat 4, € &5 and y, € As. Itiseasy
toseethat X; C {ry,...,r¢} Where

= (<V<) r = (<Vs)
r3s = (: \/ :) T4 = (S \/ :)
rs = (< \% :) re = (< V S)

and X; C {<,#,(< V <), (< V #),(# V #)} By
Lemma11, we know that SAT;,{(< V <)} isNP-complete
so thedigunctionr; = (< V <) can be excluded from fur-
ther consideration. We will show that if 4, equals one of
ro,...,7¢ and yo equals < or #, then SAT, ({71, 72}) is
NP-hard. By noting that (< V #) implements the relation
< (by the constructionz < y Vz # z) and (# V #) im-
plements # (by z # y vV z # y), this result implies that
SAT o ({71,72}) isNP-hard for all v, € X; and v, € Xo.
This contradicts our initial assumptions and proves the the-
orem.

1. v € {rq,r3}. Then, the NP-completeness of
SAT:io({71,72}) is an immediate consequence of
Lemma6.2.

2. 1 = ry. Notethat ry implementsrs s0 SAT o ({71, 72})
is NP-complete by case 1.

3. 71 = r5 and y2 = {<}. We show how to implement the
digunctiona < bV ¢ < d with y; and . introduce an
auxiliary variablet and the following two relations: a < ¢
andt = bV ¢ < d. NP-completenessfollowsfrom case 1.

4. v1 = r5 and v, = {#}. Therelationa < b can be
implemented by therelationst; # t; andt; = t2Va < b
wheret; and t, are auxiliary variables. NP-completeness
follows from the previous case.

5. 71 = 7r¢. The NP-completeness of SAT,({v1,72}) isa
consequence of cases 3 and 4 and the observation that r4
impliesrs. 0O
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