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Abstract

Temporal indeterminacy is an inherent problem which arises
when capturing and manipulating temporal data in many ap-
plication areas. As such, representation and manipulation of
timestamps with indeterminacy is a requirement for these ap-
plications. We present an extension of Allen’s thirteen in-
terval relationships to indeterminate temporal intervals based
on a novel representation for indeterminate timestamps. The
timestamps can be derived from and translated to interval
constraints. We provide a set of simple and useful operators
for manipulating both convex and non-convex indeterminate
intervals represented by these timestamps.

Introduction

Temporal indeterminacy exists when one does not know pre-
cisely either the location of an event on the time line or its
duration. The temporal knowledge about the event is indef-
inite or incomplete. This is an inherent problem when rea-
soning in many application domains. Planning systems are
sometimes faced with the infeasity of completely mod-
eling all aspects of a situation. Knowledge representation
and reasoning systems may be faced with insufficient infor-
mation to completely determine a desired time interval. The
knowledge about the time interval is indeterminate: one may
know a period of time the interval definitely covers but there
may also be a period of time into which the interval may
extend.

The prevalent method for handling temporal indetermi-
nacy in the temporal reasoning community is to use a tem-
poral constraint network (TCN) on intervals (Allen 1983).
The TCN allows the reasoner to arrive at a disjunction of
possible relationships between pairs of intervals. For exam-
ple, Anger, et al. describe a temporal knowledge base using
this approach (Angeet al. 1988). The knowledge of the
location and duration of an event on the time line is encoded
in the relationships between that event and others in the net-
work.

We examine a novel representation for indeterminate in-
tervals based on the endpoints of the intervals’ determi-
nate and indeterminate regions and define a set of opera-
tors, which are both useful and non-complex, for manipu-

Copyright © 2000, American Association for Artificial Infie
gence (www.aaai.org). All rights reserved.

ndeterminate Time

Dimitris Plexousakis
Department of Computer Science
University of Crete & ICS-FORTH
P.O. Box 2208, Heraklion
Greecer1409
dp@csd.uch.gr

lating indeterminate timestamps. Conversions between in-
terval constraints in the form of the thirteen interval rela-
tionships (Allen 1983) and the indeterminate timestamps is
straightforward. We use the indeterminate intervals to ex-
tend the traditional interval relationships to allow for inde-
terminacy. To the best of our knowledge, this is the first
effort in this direction.

Our approach differs from TCNs in that the knowledge of
an interval's position and duration is encoded in the inter-
val's representation rather than in relationships between in-
terval, allowing for non-complex manipulation of the knowl-
edge. One application of this is in temporal integrity con-
straints for knowledge bases such as Telos (Plexousakis
1995).

Another method associates characteristic functions with
intervals to represent the level of possibility that any given
point is actually contained in the interval (Bouzid & Mouad-
dib 1998). In this approach, the characteristic function of in-
tervals are modified as more knowledge is gained and sched-
ules evolve. A similar method, in the temporal database
field, describes a timestamp with a probability function
(Dyreson & Snodgrass 1998). The probability and char-
acteristic function approach is both more flexible and more
complex than that described here as it allows for reasoning
over the likelihood that a pointis in the interval or not. In our
method a point is either definitely in the interval or possibly
in the interval.

In another approach, Gadia, et al propose a set oriented
representation which supports both indeterminacy and in-
completeness with a three-valued logic (Gadia, Nair, & Poon
1992). Their work is the closest to the indeterminate inter-
vals described here, but provides a different set of operators.
They do not describe a method for translating between inter-
val constraint notation and their representation, complexity
of the operators, or algorithms. Our work does not examine
temporally missing values as Gadia does.

Koubarakis examines indeterminacy in the context of
temporal constraint databases, where temporal indetermi-
nacy is described by local and global constraints on variables
representing the end points of the intervals (Koubarakis
1994; 1997). This is similar to the interval oriented TCN
approach in that knowledge of a time interval is encoded
in the constraints. The purpose in this case is less oriented
toward deduction and more toward finite representation of



potentially infinite domains.
In the remainder of this paper we will first describe our

andmax,,: P’ x P’ — P’ as follows:

assumed temporal structure and chosen representation for . nil !f p1=nilVp; =nil
indeterminate intervals followed by a discussion of an ex- ming(p1,pa) = qp1 if pr < p2
tension of the interval relationships to handle indeterminacy. p2  otherwise
\If\;g;’;l\(lly, we will give our conclusions and avenues for future nil if p; = nilV ps = nil
. maxp(p1,p2) ={p1 ifp2<pr
p>  otherwise
Valid Interval Stamps nil if p; = nil A ps = nil
L . . L 1 = if =nil
Motivation Indeterminate time may arise in a number of minvp (1, p2) = § 1 ﬁz il VpL < p2
ways and is nearly unavoidable when dealing with the valid p2  otherwise
time of facts in a knowledge base. We are interested in as- nil if py =nil Aps =nil
sociating a valid time period with facts in order to support maxyp(p1,p2) = 4p1 ifpa=nilVps <p
a temporal integrity constraint implementation, such as in, p,  otherwise

e.g., (Plexousakis 1995; Cowley 1999) in which constraints
include combinations of the thirteen interval relationships min, (max,) chooses the earliest (latest) operand if both
(Allen 1983). As such, it is appropriate that the valid time  are notil. Where exactly one operandris1, min,, and
periods are also specified using interval relationships. Be- max,, return the other point.

cause most of these relationships do not precisely constrain

the time periods involved, the resulting time stamps are in-  Given a poinip, we need to refer to its next and previous
determinate. Thus, we must be able to derive indetermi- points on the time line.

nate valid time stamps from interval constraints, manipulate

those indeterminate intervals, and translate the results back Definition 2. The functionsprevious andnext, each with
to interval constraints. signatureP’ — P’, are defined as follows:

. _Ip if p € {—00,00,nil}
. . . . . previous(p) = {L_l(L(p) —1) otherwise
Points We assume a linear discrete time line (Benthem if p € {—o0, 00, nil}
1991) bounded by the range of the underlying integer type next(p) = {p_l P& =ee, 0,
in which temporal points are represented. We further as- 1= («(p) +1) otherwise

sume distinct elementso, —oo, andnil. With the ex-

ception of the incomparable elemenil, which repre- Determinate Intervals In order to discuss periods of time,

sents a non-specified value, points are totally ordered by a5 opposed to instants, we use intervals.

<. The relationshipsc, =, and < between two points

carry the expected meaning. More formally, we assume a Definition 3. A convex intervalis a set of consecutive

temporal structurd” which is comprised of a set of points  points. An intervall can be represented by its lowest and

P ={..,p-1,po,p1,...+ and a relation<. The set highest pointg/;, I.), Iy < I., I = nil < I, = nil. We

P = P U {—00,c0,nil} is isomorphic to the seg’ — say thatp € I'iff I, < p < I,. The empty interval, which

Z U{—00,00,nil}. We define a one-to-one and onto map-  contains no point, is represented¢ail, nil) or . We say

ping function,. : P’ — 2/, and its inverse as follows: that a convex interval igfinite if one or both endpoints is

oo or —oo. 7 refers to the set of all convex intervals. Points
p if p=—00,00,0rnil may be implicitly converted to intervals by the function
up) = {Z forp;, i€ Z terval: P — 7, defined asnterval(p) = {p, p).

We will use the 13 basic interval relationships (Allen
1983) for comparing intervals for ordering and inclusion.
The concept of intersection of convex intervals is important.
This carries the same meaning as in set theory, namely that
there is at least one point in common.

L_l(i) =

i ifi=—00,00,0rnil
p; forie Z

The relation< between members of the setis defined as
p1 < p2 < t(p1) < ¢(p2) and can be extended to the special
elements-co andoo by observing thatp € P —oco < p <
oo. Finally, < is undefined if either operandisi1l. Similar
translations give the meanings ferand<. Note that from
the definition ofs, p; = p; = ¢ = J.

The following functions permit us to determine which of
a pair of points occurs earlier or later on the time line.

Definition 4. Two convex intervals/; and I intersectif
L, <D, AN, < 1.

Note that the empty interva{pil, nil) does not inter-
sect with any interval due to the incomparabilityudfl. The
infinite interval,{— oo, oo} intersects with all non-empty in-
tervals. We also need the concept of adjacency of convex

Definition 1. We define The functionsiing, max,,, minyp, intervals, which is defined next.



Definition 5. We say that two intervals, and/, areadja-
centif next(ly.) = I, Vnext([a,) = I1,.

We will also need the concept of non-convex intervals to
talk about sets of non-consecutive points.

Definition 6. A non-convex interval is a set of convex in-
tervalsi; which neither intersect nor are adjacent.

Indeterminate Intervals A valid interval stampVIS) is

an extension of the interval concept. A VIS describes the
set of points which are definitely in the interval as well as
those whichmay be in the interval. Through this mecha-

Figure 1: Examples of convex valid interval stamps

nism we can represent the indeterminacy inherentininterval v p_ and end no earlier tha#i.D.. On the other hand, if

constraints.

Definition 7. A convex valid interval stam(CVIS) is a 4-
tupleV = (I, D, D,, I..} associated with a fact in a know!-
edge base. The points are restricted so that= nil <

D. = nil andD; = nil = (/; = nil & [, = nil).
Dy, D, if notnil, are time stamps marking the end points
of the determinate intervaD; that period of time during
which the associated fact is trug.and/., if notnil, repre-

sent the extended period of time before and after the determi-

V is fully indeterminate then it may start as latelag. and
end as earlier ag./;.

Definition 9. We define two functionsmaxlo and minup
with signature’V — P asmaxlo(V) = min,,(V.D,, V.1,)
andminup(V) = max,,(V.I,, V.D,).

The following extends the definition of membership in an
interval.

nate interval, respectively, during which the associated fact Definition 10. We denote membership of a poiptin a

maybe true. The indeterminate interval is the non-convex
intervall = {1, Iy} wherel; andly are:

) If I, = nil
Ip =< (VI VL) IfD=10
(V.Is, previous(V.Dy)) otherwise
IH:{U) If [ =nilVv D =10
(next(V.D,.),V.I.) otherwise

A CVIS for which both/; and /. arenil is calledfully
determinatewhile one with bothD, and D, beingnil is
calledfully indeterminate The empty VIS is represented as
(nil,nil nil, nil) or @. We will useCV to refer to the set
of all CVISs. An intervall can be converted implicitly to a
CVIS with the functiorcvis : 7 — CV, defined asvis(I) =
(nil, I, I.,nil)

Example 1. Figure la shows the CVI$I,2,4,6). This
contains the point$2, 3,4} determinately and1,5,6} in-

determinately. Figure 1b shows the same period covered by

the fully indeterminate CVIS1,nil, nil, 6). Finally, Fig-
ure 1c shows the left infinite CVI&-o0, 4, 6,nil).

We will often need to obtain the earliest and latest points
in a CVIS independently of whether that pointis determinate
or not.

Definition 8. We define the functionsipper and lower
as upper(V) = max,p(V.D.,V.I.) and lower(V) =
min, (V.D,, V.I;), both with signatur€y — P.

We will also need to know the latest point at which a CVIS
V' can start and the earliest point at which it can end. To
understand these functions, observe that if a CVI8as a
determinate region then the interval will start no later than

CVIS V asp € V and define that membershipps V <
lower(V) < p < upper(V). We will also usep € V.D
to represenp’s determinate inclusion iy’ andp € V.I to
represenp’s indeterminate inclusion ify.

Next we extend the concept of intersection to convex valid
interval stamps.

Definition 11. Two CVISs, Vi and V,, intersect if:

lower (V1) < upper(V2) A lower(V2) < upper (V7). We say
Vi andV, determinately intersedat Vi.D # § A VoD #

0 A V4D intersects Vo. D.

The concept of adjacency can be extended to convex valid
interval stamps as follows.

Definition 12. We say thattwo CVISs/; andVs, areadja-
centif next (upper(V1)) = lower(V2)Vnext(upper(Va2)) =
lower(V71). We say thal; and V- aredeterminately adja-
centif V1.D £ 0 AV2.D # 0 AV1.D adjacent V5. D. Note
that two CVISs which are determinately adjacent may inter-
sect but will not determinately intersect.

The work of (Cowley 1999) depicts how to translate from
interval constraints of the forrR I, whereR is an interval
relationship and is a determinate interval, to a convex valid
interval stamp.

We will also need to consider non-convex VISs.

Definition 13. A non-convex valid interval stamfNVIS)

is a finite set of CVISs which meet two conditions. 1) No
two CVISs may intersect. 2) If any two CVISs are adjacent,
then both must have a definite interval and they must not be
determinately adjacent\'V refers to the set of all NVISs.

A CVIS can be implicitly converted to an NVIS with the



functionnvis CV — NV, defined asivis(C') = {C'}.
Definition 14. V = CV U NV is the set of all VISs.

Operators on Valid Interval Stamps There are a num-
ber of operators on VISs which correspond to the similarly

VIS V, such that,.D = {p|p € V1.D Vp € V»,.D} and
Vili=A{plpe Vi.IAp € Vo.I} If =(Vi Acomp V2) then

Vl}J\Vz:w.

Because the order of the interval constraints in a valid
time specification should not matter, it is important that the

named ones on Boolean expressions and sets. Specifically,order of VISs with respect ta not matter. Hence, this the-

we will define conjunction, intersection, union, and differ-
ence of VISs below. To avoid confusion, we will annotate

the usual operators to emphasize that they carry different se-

mantics than the familiar ones. For example, we uder
the union of VISs. When operands are known to be convex

(non-convex) VISs, we will usel (TLLJU). When the familiar
semantics from logic or set theory are sufficient, we will use
the unannotated operators.

Conjunction There are times when a single interval con-

straint may not adequately express the knowledge one has

about a fact’s valid time. For that we must conjoin multiple
constraints. We will do this by way of the VIS conjunc-

tion operatot: A. The effect ofA is to produce a determi-
nate region which includes the determinate region of both
operands and an indeterminate region which includes only
points in the indeterminate region of both operands. The op-
erator uses the knowledge expressed by two VISs in order
to increase the accuracy to which the valid time of a fact is
known.

In order to compute the resulting VI, , from the con-
junction of two existing CVISs}; and V5, we must first
ensure that the conjunction is satisfiable. For example, there
are no dates which satisfy the condition “contains Jan-98
and during Mar-98”. On the other hand, “contains Jan-98
and after Nov-97” can be satisfied. Each operand restricts
the range of the other.

Definition 15. Two CVISs,V; andVs, areconjunction com-
patible, denotedVi Acomp Va2, if 1) Vi intersectsls, 2)
Vo.D ;é 0 = (IOWCI'(Vl) <= Vo.Ds AN V5.D, <=
upper (1)), and 3)V1.D # § = (lower(Va) <= V1.D;s A
V1.D. <= upper(V2)). We extend this definition to NVISs
by saying that two NVISs areonjunction compatiblef
YVi, € Vi 3Vs, € Vo such thatVy; Acomp Vo, andVs, €
Vo E'Vll € V; such thaﬁ/zj Acomp Vl,-

Conjunction compatibility ensures that the indefinite re-
gion of each interval encloses the definite region of the other.
Otherwise, there would be a point which is in the definite re-
gion of one operand but not in the other operand at all. That
is the condition which results from inconsistent interval con-
straints.

Definition 16 (/U\). If v, andV, are VISs such that) Acomp
V> we define their conjunction, denoted by A Vs, as the

The termconjunctionrefers to the operation on interval con-

straints whichA supports. It might be more appropriate to think of
the effect on a VIS astrengthens

orem, which is straightforward to show.

Theorem 1. (V, /U\) forms a commutative monoid with iden-
tity VI/U\ = {—00,nil nil, co).

Intersection The intersection of two CVISs is defined
similarly to conjunction. The precondition is not as restric-
tive. It is simply necessary that the intervals intersect by
definition 11. On the other hand, the result of intersection
is more restrictive than that of conjunction. Specifically, the
determinate region produced by conjunction includes the de-
terminate regions of both operands. If a point is determinate
in only one of the operands, it is determinate in the result.
For intersection, the determinate region includes only those
points determinately ibothoperands. If a point is determi-
nately in one operand but indeterminately in the other, the
intersection contains that point indeterminately.

Definition 17 (rvw). We define the intersection of two VISs,

V1 and Vs, denoted byl A Va2, as the VISV, such that
V.. D = {p|p e Vi.DAp € VQD} andV,.I = {p|p c
ViApeVoA(peVidVpe Vo)l

As with /U\, the following is straightforward to prove.

Theorem 2. (V, rvw) forms a commutative monoid with iden-
tity VIr’% = {nil, —o0, 00, nil)

Union When an insert operation is performed for a fact
whose non-temporal attributes are the same as an existing
fact one of two things must happen. Either the operation
is treated as a new insert, resulting in a pair of facts which
differ only in their valid interval stamps; or the VIS of the
existing fact is updated to include the valid time specified
for the insert. We provide the union operator to support the
latter semantics.

Definition 18 (U). We define the union of two VIS&; and

Va2, denoted by U Vs, as the VISV, such thatV,.D =
{plpeVi.DVvpeVo.D}andV,.I ={plp¢ V..DA(p €
Viw.Ivpe VQI)}

Again, the following is straightforward.

Theorem 3. (V, LUJ) forms a commutative monoid with iden-
tity VIG = {nil, nil, nil, nil}.

Difference  When performing a deletion or update opera-
tion where the valid time specified for the operationis only a



portion of the valid time for the affected facts, we will need This ensures that it is possible, via the conjunction of addi-
to produce the difference of two valid interval stamps. In tional interval constraints with; andVs, to arrive at a pair
general, such a difference results in a non-convex interval.  of intervals which definitely satisfiR.

Definition 19 (=). We define the difference of two VISE; Definition 20. For two CVISs,V; andVz, we say:
andV5, denoted by/; — V4 as the VISV, such thatl,.D = o Vi definitely equals V; if

Vz.[) \ (p eWVi.Ap ¢ VQD)}
) e V] potentially equals V5 if
Note that— is neither commutative nor associative. The

identity element, denoted By ., is the empty interval lower(V}) < maxlo(Vz) A lower(Vz) < maxlo(V;) A

minup(V2) < upper (V1) A minup(V;) < upper(V3)

Complexity of VIS Operators The basic operators on  ® Vi definitely before V5 if

v CcU CcU

CVISS: Acomp, A, N, U, andZ, are all constant time. This upper (V1) < lower(V5)
should be clear from their definitions, which depend solely ally bof it
on the values of the end points. For an NWIS we will V1 potentially before V2 |
use|V] to indicate the number of CVISE; € V. Based minup(V;) < maxlo(V5)
on an analysis of the algorithms developed to implement the
operators, we have the results in table 1 for NVISs. Those e V; definitely meets V5 if
algorithms and proofs of these results are omitted due to lack
9 P ac Vil = nil A VoI, = nil A Vi.D, = Va. D, A

of space.
p V1~Ds < VZ.DS A Vl.De < VQ.De

Operator| Complexity

V, potentiall ts Vs, if
/\comp O(|V1||V2|) ® V) potentlally meets Vo

A O(|V1]|Va]) lower(11) < maxlo(Va) A minup(Vy) < upper(V2) A
T 12 lower(V2) < upper(V1) A minup(V;) < maxlo(V3)
A Touvilival | .

Tyv O((IV1]|V2])?) e V] definitely overlaps V5 if

- O(|V=*[Vi]) Vi.D; < lower(Va) Aupper(V1) < Va.De A

VZ.DS < V1 .De
Table 1: Complexity of Operators over NVISs e V) potentially overlaps V if

lower(V1) < maxlo(V2) A minup(V}) < upper(Va) A
Indeterminate Interval Relationships lower(V>) <upper(V1) A
. . . . lower (V1) < previous(upper(V1)) A
Now we turn to comparing the indeterminate intervals by lower(Vs) < previous(upper(V3))
examining how the thirteen interval relationships used in 2P PPeriv2
Allen’s interval algebra (Allen 1983) can be extended to the e 1/ definitely during V5 if
indeterminate intervals represented by CVISs. We will need
to define both definite and potential satisfaction of the rela- Vo.Dy < lower (Vi) A upper(V1) < Va.De
tionships when applied to CVISs, resulting in a total of 26
interval relationships. Two principles are used in reaching
these definitions. lower(V3) < maxlo(V1) A minup(Vy) < upper(Va2) A
lower(V2) < previous(upper(V3))

e V] potentially during V5 if

Principle 1. For V; definitely R V5 to hold, whereR is an

interval relationship, we must have: e 1/ definitely starts V5 if
AVY, V5 such thal'y Acomp Vi A Va Acomp V3 A Vi, =nil AVad, = nil AVL.D, = VoD, A
(Vi AV]).DR (V2 A V3).D) upper (V1) < minup(V2)

If this principle is met, itis not possible to conjoin any com- o 1, potentially start§’ if

patible interval constraint to eithéf or V2 such thafR will
not be satisfied. lower(V1) < maxlo(V2) A lower(V2) < maxlo(V1) A

minup(Vy) < upper(V2)
Principle 2. For V; potentially R V5 to hold, whereR is . - ,
an interval relationship, we must have: o Vi definitely finishess if
3VY, V5 such that; Acomp Vi A Va Acomp Va A Vil =nil A Vo lo = nil AVi.De = Va.De A

(Vi A VY) definitely R (Vo A V) Va.Dy < lower(11)



¢ 1/ potentially finished’; if

minup(Va) < upper(V1) A minup(V1) < upper(V2) A
lower(V2) < maxlo(V7)

We can make some interesting observations about the
compatibility of the various interval relationships. First, we
note that the interval relationships between determinate in-
tervals are mutually exclusive.

Lemma 1. Let I, I» be intervals andR ;, R- be determi-
nate interval relationships. Theth, Ry I» = —=(I1 R2 I2).

Proof. This follows directly from the definitions of the rela-
tionships. O

This observation extends to the definite relationships be-
tween valid interval stamps.

Theorem 4. Let V; and 1, be valid interval stamps and let
R, andR» be determinate interval relationshipgB; # Ro.
Then,V; definitely Ry Vo = (V] definitely Ry Va).

Proof. Assume thatV; definitely Ry V2.  Then 3V}, V]
such that(1; A VI).DRy (Vo A Vy).D. By lemma 1, we
know that—((Vy A V{).DRs (Vo A V{).D). Principle 1
then requires that (1} definitely R2 V). ([

We cannot make the same conclusion regarding potential
relationships, however.

Theorem 5. Let V; and 1, be valid interval stamps and let
R, andR» be determinate interval relationshipgB; # Ro.
Then,V; potentially Ry Va # — (V1 potentially Rs V).

Proof. By example: Letp; and p» be points,p; < ps.
Let Vi = Vo = (p1,nil nil, ps). ChooseV) = VJ =

(nil, p1, p2,nil). Then,(V; A Vi).Dequals (V3 A Vi).D.
By principle 2 Vj potentially equals V2.  Now, choose

V" = {(nil,p;,p1,nil) and VJ' = (nil, pa,ps,nil).
So, (W A Vi"). D before (V4 A Vy).D  and
V1 potentially before V5. [l

Finally, we can see that, as expected, a definite relation-
ship implies a potential one.

Theorem 6. Let V; and 1, be valid interval stamps and

let R be a determinate interval relationship. Then,
Vi definitely R Vo = Vi potentially R V5.

Proof. AssumeV; definitely R V5. ChooseV/ = VJ =
Vi ThenVi AV/ = ViandVa A V{ = V3, so

(W A VY) definitely R (V4 A V3). This meets the conditions
for principle 2. Thereforel; potentially R V5. |

Conclusions and Future Work

We have shown a representation for both convex and non-
convex indeterminate intervals and provided a useful set of
operators on those intervals. Further, we have shown that

it is possible to extend the relationships used in Allen’s in-
terval algebra (Allen 1983) to the indeterminate intervals
represented by convex valid interval stamps. These exten-
sions are interesting in their own right because of the large
amount of prior work in both the artificial intelligence and
database fields that is based on the interval algebra and its
variants. One specific application area is in allowing tempo-
ral integrity constraints to take into account indeterminism.
An obvious extension of this current work would be to re-
formulate Allen’s constraint propagation algorithms to use
indeterminate intervals and investigate resulting differences
in complexity and reasoning power. It would also be inter-
esting to reformulate the potential and definite relationships
presented here using intervals treated as primitive constructs
instead of based on end points. For determinate intervals, all
thirteen relationships can be defined in terms of eithefts
or before. This would provide the ability to use dense or
continuous timelines as well as discrete.
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