


level AMP given an observation sequence.
It is known that the complexity of this kind of inferenc-

ing in the DBN depends on the size of the representation
of the so-called belief state, the conditional joint distribu-
tion of the variables in the DBN at time given the ob-
servation sequence up to (Boyen & Koller 1998). Thus
we can ask the following question: how does the struc-
ture of an AMP affect the size of its belief state representa-
tion? Using conditional independence relations on the net-
work, we show that a reduction in size of the belief state
is possible if at some level of abstraction, the set of appli-
cable domains of all the policies forms a partition of the
full state space. As a consequence, if the AMP is con-
structed through the region-based decomposition of the state
space as in (Forestier & Varaiya 1978; Dean & Lin 1995;
Hauskrecht et al. 1998), its belief state can be represented
compactly as a chain in the fully observable case, facilitating
very efficient inferencing. Based on this result, for the par-
tially observable case, we derive a hybrid inference scheme
combining both exact inference as in the fully observable
case, and sampling-based approximative inference to han-
dle the noisy observation. We provide experiment results
showing the hybrid inference scheme achieving much better
accuracy/time ratio than the original sampling-based infer-
ence (Kanazawa, Koller, & Russell 1995).

The main body of the paper is organised as follows.
The next two sections introduce the abstract Markov pol-
icy model and its DBN representation. The algorithms for
policy recognition are discussed next, first for the fully ob-
servable and then for the partially observable case. We then
present the experiment results supporting the new hybrid in-
ference scheme.

Abstract Markov Policies
In this section, we formally introduce the AMP concept as
originating from the literature of abstract probabilistic plan-
ning with MDP (Sutton, Precup, & Singh 1999; Parr & Rus-
sell 1997; Forestier & Varaiya 1978; Hauskrecht et al. 1998;
Dean & Lin 1995). Note that the work in planning is con-
cerned with computing the optimal (abstract) policy given
some reward function. In policy recognition, although it is
possible to derive some information about the reward func-
tion by observing the agent’s behaviour, we choose not to do
this, thus omit from our model the reward function and also
the optimality notion. This leaves the model open to track-
ing arbitrary agent’s behaviours, regardless of whether they
are optimal or not.

The general model
In an MDP, the world is modelled as a set of possible states

, termed the state space. At each state , an agent has a
set of actions available, where each action , if employed,
will cause the world to evolve to the next state via a transi-
tion probability . An agent’s plan of actions is mod-
elled as a policy that prescribes how the agent would choose
its action at each state. For a policy , this is modelled by a
selection function where at each state
, is the probability that the agent will choose the

action .

In the original MDP, behaviours are modelled at only two
levels: the primitive action level, and the plan level (policy).
We would like to consider policies that selects other more
refined policies and so on, down a number of abstraction
levels. The idea is to form intermediate-level abstract poli-
cies as policies defined over a local region of the state space,
having a certain terminating condition, and can be invoked
and executed just like primitive actions (Forestier & Varaiya
1978; Sutton, Precup, & Singh 1999). Formally, let be a
set of abstract policies. We can then define an abstract pol-
icy over as a tuple where
is the set of applicable states, is the set of desti-
nation states, and is the selection
function where is the probability that selects
the policy at the state . When an abstract policy is
invoked, it will keep on selecting the policies in for exe-
cution, and terminate whenever a destination state
is reached 3. Note the recursiveness in this definition that
allows an abstract policy to select among a set of other ab-
stract policies. At the base level, primitive actions can be
viewed as abstract policies themselves (Sutton, Precup, &
Singh 1999).

Using the abstract policies as building blocks, we can con-
struct a hierarchy of abstract policies as follows: A policy
hierarchy is a sequence where
is a set of primitive actions, and for , is
a set of abstract policies over the policies in . When
a top-level policy is executed, it invokes a sequence of
level-(K-1) policies, each of which invokes a sequence of
level-(K-2) policies and so on. A level-1 policy will invoke
a sequence of primitive actions which leads to a sequence of
states. Thus, the execution of generates an overall state
sequence that terminates in one of
the destination states in . When this sequence is
simply a Markov chain, however, for , it will gener-
ally be non-Markovian (Sutton, Precup, & Singh 1999).

State-space region-based decomposition
An intuitive and often-used method for constructing the pol-
icy hierarchy is via region-based decomposition of the state
space (Dean & Lin 1995; Hauskrecht et al. 1998). Here the
state space is successively partitioned into a sequence of
partitions where is the coars-
est partition, and is the finest, corresponding to the
levels of abstraction. For each region of , the periph-
ery of , is defined as the set of states not in ,
but connected to some state in . Let be the set of
all peripheral states at level : .
Fig. 1(b) shows an example where the state space represent-
ing a building is partitioned into 4 regions corresponding to
the 4 rooms. The peripheral states for a region is shown in
Fig 1(a), and Fig 1(b) shows all such peripheral states.

To construct the policy hierarchy, we first define for each
region a set of abstract policies applicable on ,

3Sutton, Precup and Singh’s model allows non-deterministic
stopping conditions and thus is more general than what we con-
sider here. Nevertheless, our theorem 1 can also be shown to hold
in the general case as well.
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Figure 1: The environment and its partition

and having as the destination states. For exam-
ple, for each room in Fig 1, we can define a set of policies
that model the agent’s different behaviours while it is in-
side the room, e.g. getting out through a particular door.
These policies can be initiated whenever the agent steps in-
side the room, and terminate when the agent steps out of the
room (not necessarily through the target door since the pol-
icy might fail to achieve its intended target). Let the set of
all policies defined be . At the higher level , for each
region , we can define a set of policies that model the
the agent’s behaviours inside that region with the constraint
that these policies must use the policies previously defined at
level-1 to achieve their goals. An example is a policy to nav-
igate between the room-doors to get from one building gate
to another. Let the set of all policies defined at this level be

. Continuing doing this at the higher levels, we obtain the
policy hierarchy .

Dynamic Bayesian Network Representation
The process of executing the top-level abstract policy
can be represented by a DBN (Fig. 2). At time , the current
time slice consists of the variables representing the current
state , and the current policies at different levels of ab-
straction . We assume that the top-level

policy remains unchanged, so for all .

Let represent the stopping status of

the policy . That is if the policy terminates at

time , and otherwise. At the base level, since
the primitive action always terminates after one time step,

for all . This is indicated by the special dotted
lines in Fig. 2. Generally, we can look at the stopping status

of the current policy at the lower level and see whether

this falls inside the destination states of to determine the

value of . Thus, is dependent (deterministically) on

and .
Now the evolution from one time-slice of the DBN to the

next is as follows: the current policy is dependent on
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the current policy at the higher level , the policy at

the previous time , and its stopping status . If

, the previous policy persists to time

, otherwise, a new policy at level- is generated by

using the distribution .

We term the dynamical process in executing a top-level
abstract policy the Abstract Markov Model (AMM).
When the states are only partially observable, an observa-
tion layer can be attached to the state layer (Fig. 2). The
resulting process is termed the Abstract Hidden Markov
Model (AHMM) since the states are hidden as in the Hid-
den Markov Model (Rabiner 1989).

The belief state of the AMM is a joint distribution of
variables in the current time-slice: . Thus
generally, the size of the belief state representation will be
exponential of . However, due to the way policies are in-
voked in the AMM, we can make an intuitive remark that,
the higher level policies can only influence what happens at
the lower level through the current level. Therefore, know-
ing enough information about the current level would make
the higher level policies probabilistically independent of the
lower level policies. If this kind of probabilistic indepen-
dence relations can be exploited, the belief state could be
represented more compactly.

Thus, our motivation here is to find the least amount of in-
formation we need to know about the current level, in order
to make the current policies at the higher and lower levels
independent. The following theorem states that if at level ,
we know the current policy, together with its starting time
and starting state, then the higher levels are independent of
the lower levels. The condition obtained is the strictest, in
the sense that, if one of these three variables is unknown,
there are examples of AMMs in which the higher level poli-
cies can influence the lower level ones.

Theorem 1. Let and be two random variables rep-
resenting the starting time and the starting state, respec-
tively, of the current level- policy :

and . Let

denote the set of current policies from

level up to , and de-



note the set of current policies from level down to 0
together with the current state. We have:

(1)

Proof. (Sketch) Induction by . Can easily verify for
. Suppose that (1) holds for , need to prove it

for . There are two cases. If , mean-

ing started before , therefore ,

, , and also for the higher lev-

els, . From the structure of the DBN, it

can be seen that d-separate from
all other variables up to time . From this, we can obtain

. Combining this with the

inductive assumption , and us-
ing the contraction property of the relation (Pearl 1988,
p84), we obtain . In the second

case, if , but since , we have

and . This means that the pol-

icy , and all the policies in have just been formed

at the previous time at the state . Therefore, is

d-separated from the upper levels by and . Thus,

.

Policy Recognition
The policy recognition problem can be formulated as to
compute the conditional probabilities of the current policies,
given the current observation sequence. In this section, we
will assume full observability, i.e. the observation sequence
at time is the state sequence .
In more concrete terms, we are interested in the probabilities

for all level . This gives us information
about the agent’s behaviour at all levels of abstraction, from
the current action ( ), to the top-level policy ( ).
In addition, continuous monitoring would require to com-
pute these probabilities in all time steps (whenever an ob-
servation is made).

Our solution to this problem is based on updating
the belief state of the AMM, i.e. the joint distribution

. Thus, the size of the rep-
resentation of this distribution is crucial.

The belief chain
From Theorem 1, if the starting time of the current level-
k policy can be determined from the state sequence

, then so can the starting state , and the belief state

can be split into two independent parts conditioned on :

. This condition is satisfied when
the applicable domains of all the policies at level do not
partially overlap (i.e. any two domains are either identical
or mutually exclusive), so that the starting point of the cur-
rent policy can be identified as the last time the state

(t)
k+1

(t)
k-1

(t)
k

(t)
k+1

(t)
k-1

(t)
k

(t)
0

(t)
1

(t)

(t)
0

(t)
0

K

(t)
l+1

l
(t+1)

C

C(t+1)

(t)(t)
K

(t)
1

(t)
K

(t)
l

(t)
1

root

(t)

X

(t) (t+1)

0
(t+1)

(b)(a) (c)

C(t+)

(t+)

π

π

π

π

π

π

π
π

s

π π

π

π

π

π

π

π

π

π

s s s

π

Figure 3: The belief chain and its updating process

history sequence crossed one of the peripheral states
in : .

As a consequence, if the policy hierarchy is con-
structed via region-based decomposition of the state-space,

holds for all , and thus the be-
lief state can be represented by a Bayesian network with
a simple chain structure. We term this network the be-
lief chain (Fig. 3(a)), and denote it by

. If a chain is drawn so that
all links point away from the level-k node, we say the chain
has root at level . The root of the chain can be moved
from to another level simply by reversing the links be-
tween and . For consistency purpose, level -1 will refer
to the node , and thus . In the remaining
of the paper, we assume that the policy hierarchy has been
constructed via the region-based decomposition method, and
thus deal exclusively with this chain structure.

Updating the belief chain

Since the belief state can be represented by a chain (and
thus has size linear to ), we can expect that exact infer-
ence method based on updating the belief state will work
efficiently. Here, we briefly describe such a method. More
details can be found in a longer version of this paper (Bui,
Venkatesh, & West 2000).

Assuming that we have a complete specification of the
chain , we need to compute the parameters for the new
chain . This is done in two steps, as in the standard
“roll-over” of the belief state of a DBN (Boyen & Koller
1998): (1) absorbing the new evidence , and (2) project-
ing the belief state into the next time step.

In the first step, we need to compute the chain
. This can be achieved by position-

ing the root of the chain at level , and then reverse
the link from to to absorb the new evidence
(Fig. 3(b)).

In the second step, we continue to compute from
. We note that the new state might cause some

policies at the lower levels to terminate. Let be the highest
level of such a policy; is deterministically determined since

. Since all the poli-



cies at levels higher than do not terminate, ,
and we can retain this upper sub-chain from to .
In the lower part, for , a new policy is cre-

ated by the policy at the state , and thus a new

sub-chain can be formed among the variables with

parameters .

The new chain is then the combination of these two
sub-chains, which will be a chain with root at level (see
Fig. 3(c)).

The complexity of this updating process is . How-
ever, most of the time, none of the policies from level one
up would terminate, and thus . More precisely, the
probability that the current policy at level terminates is
exponentially small w.r.t. . Thus, on average, the updat-
ing complexity at each time-step is which
is constant-bounded. Once the current belief chain is ob-
tained, the required probability is simply

the marginal at the level-k node in the chain .

The Partially Observable Case
We now consider the scenarios when the states cannot be
observed with certainty. The observation at time is de-
noted by , and is assumed to depend stochastically on

only, via the observation model
(the probability that is observed given the actual state is
). Thus, in comparison with the previous section, we now

deal with a process represented by the AHMM, and the
main inference problem becomes computing the probabil-
ities .

The hidden states make the inference tasks in the AHMM
much more difficult. Since the exact state sequence is not
available, neither the starting times or the starting states of
the current policies are known with certainty. Thus, theo-
rem 1 cannot be used. We therefore cannot hope to repre-
sent the belief state by a chain as we did previously. In this
case, an exact method for updating the belief state will have
to operate on a structure with size exponential in . To cope
with this complexity, one generally has to resort to some ap-
proximative inference method instead.

In (Bui, Venkatesh, & West 1999), the stochastic sam-
pling method for DBN (Kanazawa, Koller, & Russell 1995)
has been applied to a network structure similar to the
AHMM. This inference method makes use of a procedure
that reverses the link from the state to the observation be-
fore sampling the next state (evidence reversal (ER)), so that
the sampled state sequence would stay close to the true se-
quence. However, when applied to the multi-layer AHMM,
the ER procedure only affects the sampling of the next state,
while having no effect on the sampling of the next policies
at the higher levels. Furthermore, since the method is in-
tended to be an inference scheme for generic DBNs, it does
not utilise the special structure of the AHMM.

Here, we present a method that uses stochastic sampling
only at the state level, and performs exact inference through
belief-chain updating at the higher levels. Thus, the method
can be classified as an hybrid-inference scheme (Dawid,

Kjærulff, & Lauritzen 1995) which attempts to combine ap-
proximative inference with exact inference on the tractable
parts of the model network. We describe the details of this
inference method below.

Hybrid inference
First, we have the following expansion of the wanted proba-
bility :

(2)

where is the level-k marginal of the chain ,
is termed the weight of

the sequence , and the expectation operator is taken
over the distribution .

Using Monte-Carlo approximation of (2), a set of se-
quences called the sample population are sampled
from the distribution , and (2) can be approxi-
mated by:

(3)

In (3), the marginal can be taken from the chain ,
which can be updated efficiently from as we have
shown in the previous section. The weight can also be
updated using . Thus, all the
terms in (3) afford very efficient update from the same terms
at the previous time step.

The only remaining problem is how to generate the sam-
ple population from the old population . This is
done by lengthening each sample in with a
new state , obtained by sampling from the distribution 4

, which is simply the marginal of the
chain .

Overall, the main updating step for the hybrid-inference
scheme is given in Fig. 4. Note that, in the data structure for
a sample, we only have to keep the last state , since
all the future-relevant information from the sequence
has been summarised in the chain and and the weight of the
sample. Both the time and space complexity of this updat-
ing step are linear to the sample population size, and to the
number of levels of abstraction .

Experiments
By performing exact inference through updating the chain
of each sample, our algorithm avoids sampling at the higher
layers, and thus can be expected to achieve better accuracy
than the original sampling method in (Kanazawa, Koller, &

4The sampling process is described here without the evidence
reversal step for simplicity. When ER is used, the next state
can be sampled from the distribution

.
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Figure 4: Updating algorithm for hybrid-inference

Russell 1995). Here, we provide the experimental result to
back up this claim.

The experiment involves a synthetic tracking task in
which it is required to monitor and predict the movement of
an agent through a building shown in Fig. 1(c). Each room
is represented by a 5x5 grid, and at each state, the agent can
move in 4 possible directions. These actions have 0.5 failure
probability, in which case the agent either stays in the same
cell, or move unintendedly to one of the other three neigh-
bours. The policy hierarchy is constructed based on region-
based decomposition at three levels of abstraction. The par-
tition of the environment consists of the 8 rooms at level 1,
the two wings (north and south) at level 2, and the entire
building at level 3. In each room, we specify 4 level-1 poli-
cies to model the agent’s behaviours of exiting the room via
the 4 different doors. Similarly, we specify 3 level-2 policies
in each wing corresponding with the 3 wing exits, and a total
of 4 top-level policies corresponding to the 4 building exits.
All the parameters of these actions and policies are chosen
manually, and then are used to simulate the movement of the
agent in the building.

We implement both the sampling inference scheme
of (Kanazawa, Koller, & Russell 1995) (with ER and
survival-of-the-fittest) and our hybrid inference (with ER).
In a typical run, the algorithm can return the probability of
the next building exit, the next wing exit, and the next room-
door that the agent is currently heading to (Bui, Venkatesh,
& West 1999). Here, we run the two algorithms using dif-
ferent sample population sizes to obtain their performance
profiles. For a given population size, the standard deviation
over 50 runs in the estimated probabilities of the top-level
policies is used as the measure of expected error in the prob-
ability estimates. We also record the average time taken in
each update iteration.

Fig. 5(a) plots the average error of the two algorithms for
different sample sizes. As expected, for the same number of
samples, the hybrid algorithm delivers much better accuracy.
This however comes with the overhead in updating the be-
lief chain for each sample, which makes the new algorithm
run about twice slower for a given sample size (Fig. 5(b)).

Fig. 5(c) plots the actual CPU time taken versus the expected
error for the two algorithms. It shows that for the same CPU
time spent, the hybrid inference still significantly reduces
the error in the probability estimates. Alternatively, the hy-
brid inference can achieve the same error margin with only
about half the CPU time.

Discussion and Conclusion
In summary, we have presented a framework for the recogni-
tion of abstract Markov policies from external observation,
based on probabilistic inference on the Dynamic Bayesian
Network representation of the abstract policy. The paper
presents two contributions to this problem. First, the anal-
ysis of the fully-observable case shows that policy recog-
nition can be carried out more efficiently if the domains
of the intermediate abstract policies form a partition of the
state-space (i.e. non-overlapping), due to fact that the belief
state of the DBN can be represented more compactly in this
case. As a result, for abstract policies constructed by region-
based decomposition of the state-space, policy recognition
can be performed with constant averaged complexity (i.e.
not dependent on the number of levels of abstraction). In the
second contribution, we derive an efficient hybrid inference
scheme for the recognition of this class of abstract policies
under partial-observability. Experimental results illustrate
our hybrid inference scheme performs better than the exist-
ing sampling-based scheme of (Kanazawa, Koller, & Russell
1995).

Several future research directions are possible. To solve
the more general problem, we need to consider what
happens when the policy domains overlap, or their bor-
der is “fuzzy” (i.e. when stopping conditions are non-
deterministic). Our analysis here points the difficulty of this
case to the uncertainty in the starting times of the current
policies. In addition, we are currently applying the frame-
work presented here to the problem of tracking and predict-
ing human movement in large spatial environment, and as
part of this, addressing the problem of learning the parame-
ters of the model from training data.
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