


mate the steepness of the learning curve in the local neigh-
borhood of a sample size in order to decide whether the ex-
pected plateau has been reached or not (Provost, Jensen, and
Oates 1999), or one can try to approximate whether the ac-
curacy with the sample size is with high probability close
enough to that which will be reached eventually if all of the
data is used (John and Langley 1996). In practice, though,
learning curves are not always as well-behaving as the one
depicted in Fig. 1 (Haussler at al. 1996, Provost, Jensen,
and Oates 1999). Moreover, stopping time determination
using the above-mentioned methods can be computationally
costly.

Our approach, rather, is to rely on a data dependent bound
on the generalization error of the learning algorithm in ques-
tion. The idea is to stop sampling as soon as the general-
ization error of the hypothesis chosen by the learning algo-
rithm can be guaranteed to be close to its error on the train-
ing set with high probability. Thus, we try to choose the
smallest sample size that enables us to prove good results on
the generalization capability of the hypothesis chosen by the
learning algorithm. Instead of using distribution indepen-
dent generalization error bounds based on, e.g., the Vapnik-
Chervonenkis (VC) dimension (Vapnik 1998) we use the
recently introduced approach based on Rademacher penal-
ization (Koltchinskii 2001, Bartlett and Mendelson 2001).
A related approach based on sequential statistical tests has
been introduced by Schuurmans and Greiner (1995).

In the remainder of this paper we first review approaches
to sampling large databases. Then data dependent bounds
on the generalization error of a learning algorithm are re-
capitulated. In particular, Rademacher penalization is re-
viewed. Thereafter, progressive Rademacher sampling is in-
troduced. We prove that it is possible to combine geometric
sampling schedules efficiently with the Rademacher penal-
ization approximation of the generalization error. Following
that two-level decision trees and learning them (Auer, Holte,
and Maass 1995) are briefly recapitulated. Our empirical
experiments chart the utility and feasibility of progressive
Rademacher sampling using two-level decision trees. We
contrast the results to both theoretical and practical alterna-
tives. Finally, some conclusions on the study are presented.

Static and Dynamic Sampling of Large
Databases

Let S = { (xi, yi) | i = 1, . . . , N } be an example set con-
sisting of N independent examples (xi, yi) ∈ X × { 0, 1 }
each of which is drawn according to some unknown proba-
bility measure P on X×{ 0, 1 }. We assume that N is finite,
but so large that it cannot be exhausted in practice. For ex-
ample, it may be impossible to keep N examples in main
memory at one time. In such a situation the theoretical time
complexities of learning algorithms do not necessarily hold.

Kivinen and Mannila (1994) have derived sample size
bounds for approximate verification of the truth of first-order
logical formulas represented in tuple relational calculus for
a given database relation by considering only a random sam-
ple of the relation. The work of Toivonen (1996) was moti-
vated by the need to reduce the number of expensive passes

through the database in searching for the frequent associa-
tion rules. One pass through the whole database can usually
be avoided by inferring a (super)set of candidate rules with
a lowered frequency threshold from a random sample of the
database. Only one pass through the complete database is
required to validate which of the candidates actually are fre-
quent enough in the whole database. Scheffer and Wrobel’s
(2000) sequential sampling algorithm’s main contributions
are to return k best hypotheses instead of only one, work
with many different utility functions, and to rank the candi-
date hypotheses already at an early stage.

The static sampling approaches require a lot of informa-
tion in advance if results of guaranteed quality are desired.
Dynamic approaches to sampling have also been proposed.
An early dynamic sampling technique is Quinlan’s (1983)
windowing, in which a consistent decision tree is first grown
on a random sample, falsely classified examples are then
augmented to the data, and the process is repeated until con-
vergence. Windowing can be beneficial in noise-free do-
mains, but cannot cope well with noise (Fürnkranz 1998).

Successively increasing the sample size until it gives good
enough results is the idea behind progressive sampling. The
method of determining what size samples to choose next is
called a schedule. John and Langley (1996) used an arith-
metic schedule, in which the size of the sample is increased
by a constant portion, n∆, at each step. Let n0 be the num-
ber of examples in the initial sample S0. Then the size of
the ith sample Si will be |Si| = ni = n0 + (i · n∆). The
problem with this schedule is that one may need to iterate
too many times before reaching the required accuracy.

An alternative to the arithmetic schedule is to use a ge-
ometric schedule, in which the initial sample size is mul-
tiplied according to a geometric sequence. In this case
ni = ain0, where n0 is the initial sample size and a > 1 is a
constant. Provost, Jensen, and Oates (1999) showed that ge-
ometric schedule combined with an efficient stopping time
detection is asymptotically optimal for superlinear learning
algorithms in the sense that it gives the same asymptotic time
complexity as knowing the optimal sample size in advance.

They also observed that it is in principle possible to com-
pute the optimal schedule as well. However, that requires
knowing the execution time t(n) of the learning algorithm
on n instances and the probability Φ(n) that convergence
requires more than n instances. Then the expected cost of
schedule Σ = {n1, . . . , nk } can be computed as

C(Σ) =
k∑

i=1

Φ(ni−1)t(ni),

where n0 = 0 and Φ(0) = 1, because convergence defi-
nitely requires more than 0 examples. Let c[i, j] denote the
cost of the minimum expected cost schedule, which includes
samples of i and j instances, of all samples in the size range
[i, j]. The cost of the optimal schedule c[0, N ] can be com-
puted by the recurrence

c[i, j] = min
{

Φ(i)t(j), min
i<k<j

c[i, k] + c[k, j]
}

.

Dynamic programming can be used to solve it in O(N3)
time.
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Provost, Jensen, and Oates (1999) based the approxima-
tion of the stopping time on learning curve analysis, where
the underlying assumption is that machine learning algo-
rithms perform on all domains with increasing sample sizes
roughly as depicted in Fig. 1. However, as they also discuss,
this well-behavedness assumption is not always true, even
though many empirical studies have supported this view. If
the learning curve does not behave well, there is no ground
in trying to determine the stopping time by examining the
learning curve’s local slope. In John and Langley’s (1996)
work stopping time determination was, rather, based on try-
ing to approximate the difference between the accuracy of
the hypothesis chosen after seeing n examples and that of the
one chosen after seeing all N examples. Approximating the
accuracy on all of the data requires extrapolating the learn-
ing curve, and in this task an explicit power law assumption
about the shape of the learning curve was also made.

Data Dependent Bounds on the
Generalization Error of a Hypothesis

We now give up assumptions on the shape of the learning
curve. However, if nothing is assumed about the learning
algorithm or the hypotheses it may choose, it is impossible
to prove any bounds on the generalization capability of a hy-
pothesis. Therefore, we assume — as one usually does in the
PAC and statistical learning settings — that the learning al-
gorithm chooses its hypothesis from some fixed hypothesis
class H. Under this assumption generalization error analy-
sis provides theoretical results bounding the generalization
error of hypotheses h ∈ H that are based on the sample and
the properties of the hypothesis class. We review next some
results of generalization error analysis that will be useful in
stopping time detection.

Given a hypothesis h, its generalization error is the prob-
ability that a randomly drawn example (x, y) is misclassi-
fied:

εP (h) = P (h(x) �= y).
The general goal of learning, of course, is to find a hypoth-
esis with a small generalization error. However, since the
generalization error of a hypothesis depends on the unknown
probability distribution P , it cannot be computed directly
based on the sample alone. We can try to approximate gen-
eralization error of the hypothesis h by its training error on
n examples:

ε̂n(h) =
1
n

n∑
i=1

L(h(xi), yi),

where L is the 0/1 loss function

L(y, y′) =
{

1, if y �= y′;
0, otherwise.

Empirical Risk Minimization (ERM) is a principle that
suggest choosing the hypothesis h ∈ H whose training error
is minimal. In relatively small and simple hypothesis classes
finding the minimum training error hypothesis is computa-
tionally feasible. To guarantee that ERM yields hypothe-
ses with small generalization error, one can try to bound

suph∈H |εP (h) − ε̂n(h)|. Under the assumption that the
examples are independent and identically distributed (i.i.d),
whenever the hypothesis class H is not too complex, the
difference of the training error of the hypothesis h on n
examples and its true generalization error converge to 0 in
probability as n tends to infinity. We take advantage of this
asymptotic behavior, and base sampling stopping time deter-
mination on a data-dependent upper bound of the difference
between generalization and training error.

The most common approach to deriving generalization er-
ror bounds for hypotheses is based on taking the VC dimen-
sion of the hypothesis class into account. The problem with
this approach is that it provides optimal results only in the
worst case — when the underlying probability distribution
is as bad as can be. Thus, the generalization error bounds
based on VC dimension tend to be overly pessimistic. Data
dependent generalization error bounds, on the other hand,
are provably almost optimal for any given domain (Koltchin-
skii 2001). In the following we review the foundations of a
recent promising approach to bounding the generalization
error.

A Rademacher random variable (Koltchinskii 2001)
takes values +1 and −1 with probability 1/2 each. Let
r1, r2, . . . , rn be a sequence of i.i.d. Rademacher random
variables independent of the data (x1, y1), . . . , (xn, yn).
The Rademacher penalty of the hypothesis class H is de-
fined as:

Rn(H) = sup
h∈H

∣∣∣∣∣
1
n

n∑
i=1

riL(h(xi), yi)

∣∣∣∣∣ .

By a symmetrization inequality of the theory of empirical
processes (Van der Vaart and Wellner 2000)

E
{

sup
h∈H

|εP (h) − ε̂n(h)|
}

≤ 2E {Rn(H) } , (1)

where expectations are taken over the choice of examples
on the left and over the choice of examples and Rademacher
random variables on the right. Furthermore, the random
variables suph∈H |εP (h) − ε̂n(h)| and Rn(H) are tightly
concentrated around their expectations (Koltchinskii 2001).
Thus, one can show using standard concentration inequali-
ties that with probability at least 1 − δ

εP (h) ≤ ε̂n(h) + 2Rn(H) + η(δ, n), (2)

where

η(δ, n) = 5

√
ln(2/δ)

2n
is a small error term that takes care of the fluctuations of the
analyzed random variables around their expectations.

The usefulness of inequality (2) stems from the fact that
its right-hand side depends only on the training sample and
not on P directly. Furthermore, Koltchinskii (2001) has
shown that computation of the Rademacher penalty is equiv-
alent to the minimization of the training error on relabeled
training data. This means that Rn(H) can be computed
with the algorithm used for ERM. To get the effects of
Rademacher random variables ri we define a new set of la-
bels zi for the training data as the flipping of the original
label with probability 1/2.
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Altogether, the computation of the Rademacher penalty
entails the following steps.

• Flip the label of each example (xi, yi) with probability
1/2 to obtain a new set of labels zi.

• Find the functions h1, h2 ∈ H that minimize the empiri-
cal error with respect to the set of labels zi and −zi, re-
spectively.

• Compute |(1/n)
∑n

i=1 riL(h(xi), yi)| for h = h1, h2

and select the maximum out of these two values as the
Rademacher penalty.

Progressive Rademacher Sampling
Koltchinskii et al. (2000) have applied Rademacher penal-
ties to provide approximate solutions to difficult control
problems. Dynamic sampling schedules with provable prop-
erties have been applied in this context as well. As sampling
schedules the bootstrap approach as well as the geometric
schedule ni = 2in0 were used. We now adapt the tech-
niques introduced by Koltchinskii et al. (2000) to stopping
time detection.

The least required sample size nP
min(ε, δ) over the class H

with respect to P is the minimal number of examples needed
to guarantee that the training error of the hypothesis h is
within a distance ε from the generalization error of h for
every h ∈ H:

arg min
n≥1

{
Pr

{
sup
h∈H

|εP (h) − ε̂n(h)| ≥ ε

}
≤ δ

}
.

nP
min(ε, δ) can be thought of as an optimal sample size in

the sense that a smaller sample size would not enable us
to be confident that the training error of the hypothesis is
a good approximation of its generalization error. However,
nP

min(ε, δ) depends directly on P and, thus, cannot be com-
puted. We show next how Rademacher penalties can be used
to give computable approximations of nP

min(ε, δ).
Given ε > 0 and δ ∈ (0, 1), let n0(ε, δ) denote the ini-

tial sample size of our learning algorithms. It is assumed
to be a non-increasing function of both ε and δ. A random
variable τ , taking positive integer values, is called a stop-
ping time if, for all n ≥ 1 the decision whether τ ≤ n,
or not, depends only on the information available by time
n; i.e., only on (x1, y1), . . . , (xn, yn). A stopping time τ is
called well-behaving with parameters (ε, δ) if it is such that
τ ≥ n0(ε, δ) and

Pr
{

sup
h∈H

|ε̂τ (h) − εP (h)| ≥ ε

}
≤ δ.

An immediate consequence of this definition is that if
τ is well-behaving with parameters (ε, δ) and ĥ is a hy-
pothesis that minimizes empirical risk based on the sample
{ (xi, yi) | i = 1, . . . , τ }, then

Pr
{

εP (ĥ) ≥ inf
h∈H

εP (h) + 2ε
}

≤ δ.

In other words, it is enough to draw τ examples in order to
find, with high probability, a hypothesis in H that is almost
as accurate as the most accurate one in H.

The question, though, is how to construct the well-
behaving stopping times on the basis of the available data
only — without using the knowledge of P — and which of
the stopping times from this set is the best used in the learn-
ing algorithms. Let us now define stopping times that are
tied to a geometric sampling schedule and reduction of the
Rademacher penalty.
Definition The Rademacher stopping time ν(ε, δ) with pa-
rameters (ε, δ) for the hypothesis class H is

ν(ε, δ) = min
i≥1

{
ni = 2in0(ε, δ) | Rni

(H) < ε
}

.

Koltchinskii et al. (2000) derived data dependent results
that hold for any distribution that could have produced the
sample S. Instead of considering the set of all probability
distributions on S and its supremum upper bound (Koltchin-
skii at al. 2000), in the following results we examine the
(unknown) true probability distribution P producing S.

Theorem 1 Let

n0(ε, δ) ≥
⌊

4
ε2

log
(

4
δ

)⌋
+ 1.

Then, for all ε > 0 and δ ∈ (0, 1),

1. ν(ε, δ) is well-behaving with parameters (5ε, δ).
2. Moreover, if nP

min(ε, δ) ≥ n0(ε, δ), then for all ε > 0 and
δ ∈ (0, 1/2), the probability that ν(24ε, δ) > nP

min(ε, δ)
is at most 3δ (for any class H of hypotheses and any dis-
tribution P ).

Theorem 2 If

n0(ε, δ) ≥
⌊

4
ε2

log
(

4
δ

)⌋
+ 1

and 12/ε ≤ nP
min(ε, δ) ≤ n0(ε, δ), then

Pr { ν(30ε, δ) > 2n0(ε, δ) } ≤ δ.

We omit the proofs of Theorems 1 and 2 because they
are both simple modification of the corresponding proofs by
Koltchinskii et al. (2000). The theorems show that, under
certain mild conditions, ν(ε, δ) is well-behaving and, fur-
thermore, that it yields nearly as good sample sizes as know-
ing the unknown distribution-dependent sample complexity
nP

min(ε, δ). This is in clear contrast with the stopping times
that one could define based on the VC dimension of H which
would be competitive with nP

min(ε, δ) only for worst-case P .

Learning Two-Level Decision Trees
Computation of the Rademacher penalty entails finding the
hypothesis that minimizes the training error. Not many
training error minimizing learning algorithms are known
for hypothesis classes of reasonable size. Moreover, two
executions of the learning algorithm are required to com-
pute the Rademacher penalty of the underlying hypothesis
class. Therefore, it is vital that the learning algorithm is
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Figure 2: Development of the Rademacher penalty (solid
line) and VC-based penalty (dashed line) with increasing
sample size.

efficient. Thus far the only practical experiments on us-
ing Rademacher penalties that we are aware of are those of
Lozano (2000), who used real intervals as his concept class.

T2 (Auer, Holte, and Maass 1995) is an agnostic PAC-
learning algorithm with guaranteed performance for any dis-
tribution of data. It learns two-level decision trees that mini-
mize the training error within this class of hypotheses. Han-
dling of numerical attributes is the main difficulty in learning
concise representations; one cannot reiterate the splitting of
a numerical value range like, e.g., C4.5 does (Quinlan 1993).

In the root of a decision tree produced by T2 a numerical
value range can be split into two intervals using a threshold
value. Missing attribute values, which are common in real-
world data, are treated as an extra value in T2. Thus, if a
numerical attribute is chosen to the root of a tree in T2, then
the tree will have three subtrees rooted at the second level of
the tree. At the second level the value range of a continuous
attribute (even the one that was chosen to the root) can be
split up to k intervals, where k is a prespecified parameter
of the algorithm. A discrete attribute is handled, as usual, so
that the node testing the value of such an discrete attribute
will have as many subtrees as there are different values in the
attribute’s value range (plus one subtree for missing values).

The time complexity of T2 for n examples on m attributes
is O(k2m2n log n). In other words, with respect to the sam-
ple size T2 only requires O(n log n) time. In experiments
(Auer, Holte, and Maass 1995) the two-level decision trees
produced by T2 have been observed to be highly competi-
tive with the more complex decision tree hypotheses of C4.5
(Quinlan 1993).

Experiments
We have tested progressive Rademacher sampling combined
with the T2 learning algorithm on some UCI (Blake and
Merz 1998) domains. In the following results from the Adult
(Census) domain, which was also used by Provost, Jensen,
and Oates (1999), are reviewed.
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Figure 3: Training accuracy (dash-dotted line), test accuracy
(dashed line), and the accuracy lower bound determined by
Rademacher penalty (solid line) in progressive sampling.

Fig. 2 plots the penalties based on Rademacher penaliza-
tion and VC dimension. For both penalties the confidence
parameter δ equals 0.01. Rademacher penalty is the one
given by (2). The VC dimension penalty is determined by
the formula (Vapnik 1998):

2

√
d(ln(2n/d) + 1) + ln(9/δ)

n
,

where d = 656 is a lower bound of the VC dimension of the
hypothesis class used by T2. The lower bound is determined
by the maximal number of leaves in a single two-level tree
for the Adult domain. The figure shows that the results ob-
tained by Rademacher penalization are almost an order of
magnitude smaller than those given by the VC method.

Fig. 3 plots the training and test accuracies of two-level
decision trees on different sized samples. Observe that the
x-axis in this figure is in logarithmic scale (with base 2).
Thus, the points on the curves correspond to successive sam-
ple sizes of the geometric schedule that was used. The
generalization error lower bound computed on the basis of
Rademacher penalties is also displayed.

We chose ε = 0.1 and δ = 0.01. With these values the ini-
tial sample size n0(ε, δ) would be approximately 60,000, but
for illustration we have plotted the accuracies and the lower
bound starting from n0 = 2. With these choices the stopping
time ν(ε/5, δ) evaluated to 65,536. If the sample size had
been determined by the bounds based on VC dimension, a
total of approximately 2,623,000 examples would have been
needed.

On the other hand, the optimal sample size as determined
empirically by Provost, Jensen, and Oates (1999) is approx-
imately 8,000. Thus, although the sample size obtained by
the method proposed in this paper is larger than the one sug-
gested by heuristic stopping time detection methods, it dra-
matically outperforms the one based on VC dimension.

Conclusions
Sampling, in principle, is a powerful method for enhancing
space and time efficiency as well as, on occasion, classifier
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accuracy in inductive learning. However, in static sampling
we have to know a lot in advance, if results of guaranteed
quality are desired. Progressive sampling has been proposed
to circumvent the problems associated with static sampling.
Nevertheless, it too has its problems, the most serious of
which is the problem of determining the stopping time ef-
ficiently and accurately. To compute the optimal sampling
schedule requires a lot of information. Also then the stop-
ping time approximation can be computationally expensive.

In this paper we have studied combining data dependent
Rademacher generalization error bound approximation with
straightforward geometric sampling schedules. Computa-
tion of Rademacher penalties requires executing the learning
algorithm two times and finding the minimum training error
hypothesis within the hypothesis class. These requirements
limit the applicable hypothesis classes to relatively simple
ones. However, the two-level decision trees that were used
in this study have been observed, in practice, to be com-
petitive in their prediction accuracy with the more complex
decision trees produced by C4.5.

Our experiments indicated that using Rademacher penal-
ization gives orders of magnitude more realistic required
sample size estimates than the ones based on VC dimension.
However, the level attainable using direct learning curve es-
timation is hard to reach at least with the relatively small
domain sizes and whenever the learning curve behaves at all
well.
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