


The following section proves complexity of offline learning
in MDPs and presents an algorithm. Following that we ex-
tend the results and the algorithm to zero-sum and common-
payoff SGs and discuss the complications that arise due to
the opponent.

2 Background

Although the concepts in this section are likely well known
by the reader, since part of our message is that there is much
to be gained by being explicit about the setting, we want to
err on the side of explicitness.

2.1 Markov Decision Processes

Definition 2.1 A Markov Decision Process (MDP) is a tuple
M = (S, A, p,r), where

e S is a finite set of states of the world. |S| = n.
o A is a finite set of actions. |A| = m.
e p: S x A— A(S) is the probability transition function,

giving for each state and action a probability distribution
over next states.

o 1 :Sx A — Ris the reward function, giving the expected
immediate reward.

Without loss of generality we will assume that the rewards
lie in the [—7n45/2, Tmas /2] Tange.

Definition 2.2 An MDP with known reward function and
state transition probabilities is called a known MDP. Oth-
erwise it is called an unknown MDP.

A policy m : § — A prescribes which action to take in
every state of the MDP. Associated with every policy 7 is a
value V7 (t) : S — R which is the accumulated reward, ei-
ther discounted or undiscounted, from following this policy
for t steps. As t — oo, the value of ¢ step policy approaches
the value V'™ of infinite-horizon policy. V™ can be computed
by solving a system of linear equations. In this paper we are
interested in discounted and undiscounted! (average return)
problems, so we will use two definitions of V'™:

Definition 2.3 (Discounted)

V7 (s) =r(s,m(s)) +a_p(s,m(s),s )V ().

Definition 2.4 (Undiscounted)

V™(s)+ h"(s) = r(s,n(s)) + Zp(s,ﬂ'(s), sHh™(s).

Notice that because MDP is unichain, for undiscounted re-
ward V7™ (s) = V™ (s'), Vs, s
We are interested in computing the optimal policy:

™ = argmax, V"

"When speaking about undiscounted MDPs, we assume they
are unichain [Bertsekas & Tsitsiklis 1996, Section 4.2].
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2.2 Stochastic Games

Stochastic Games can be seen as either an extension of a
normal form game to multiple states or as an extension of
MDP to multi player setting. Both of these views will be
useful to us. We confine ourselves to 2-player games.

Definition 2.5 Stochastic Game (SG) is a tuple G =

(S, A1, As,p,r1,72), where

e S is a finite set of states of the world. |S| = n.

o A is afinite set of player’s actions. |A1| = m;.

e A, is afinite set of opponent’s actions. |Aa| = ma.

e p: S x A x Ay — A(S) is the probability transition
function, giving for each state, player’s actions and oppo-
nent’s actions, a probability distribution over next states.

o r; : S X Ay x Ay — R is the reward function, giving the
expected immediate reward for player 1.

Without loss of generality we will assume that the rewards
lie in the [—7max/2, T'maz /2] range. Also let m = mq xmeo.

The players have policies 7 : S — Aj and ¢ : S — A,.
A t-step value of a policy pair (7, ¢) is V™?(t) : S — R.
The value of infinite-horizon policy is denoted by V(™) In
a SG, every state s together with the sets of actions avail-
able to both players can be thought of as a normal form
(or static) game g. We will work with zero-sum stochas-
tic games (ZS-SG), where each static game is zero-sum (the
players rewards sum to zero?) under discounted (DZS-SG)
and undiscounted® (AZS-SG) reward formulations. Both
DZS-SG and AZS-SG have an optimal value and there ex-
ist optimal stationary policies [Filar & Vrieze 1997]. We
will also examine common-payoff (collaborative or coop-
erative) stochastic games (CP-SG) where each static game
is common-payoff (the players’ reward functions are equal)
under discounted (DCP-SG) and undiscounted (ACP-SG)
reward formulations. We define optimal value and optimal
stationary policies in DCP-SG and ACP-SG by assuming
that the players are able to coordinate in each stage game.
Then these games can be solved as MDPs. We discuss our
assumption further in Section 5.

3 Single Player Reinforcement Learning

In undiscounted setting traditional algorithms such as E3
and R — max have concentrated on the online problem. It
is important to realize that this problem has two sources of
difficulty - one having to do with the speed of learning the
unknown parameters, and the other having to do with the
speed of accumulating rewards. Unlike the former, the latter
has nothing to do with the unknown nature of the problem -
it is manifested already in fully known MDPs. The key in-
sight of these algorithms is the identification of the mixing
time.

Definition 3.1 ([Kearns & Singh 1998]) The e-return mix-
ing time T, of policy 7 in undiscounted MDP M is the small-
est T such that for allt > T, |V™(t,i) — V™ (3)| < e forall
states 1.

n fact, we can generalize slightly to constant-sum games.
3When speaking about undiscounted SGs, we assume they are
irreducible [Filar & Vrieze 1997, Section 5.1].
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Figure 1: Exponential Mixing Time

In known MDPs, given a known optimal policy, the com-
plexity of accumulating near-optimal rewards is linear in 7.
The T, depends on the number of states, the connectivity of
the graph and on the probability transition function. In gen-
eral it can be exponential in the number of states. To see
that, look at the Markov Chain in Figure 1. If the reward at
state D is larger than at other states, the optimal return will
be achieved after the system moves to state D. But starting
from state A the number of transitions necessary to get to
state D is proportional to (1/5)3.

For discounted setting, a PAC-based algorithm addresses
both offline [Fiechter 1994] and online [Fiechter 1997] prob-
lems. However, the algorithm learns good policies from a
fixed initial state which is a reasonable assumption for on-
line problem, but not for offline one. In addition, offline
problem requires the presence of “reset” button.

In this paper we concentrate on the offline problem, mak-
ing no assumptions on the initial state or special sampling
procedures. In undiscounted setting we could use E'3 or
R — max to compute a near-optimal policy, but does the
mixing time give a satisfactory bound? Not always. To see
that, consider any MDP with an exponential 7,. Now add a
new state which has actions leading to every state and add a
new action to all states that leads to the new state. If the re-
ward on going to and from the new state is very low, then T,
will not change significantly. On the other hand, sampling
the whole state space can be done very fast, since we basi-
cally have a reset button available. And having the whole
model, we should be able to compute a near-optimal policy
fast. In general, we can bound the sampling complexity by
the spectral radius.

Definition 3.2 Given an MDP, let o(s, 7, s") be some path
(s,41,...,11,8") from state s to state s’ under policy .
Let P(s,m,s") = maxXo(srs) [l Pk, T(ik), iky1)-
Then for any MDP we define its spectral ra-
dius 7s as 1/[min, ¢ max, P(s,m,s")].Similarly,
for any SG we define its spectral radius r; as
1/[min, o, max, P(s, 7, ¢,s")].

The complexity of sampling the whole state-space is poly-
nomial in the spectral radius. The spectral radius depends on
the number of states, the connectivity of the graph and on the
probability transition function. In general it can be exponen-
tial in the number of states. However, it is not comparable to
e-return mixing time - it can be exponentially less or greater.
We saw above the case when it is exponentially less. It is ex-
ponentially greater (see Figure 2) whenever there is a set of
states with exponential sampling time (states A, B, C, D),
whose low reward excludes them from the optimal policy
(go directly to state £') and hence from affecting 7.
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Figure 2: Exponential Spectral Radius

We will be interested in a complexity bound on learning
a near-optimal policy that uses the minimum of 7, and r;
for the undiscounted setting and uses 7 for the discounted
setting. Our approach consists of three steps. First, we note
that in known MDPs, the computation of an optimal policy -
unlike the accumulation of optimal reward - can be done in
fast.

Theorem 3.1 (MDP Complexity) The optimal policy in
discounted and undiscounted setting for known MDPs
can be computed using linear programming in poly(n, m)
time [Bertsekas 1995].
(Technically speaking, there is an extra term B, the maxi-
mum number of bits necessary to represent any parameter
of MDP, in the complexity equation. But it is present in all
our formulas and does not add new insight, so we omit it.)
Then we note that the optimal policy is continuous in the
parameters of the MDP, i.e. rewards and probability transi-
tions. To show that we first define a perturbed MDP.

Definition 3.3 Let M be an MDP, and M, be an e-
perturbed MDP with the values of all its parameters differ-
ing from M by less than e. Let w be some policy and V™ be
its value (either discounted or undiscounted) in M, and V.
its value (discounted or undiscounted respectively) in M.
Let 7 be the optimal policy in M and m} be the optimal
policy in M..

Theorem 3.2 (MDP Continuity I) The value of policy 7 is
continuous in some neighborhood £ > 0 w.r.t. perturbations
in parameter space of the MDP for discounted and undis-
counted settings. That is,

V™ — V7| < Ce, where C € R, e < €.

Proof: Follows from the fact that MDPs can be solved
using linear programming, the solution of which is con-
tinuous in the inputs. For discounted MDPs, ¢ = oc.
For undiscounted MDPs, ¢ must be small enough to pre-
serve unichain property of the MDP. It is easy to see that
g > mins,a,s’ p(sv a, Sl)' n

Corollary 3.3 (MDP Continuity II) The optimal strategy
in a perturbed game is nearly optimal in the original game.
That is,

‘V’r* — V7| < Ce, where C € R, e < €.

From this it follows that if we can sample the MDP in
polynomial time, we can compute a near-optimal policy in
polynomial time. First we need to determine how much we
need to sample each unknown parameter. We estimate that
using variants of the Chernoff bound.

AAAI-02 207



Theorem 3.4 (Hoeffding) Given a random variable r
bounded by [—rmaz /2, "maz /2] and a set of its sampled val-
uesri,...,r foranye >0,

P{‘%ZH—ET

where Er is the expectation of r.

> 6} < 26*k62/7‘2mam’

So the number of samples necessary for given levels of € and
0 is polynomial and given by

r?naz d
k(e, (;) = 7(7111 5)

Similarly for probability transition functions.

Theorem 3.5 (Glivenko-Cantelli) If F'(z) is the true pdf
and Fy(z) is the standard empirical pdyf, then for any € > 0,

P{sup.cn |F(z) — Fx(2)| > €} < 8ke ke /32,
We are now ready to state the main result of this section.

Algorithm 3.1 The algorithm builds two MDPs, M and
M.. Initially, both are empty. After each sample newly dis-
covered states and actions are added to both MDPs. The
probability transitions are also updated as standard empir-
ical pdf. The MDPs differ in their updates of rewards. The
M. is build using sampled rewards, while the M is assigned
fictional rewards that facilitate exploration. In particular,
given €,0, T'ymaqz that specify model accuracy, the number of
parameter samples required is computed via Theorems 3.4
and 3.5. Then, for MDP M, (s, a) is set equal to the num-
ber of samples required minus the number of times that re-
ward was actually sampled. The minimum value for (s, a)
is 0.

1. Initialize T to some value for all states s.

2. From state s compute optimal T-step policy 7.(s) in the
MDP M.

3. If reward from 75.(s) is O then increase Ts.

4. Follow 4.(s) for T steps, updating M and M..
5. Goto step 2.

We compare this algorithm to existing approaches. It
explores strictly more than E® and R — maz in
undiscounted MDPs, hence finding e-optimal policy in
poly(n,m,1/e,1/6,T,) time. It is also easy to see that
after poly(n,m,1/e,1/4,r,) steps it will visit the whole
state space and M, can be used to compute e-optimal pol-
icy. Finally, for discounted MDPs, this result extends PAC-
learning [Fiechter 1994] by removing dependence on the
discount rate.

Theorem 3.6 (Main) Using Algorithm 3.1 the e-optimal
policy for an unknown MDP can be computed with probabil-
ity 1 — § in poly(n,m,1/e,1/6, min(rs, T,)) for the undis-
counted setting and in poly(n,m,1/e,1/0,rs) for the dis-
counted setting.
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4 Reinforcement Learning in Zero-Sum
Stochastic Games

The discussion of learning in stochastic games cannot be re-
moved from the discussion of algorithms that react to the
opponent behavior. In general SGs, even the notion of an op-
timal policy is suspect for a non-fixed opponent. However,
in some classes of SGs we have a good definition of optimal-
ity, and for these classes we are able to extend the framework
from the previous section. In particular, we cover zero-sum
and common-payoff SGs. We start with the former in this
section.

We are not aware of any existing results on offline rein-
forcement learning in DZS-SGs. For AZS-SGs we could use
R — max, but as before we can improve upon the complex-
ity bound by using spectral radius together with the mixing
time. The first steps are the same as in the previous section.
We start by showing that computing a near-optimal policy in
a known ZS-SG is fast.

Theorem 4.1 (ZS-SG Complexity) Value Iteration in ZS-
SGs converges to an e-optimal policy exponentially fast. For
DZS-SG the convergence rate depends on n, m, o, while for
AZS-SG it depends on n,m, rs.

Proof: See Chapters 11 and 13 of [Wal 1981] for conver-
gence rates of value iteration in DZS-SG and AZS-SG re-
spectively. We should note that for fixed o and r, the e-
optimal policy in DZS-SG and AZS-SG respectively can be
computed in time polynomial in these quantities. We also
believe it is possible to remove the dependence on the o and
rs by using nonlinear programming, instead of value itera-
tion (see, for example, Chapter 3 in [Filar & Vrieze 1997]).
|

Next we note that the optimal policy is continuous in the
parameters of the ZS-SG. To show that we first define a per-
turbed ZS-SG.

Definition 4.1 Let G be a ZS-SG. Then G, is called e-
perturbed ZS-SG if the values of all its parameters differ
from G by less than €. We use subscript . when referring to
quantities of G, for example Ve(Tr 9 op Te.

Theorem 4.2 (ZS-SG Continuity I) The optimal value
V(8") of DZS-SG or AZS-SG is continuous in some
neighborhood £ > 0 w.r.t. perturbations in parameter space
of that SG. That is,

Vet _y(me| < Ce, where C € RY, e < €.

Proof: See [Filar & Vrieze 1997], Theorem 4.3.7 for proof
in DZS-SG case, with ¢ = oco. For AZS-SG we assume that
parameter perturbations within some radius ¢ do not change
game irreducibility. It is easy to see from the definition of
irreducible matrix that £ > ming o, 4,5 (S, a1, a2, s"). Let
O denote all parameters of the game. Then we can write the
value function explicitly as V (™#)(©). Now, we know that
V(™9)(©) is continuous in © because it can be computed by
solving a system of linear equations (Bellman’s equations).
Moreover, V(™¢7)(@) is also continuous in © since for a
fixed 7 this game becomes an MDP. Finally, V(" +¢7) (@) =



max, V(™) (©) is continuous in © as well because it is a
composition of two continuous functions. W

Corollary 4.3 (ZS-SG Continuity II) Optimal strategy m}
in a perturbed game is nearly optimal in the original game.
That is,

’V(”*"z’*) - V(”:’(b*)‘ < Ce, where C € RY, e < €.

Proof: Neighborhood ¢ is defined as in Theorem 4.2. See
(Theorem 4.3.10, [Filar & Vrieze 1997]) for proof in DZS-
SG case. For AZS-SG we have from Theorem 4.2

’Vve(w:,qs*) _ V(ﬂ:,w)‘ < Ce

‘V<w*7¢*> _ Vﬁ(m*@*)‘ < Ce
Therefore,

‘V(Tr*,aﬁ*) _ V(w:,w)’ <
’V(Tr*,w) _ Ve(fr;*,q&*) 4 V€<w:,¢*> B V(w;,¢*)’ <

‘V(ﬂ*,¢*) _ ‘/e(fl':a¢*)‘ + “/e(ﬂzﬂb*) _ V(w:,qS*)‘ < 92Ce

]

From this it follows that if we can sample the ZS-SG in
polynomial time, we can compute a near-optimal policy in
polynomial time. We know how much to sample each un-
known parameter from Theorems 3.4 and 3.5. However, we
run into a complication - the opponent can prevent the player
from ever exploring some actions. We overcome this diffi-
culty by showing that at any point in time the player always
has a policy that is either better than the minimax or leads to
fast sampling of unknown actions. In effect, by hiding infor-
mation the opponent can either hurt himself or at best pro-
long the discovery of minimax policy for polynomial time.
This is a special property of zero-sum games. First, we in-
troduce subgames.

Definition 4.2 A subgame G of stochastic game G is iden-
tical to G except that the opponent is limited to playing a
nonempty subset of his actions in every state.

Any SG is trivially a subgame of itself. So is any MDP
formed by fixing opponent’s policy. Such subgames are
asymmetric for agents and there is an exponential number
of them. Any subgame of a zero-sum SG is zero-sum. We
note that by restricting his actions to a subgame, the oppo-
nent can only hurt himself.

Theorem 4.4 The value V7 ¢") of the subgame G is at
least as large as the value V™ ") of the ZS-SG G.

Proof: Denote by 11 and @ policy spaces in G and by IT and
® policy spaces in G. Then,

V2 = minmax V™) > min VT 9) >
ped mell pedD
> min V9 — 17 (7"e")
R
]
Now we can show that in any partially known game, as
long as the player knows all the rewards for one opponent
action, the player always has a good strategy.

Corollary 4.5 In a partially known ZS-SG the player al-
ways has a policy such that if the opponent plays only known
actions, the player’s reward will be at least minimax. If
the partially known ZS-SG is actually a subgame, then the
player’s policy is best response versus that subgame.

We omit the full presentation of the algorithm due to space
constraints, but present an informal overview here. The al-
gorithm has explicit, but alternating stages. The agent starts
exploring, quickly finds e-best response (guaranteed to be
as good as e-optimal) to the opponent’s strategy by explor-
ing all the actions that opponent plays, and starts exploit-
ing. Then, once the opponent changes his strategy to in-
clude some previously unknown action, the agent immedi-
ately notices that, and once these unknown actions become
known, he changes his strategy. The opponent can include
previously unknown actions in his strategy only a polyno-
mial number of times due to finite state and action spaces.
The opponent can however prolong these changes indefi-
nitely, therefore there is no finite time after which the al-
gorithm can stop learning, unless the whole state-space has
been explored. But we can guarantee that after each switch
to unknown actions by the opponent, the agent learns e-best
response in polynomial time.

We compare this algorithm to existing approaches. It ex-
plores strictly more than R — max in DZS-SGs, hence find-
ing e-best response policy in poly(n,m,1/e,1/0,Te) time.
Also, for any opponent play, the agent finds this policy in
poly(n,m,1/e,1/4,r,) time by exploring the whole state-
space.

Theorem 4.6 (Main) For any opponent play in ZS-SGs the
agent can compute e-best response, guaranteed to be at
least as good as e-optimal, with probability 1 — § in time
poly(n,m,1/e,1/6, min(Te, ry)) for AZS-SG and in time
poly(n,m,1/e,1/8,r5,1/In ) for DZS-SG.

Our results are similar in complexity to R—max for AZS-
SGs. The results on complexity of DZS-SGs are new to the
best of our knowledge.

S Reinforcement Learning in
Common-Payoff Stochastic Games

In CP-SGs, assuming rational agents, optimal value is well
defined together with a set of optimal policies. Rational
agents try to coordinate in every stage game because that
is in their best interest. We extend the framework from Sec-
tion 3 for offline reinforcement learning. The first steps are
the same. We note that assuming rational agents, optimal
policies for a known CP-SG can be computed fast.

Theorem 5.1 (CP-SG Complexity) The set of all optimal
policy pairs for a CP-SG under discounted and undis-
counted formulations can be computed in time poly(n, m).

Proof: Since the opponent will maximize his and therefore
the agents’ payoffs, it is sufficient to consider an MDP ver-
sion of CP-SG formed by using the same state space S, same
action space A7, but with payoffs resulting from coordinated
opponent behavior, r(s,a) = max;,r(s,a,b), and proba-
bilities corresponding to that action choice, p(s,a,s’) =
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p(s,a, bz‘sya), s'), where bz(s,a) = argmaxpr(s,a,b). The
optimal policies in this MDP can be computed using linear
programming. W

Next we note that the optimal policy is continuous in the
parameters of the CP-SG. The perturbed CP-SG is defined
similarly to Definition 4.1.

Theorem 5.2 (CP-SG Continuity I) The optimal value
V(@) of DCP-SG or ACP-SG is continuous in some

neighborhood & > 0 w.r.t. perturbations in parameter space
of that SG. That is,

]V“W) _ Veww*)‘ < Ce, where C € RY, e < €.

Corollary 5.3 (CP-SG Continuity II) Optimal strategy in
a perturbed game is nearly optimal in the original game.
That is,

Y et V(”:’”*)‘ < Ce, where C € RT, e < €.

From this it follows that if we can sample the CP-SG in
polynomial time, we can compute a near-optimal policy in
polynomial time. We know how much to sample each un-
known parameter from Theorems 3.4 and 3.5. Unlike zero-
sum games, in common-payoff games the agents want to ex-
plore the whole state-space and do not hide parts of it from
each other. There is only one difficulty - coordinating on
the same optimal policy. If the agents do not coordinate,
their actions can mismatch resulting in suboptimal rewards.
If the agents have access to some coordination device (i.e.
communications or coin flips) or the game has focal points,
then the problem becomes simple. We will not use any such
scheme. Instead we rely on action randomization and a suit-
able algorithm to make sure that the agents settle on the same
optimum. We believe that because agents have common in-
terest, it is reasonable to assume that they will use the same
coordination algorithm.

Algorithm 5.1 The algorithm builds two CP-SGs, G and
G, that are updated similarly to the MDPs in Algorithm 3.1.
The value of a state is taken as the coordination optimum of
the stage game.

1. Initialize T’s to some value for all states s.

2. From state s compute optimal T-step policy 75.(s) in the
CP-SG G. This policy is computed using dynamic pro-
gramming.

3. If reward from 73.(s) is O then increase Ts.

4. Follow i.(s) for T steps, updating G and G..
5. Goto step 2.

At the end of the algorithm, once all near-optimal policies
are computed, the agents enter into a coordination phase.
They start randomizing among their optimal actions (de-
rived from optimal policies) in each state. If in some state
they have by chance played an optimal action pair (and they
can detect this), then they settle on these actions in that state.
If in a state with “ settled” actions the opponent chooses
some other action, the agent starts randomizing among op-
timal actions again (this could happen if the opponent is still
exploring).
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Theorem 5.4 (Main) The agents can coordinate choosing
e-optimal policy pair in unknown CP-SGs with probability
1 — ¢ in poly(n,m,1/e,1/6,rs) time for discounted set-
ting and in poly(n,m,1/e,1/6, min(T,,rs)) time for undis-
counted setting.

Proof: The proof is based on the same result for MDPs and
on the fact that during coordination stage the probability of
not playing any optimal action pair in [ trials for any state
decreases as exp(l). l

All of the results in this section are new to the best of our
knowledge.

6 Summary

In this paper we accent the distinction between online and
offline reinforcement learning and present a simple, uniform
framework for proving polynomial complexity in MDPs,
zero-sum and common-payoff SGs. As in recent work our
emphasis has been on the algorithms with provable proper-
ties, but we believe in the long run they will be useful for
constructing practical algorithms. In the future paper we
hope to show that our framework also provides a unifying
simple view of the online problem.
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