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Abstract

Recently, several lower bound functions are proposed
for solving the MAX-2-SAT problem optimally in a
branch-and-bound algorithm. These lower bounds im-
prove significantly the performance of these algorithms.
Based on the study of these lower bound functions, we
propose a new, linear-time lower bound function. We
show that the new lower bound function is admissible
and it is consistently and substantially better than other
known lower bound functions. The result of this study
is a high-performance implementation of an exact algo-
rithm for MAX-2-SAT which outperforms any imple-
mentation of the same class.

Introduction

(DPLL) procedure (Davis et al). One is due to (Wallace &
Freuder) (implemented in Lisp); one is due to (Borchers &
Furman) (implemented in C and publicly available); the next
two are made available in 2003 by (Alsinet et al) and (Zhang
et al), respectively. The last one is provided by (Zhao &
Zhang) in 2004.

Since it is well-known that the tighter the bound the
smaller the search tree in a typical branch-and-bound al-
gorithm, it is not a surprise to see that Alsinet et al.'s im-
plementation is better than Borchers and Furman’s imple-
mentation because a better lower bound function is used in
(Alsinet et al), and Shen and Zhang'’s implementation out-
performed Alsinet et al.’s implementation because of an-
other better lower bound function.

After studying these lower bound functions, we present

In recent years, there has been considerable interest in thein this paper a new lower bound function to further im-

maximum satisfiability problem (MAX-SAT) of proposi-
tional logic, which, given a set of propositional clauses,

prove the performance of the branch-and-bound algorithm
for MAX-2-SAT. We show that these new lower bound

asks to find a truth assignment that satisfies the maximum functions are admissible and provide tighter bounds than
number of clauses. The decision version of MAX-SAT any known lower bound functions. In order to evaluate
is NP-complete, even if the clauses have at most two lit- the new lower bound function, we present experimental re-
erals (so called the MAX-2-SAT problem). Because the Sults on many examples. We showed that the improved
MAX-SAT problem is fundamental to many practical prob- algorithm is consistently and substantially better than all
lems in computer science (Hansen, & Jaumard) and hard- other known algorithms (Borchers & Furman; Alsinet et al;

ware circuit designs (Xu et al), efficient methods that can
solve a large set of instances of MAX-SAT are eagerly
sought. One important area of applications of MAX-2-SAT
is that many NP-complete graph problems sucmagsimum
cut, independent setan be reduced to special instances of
MAX-2-SAT (Cheriyan et al; Mahajan & Raman). Many
of the proposed methods for MAX-SAT are based on ap-
proximation algorithms (Dantsin et al); some of them are

based on branch-and-bound methods (Hansen, & Jaumard;

Borchers & Furman; Bansal & Raman; Hirsch; Hirsch b;
Gramm et al; Niedermeier & Rossmanith); and some of
them are based on transforming MAX-SAT into SAT (Xu
et al).

To the best of our knowledge, there are only six imple-
mentations of exact algorithms for MAX-SAT that are vari-
ants of the well-known Davis-Putnam-Logemann-Loveland
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Zhang et al).

Preliminary
Let F be a formula in CNF withn variablesV =
{z1,...,x,} andm clauses. Anmassignments a mapping
from V to {0, 1} and may be represented by a vectbre
{0, 1}", whered means false antimeans true. Le§(X, F)
be the number of clauses i satisfied byX and K (F) be
the minimal number of false clauses under any assignment.
That is,

K(F)=m—max{S(X,F) | X € {0,1}"}.

If we use the right-hand side of the above equation for com-
puting K (F’), we obtain a naive enumeration algorithm for
MAX-SAT. K(F') can also be computed by a simple recur-
sive function as follows:

K(F) = min(K (F,), K (F5))

where F, is the formula obtained fron#’ by replacingx
by 1 andz by 0. Algorithm based on the above equation
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is also called Davis-Putanm-Logemann-Loveland procedure
(Davis et al).

To speed up the computation, a lower bound is often in-
troduced and the algorithm is called branch-and-bound al-
gorithm. This paper introduces a new lower bound to im-
prove the performance of the algorithm. To facilitate the
discussion, we borrow some convention and the algorithm
presented in (Zhang et al).

For every literak;, we use variablgr) to denote the vari-

able appearing im:. That is, variablér) = z for positive Figure 1: An exact algorithm for MAX-2-SAT.

literal  and variabléz) = x for negative literak. If y is a function max2_sat (Fj: clause setp: integer)
literal, we usej to denoter if y = 7. Il initiation
A partial (complete) assignment can be represented by a min_fcl := MAX _INT;
set of literals (or unit clauses) in which each variable appears for i :=1tondo
at most (exactly) once and each literal is meant to be true in computeB(i) and B(i) from Fy;
the assignment. If variable) does not appear in a partial /I assuming no unit clauses in Fy
assignmentl, then we say literals andz areunassignedh w(i) == p(i) :==0;
A. For an unassigned literal 1.(x) is the number of the unit end for
clause for literal: in the current clause set, including those bb.max2_sat1,n,0);
generated during the search. Initially,z) is the number of return min_fcl;
unit clauses for literat in the input. end function
The algorithm taken from (Zhang et al) is presented in
Figure 1. In the algorithmB(z) = {y | (z Vy) € function bb_.max2_sat(i, n: integer,k: integer )

F,variable(x) < variable(y)} for each literake. By abuse
of notations, we assums is represented byandz; is rep-
resented by, wherel < i < n. Hence, we have(i) = else iflower_boundi) + k& < min_fcl)

p(@s), B(i) = B(w:), p(i) = p(@;) andB(i) = B().. it (u(@)+k <minfcl) A (u@) < p@i) +|B(3)])

1 if (é>n) /l end of the search tree

2

3

4
The following result is provided in (Zhang et al). 5 recordunit clause§z; );

6

7

8

if (¢ < min_fcl) min_fcl := k;

bhmax2safi + 1,n, k + pu(7));

Theorem 1 Supposé-y is a set of binary clauses ofvari- .
Pp ¢ y undarecordunit_clausegr;);

ables. Then mag_sat( Fy, n) will return the minimum num-

ber of false clauses under any assignment. The time com- end if _ . - -
plexity of max2_sat(Fy,n) is O(n2") and the space com- 9 it (u(@) +k <minfcl) A (u(i) < p(@) + |B(i)])
plexity isL/2 + O(n), whereL is the size of the input. 10 recordunit clauses; );
11 bhmax2.sa(i + 1,n, k + p(i));
Lower Bounds 12 undarecordunit clausesz;);

. . . _ , - 13 end if
Since the algorithm is trying to find the minimum number 14 endif

of false clauses under any assignment, lower bounds which gnq function
estimate the minimum number of false clauses at a given
search node are useful for cutting out some search space.procedure recordunit clauses ¢ literal )

In line 3 of bomax2_sat in Figure 1, popular lower bound for y € B(z) do
functions can be used to improve its performance. We may 1(y) = p(y) + 1
also compute upper bound functions to cut off some search end for-

space. In practice, we all adopted the two-phase approach gng procedure
used by Borchers and Furman by first calling a local search
algorithm for computing an upper bound before the search nrocedure undarecordunit clauses ¢: literal )
starts. We found that this approach is much more effective for y € B(z) do
than computing an upper bound in each internal node of the w(y) = py) — 1
search tree. end for:
However, for lower bounds, we have not found such an  eng procedure
effective function which can be computed before the search.
Many algorithms from linear programming can be used for
computing lower bounds. However, since this lower bound
function is called in every internal node of the search tree, it
must be very efficient. In fact, the lower bounds proposed in
(Alsinet et al), (Shen & Zhang), and our new lower bound
function take only linear-time (in terms of the input size).
The following three lower bound functions are used in
(Borchers & Furman; Alsinet et al; Shen & Zhang 2004):
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Figure 2: The function for computing LB3.
function lower_bound3 (i: integer )return integer

1 LB3=LB2;

2 for (zxVy)inSdo

3 if (¢t(z) > 0)A(ty) >0)

4 LB3=LB3+1;

5 t(z) = t(x) — L t(y) = t(y) - L;
6 end for

7 return LB3

end function

e Borchers and Furman’s lower bound:
LB1 =the number of conflicting (or empty) clauses by the
current partial assignment;

¢ Alsinet, Manya and Planes’ lower bound:
LB2 = LB+ Y7, min(u(7), u()):

e Shen and Zhang'’s lower bound:
LB3 = lower-bound3;i).

Here u(x) is the number of the unit clause for literal
2 under the current partial assignment and the function
lower_bound3 is provided in Figure 2. Using LB2 instead
LB1 contributes greatly to the improved performance of
Alsinet, Manya and Planes’ implementation over Borchers
and Furman'’s. It is easy to see that LB1LB2 < K(F).
In general, a lower bound LB is said to bdmissiblef LB
< K(F). Inother words, both LB1 and LB2 are admissible.

To compute LB3, for any literak, let t(z) = w(T) —
w(x) and S be the set of clauses of which both literals are
unassigned under the current assignment.

The following theorem is given in (Shen & Zhang 2004):

Theorem 2 LB1<LB2<LB3< K(F).

To prove the above theorem, we may use the following
lemma:

Lemma 3 If there is a clauser V y in F' such thatu(z) <
w(T) andpu(y) < u(y), then LB2+ 1 < K(F).

Proof Given u(z) > u(z) andu(y) > u(y), for a clause

x Vy, if we assign0 to z, u(y) will be increased byl. So
min(p(y), #(g)) in LB2 will be increased byt. If we assign

1 to z, thenmin(u(z), u(z)) in LB2 will be increased be-
causeu(Z) > u(x). In both cases, we can see that it is safe
to increase LB2 byt. ]

A New Lower Bound

We design another lower bound, lowleound4 in Figure 3,
to fully explore the property revealed by Lemma 3.
It is easy to prove the following result.

Lemma4 The  worst-case time  complexity  of

lower_bound4i) is O((n—i)+>_7_; max(|B(5)|, |B(7)I))-

Before we prove formally that LB4 is indeed an admis-
sible lower bound for MAX-2-SAT, let us look at a simple
example.

Figure 3: The function for computing LB4.
function lower_bound4 (i: integer)return integer

1 LB4=LB1;

2 while (i <n)do

3 LB4 = LB4 + min(u(i), 11(4));

4 t = |p() — p@@)l; .
5 if 1(2) > p(i) Y = B(i)elseY = B(i)
6 fory e Yif (¢ > 0)do

7 t=t—1;

8 w(y) = wy) + 1

9 end for

10 i=i+1

11 endwhile

12 return LB4

end function

Example 5 Suppose a 2CNF formul& is represented by
andS, wherep(a) = p(b) = p(c) = p(e) = 0, p(a) =
p(b) =1andS = {aVec,bVve}. Itis easy to se& (F) = 1.
LB3 = 0 because there exists no clause y in F' such that
1(@) > p(z) andu(y) > uy).

Supposer < b < ¢, then LB4 = 1 because V ¢ will
increaseu(c) by 1 andb v ¢ will increaseu(¢) by 1, making
min(u(e), u(c)) = 1.

Let F (i) be the remaining nontrivial (neither empty nor
tautology) clauses when bihax?2 sati, n, k) in Figure 1
is called. Recall that for any unassigned literal 1(x)
is the number of the unit clauseandk in the procedure
bb.max2_safi,n, k) is the number of empty clauses cre-
ated by the partial assignment on variahiledo z;_1. Let
u(x) be the multiset of.(z) copies of the unit clause and
xB(z) denote the sef(x V y) | y € B(z)}. Then we have

F(i) = u(z;) Uu(@) Uz; B(i) UTiB(i) U F(i + 1)

whereF'(i + 1) is the subset oF'(¢) not containing the vari-
ablex; (assumingr'(n + 1) = ).
Let F be F(i) andz bex; in

K(F) = min(K(F,), K(Fz))

we have

K(F(i)s,) = p(i)+K(B@)UF(i+1) (1)
K(F(i)s) = p(i)+ K(B(i)UF(i+1)) (2)
K(F(i) = min(K(F(i)z,), K(F(i)7)) (3)

SinceK(F(i + 1)) < K(Y U F(i + 1)) for any clause
setY’, we havemin(u(7), u(i)) + K(F(i+ 1)) < K(F(i)),
by discardingB(i) and B(7) from (1) and (2), respectively.
This relation shows why LB2 is an admissible lower bound.
To show that LB4 is admissible, we need the following
lemma.

Lemma 6 For any subseX C B(3), if | X| < u(i) — u(i),
then

min(pu(i), (i) + K(X U F(i+1)) < K(F(i)) (4)
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Proof If | X| = 0, then (4) is trivially true. If X| > 0, then
w(z) > p(i) and (4) becomes
p(i) + K(X UF(i+1)) < K(F(i)) ()
According to (3), there are two cases:
Case 1: K(F(i)z,) < K(F(i)z)-

So K(F (i)

K(F(i)e,) = p(i) + K(B(i) U F(i + 1)) by (1). Be-
causeu(i) > u(i) + |X| and K(B() U F(i + 1)) >
K(F(i+1)) > K(XUF(i+1))—|X|, we haveK (F(i)) >

(i) + | X+ K(XUF(i+1))—|X], or (5).

Case 2: K(F(i)y;,) > K(F(i)z). So K(F(i)) =
K(F(i)z) = p(@) + K(B(#) U F(i + 1)) by (2). Since
X CB@G),KB@EHUF@i+1) > K(XUF(G+1)). So
(5) holds.{]

A mirror of the above lemma can be obtained by switch-
ing z; andz;.

Theorem 7 LB4 < K(F).

Proof We will use Lemma 6 (or its mirror) at each iteration
of 7 in lower_bound4. Ifi = n, then LB4 = LB3 = LB2 =
min(u(4), p(i)). If i < n, suppose LB4is the value com-
puted inside lowebound4 forX U F(i + 1), where

F(i) = u(z;) Uu(m;) U X;B(i) Uz B(i) U F(i + 1).
As an inductive hypothesis, we assume
LB4' < K(X UF(i +1)).

If u(i) > p(i) thenY = B(i) and a subseX of Y is added
at lines 6-9, wheréX| < ¢ as computed at line 4. Since
LB4 = min(u(7), u(i)) + LB4', by induction hypothesis,
LB4 < min(u(i), u()) + K(X UF(i + 1)) < K(F(i)).
The case whenu(i) < u(i) is similar. In both cases,
LB4 < K(F(i)). |

Comparison of LB3 and LB4

In (Shen & Zhang 2004), it has been shown by experimen-
tal results that LB3 can improve the performance of MAX-
2-SAT ten times faster than other lower bounds (LB1 and
LB2). Since LB3 and LB4 have the same worst-case time
complexity, we wish that LB4 is never smaller than LB3,
as Example 5 already showed that LB4 can be greater than
LB3.

Let us look at Example 5 again. We saw that LB4 =1
whena < b < ¢. The same result can be obtained when
b<a<eca<c<borb<c<a However ifc<a<b
(or ¢ < b < a), then LB4 = 0 because neithgfa) nor p(b)
can be increased by the two binary clauses.

This simple example shows that the value of LB4 depends
on how the propositional variables are ordered in the imple-
mentation. In contrast, the value of LB3 does not depend on
variable ordering. Variable ordering is an important perfor-
mance issue of the algorithm in Figure 1. Several orderings
have been compared in (Shen & Zhang 2004), including an
ordering based on the implication graphfof

The next example shows that the ordering for choosing
clauses in the computation of LB3 and LB4 affect their val-
ues.
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Figure 4: The function for computing LB4a.
function lower_bound4a ¢: variable)return integer

1 LB4=LB1;

2 while (i <n)do

3 LB4 = LB4 + min(u(i), 11(4));

4 t = [p(i) — p@@)l; .
5 if 1(2) > p(i) Y = B(i)elseY = B(i)
6 S=10

7 for j e Yif (¢ > 0) do

8 it (1(7) > n(3) S=5U{j}else
9 t=t—1;

10 n(j) = nG) + 1;

11 end for

12 for j € Sif (¢t > 0) do

13 t=t—1;

14 n(j) = p(j) +1;

15 end for

16 i=1i+1

17 end while

18 return LB4

end function

Example 8 Let F' be represented hyandS, whereu(a) =
p(b) = p(e) = p(d) = 0, p(a) = u(b) = u@e) = p(d) =
1,andS = {a VvV b,bV c,cVd}. Obviously,K(F) = 2.

If bV cis chosen first at line 2 of lowdsound3, then LB3

= 1; otherwise, LB3 = 2. Similarly, for computing LB4, if
bV cis chosen first at line 6 of lowdsound4, (eitheb or ¢
must be the smallest in the variable ordering.) then LB4 =
1; otherwise LB4 = 2,

This example shows that LB3 may be 2 while LB4 may
be 1. Thus LB3 and LB4 are different in general. Now we
have the following question: If the same clause ordering is
used for computing both LB3 and LB4, is it true that LB3
LB4? The answer is unfortunately no, as illustrated by the
following example.

Example 9 SupposeF’ is represented by, and S, where
p(a) = p(b) = p(e) = p(©) = 0, p(@) = p(b) = L and

S ={aVe,aVvb}. ThenK(F) = 1 and LB3 =1 because of

a V b. However, if the clauses are chosen in the given order,
then LB4 = 0 because= 1 for a is used orc whena V cis
chosen.

To avoid the problem illustrated in the above example,
at line 6 of lowerbound4, we may prefer those clauses in
Y that will increase the value of LB4. This idea is imple-
mented as function lowdrsound4a in Figure 4. Those liter-
als inY that will not increase the value of LB4 immediately
are stored irt' C Y and processed later at lines 13-16.

However, we do not have a proof that LB4 computed by
lower_.bound4a is always greater than or equal to LB3. To
make sure LB4> LB3, let us say a clause ordering. is
LB3-compatibleif for any two clausega Vv b) and(c Vv d),
if (a Vv b) satisfies(t(a) > 0) A (¢(b) > 0) but(c Vv d) does
not, then(a v b) <. (¢ V d).



Theorem 10 If we select clauses fronY” at line 6 of
lower_.bound4i) using a LB3-compatible clause ordering
(from small to big), then LB3 LB4.

In Example 9, any LB3-compatible ordering will place
a V b beforea Vv ¢. Using this ordering for computing LB4,
we have LB3 =LB4 =1.

The only extra cost for using a LB3-compatible clause
ordering in lowerbound4 is that we have to execute lines 6—
9 twice: The first time for thosg € Y, t(y) > 0, and the
second time for those such thdiy) < 0. In other words,
using this ordering will not compromise the worst-case time
complexity of lowerbound4. However, our implementation
of LB4 using a LB3-compatible clause ordering is slightly
slower than loweibound4a, because of this second visit.

Experimental Results

We already implemented the algorithm presented in Fig-
ure 1 and the lower bound functions LB2 and LB3 (Shen
& Zhang 2004). The implementation is written in C++ and
the code is available to public. We have also implemented
two lower bounds presented in this paper: loweund4
and lowerbound4a, and they are denoted by LB4 and
LB4a, respectively. Note that the function loweound)

in bb.max2_sat (line 3) of Figure 1 returns a lower bound
value minus LB1 in our experiments.

Table 1 shows the performance of five implementations
on Borchers and Furman’s benchmarks. The six implemen-
tations are BF (Borchers & Furman), AMP (Alsinet et al),
ZZ (Zhao & Zhang), LB3 (Shen & Zhang 2004), LB4 and
LB4a. The benchmarks contain randomly generated 2-CNFs
of 50, 100, and 150 variables (#var), and are available from
their web site. It is clear from that the table that LB4a pro-
vides the best result while LB3 and LB4 are ranked second.
The harder the problem, the more significant the gain of
LB4a over other implementations.

(Shen & Zhang 2004) have shown that LB3 is about ten
times faster than other implementations on many random 2-
CNFs. Table 2 provides a detailed comparison of LB3 and
LB4a. The instances are random 2CNF wiibD or 200
variables and various number of clauses. The data show the
average runs on 100 instances (of the same numbers of vari-
ables and clauses). It is clear from the table that LB4a ex-
plores onlyl /4 of the search space (represented by the num-
ber of branches in the search tree) of LB3 and LB4a is about
3 times faster than LB3 on average. Note that the number
in the parentheses following the run time is the number of
unfinished cases after two hours of running.

Conclusion

After studying several lower bound functions for the branch-
and-bound algorithm of MAX-2-SAT, we have proposed a
new lower bound function and proved that it is admissible
and it is indeed a better lower bound function than LB2
and LB3. We have implemented this function and our ex-
perimental results showed that the lower bound function is
consistently and substantially better than other lower bound
functions. All the techniques presented in the paper can be
applied to the weighted MAX-2-SAT problem where each

Cco

Table 1: Experimental results on Borchers and Furman’s ex-
amples. The times (in seconds) are collected on a Pentium
4 linux machine, 2.4GHz, 1G memory; “—" means the job
doesn't finish in one houry means the output was erro-
neous.

Problem | #fcl BF [AMP | ZZ |LB3 |LB4 |[LB4a

#var | #cls

50 100 4 10.02| 0.03/0.31/0.02|0.02| 0.01
150 8 | 0.06 | 0.03|0.46|0.02|0.02| 0.02
200 16 | 4.18 | 0.38 |0.55|0.03|0.03| 0.03
250| 22 24 | 0.26 |0.62 |0.05|0.04 | 0.04
300 32| 350| 4.881.05|0.09|0.09| 0.07
350| 41 |2556 10 11.58|0.09 |0.17 | 0.11
400| 45 |2308 | 4.65(1.23 |0.05|0.08 | 0.06
450 63 - 44 16.04 10.23|0.32| 0.21
500/ 66 - 17 14.15|0.12 |0.17 | 0.15

100 | 200 51014 0.160.41]0.03]/0.03| 0.04
300f 15| 501 29 10.69|042|066| 0.4
400 29 — 11204 |3.92|1.26 |3.15| 0.98
500| 44 - — 1968 | 192 | 180 62
600| 65 - - — 1303|394 | 130

150 | 300 410.18] 0.22 *10.12/0.10| 0.08
450 22 - - * 64 19 | 7.11
600| 38 - - * | 347 | 385 54

Table 2: Experimental results on random instances. The
times (in seconds) are collected on a Pentium 4 linux ma-
chine, 2.4GHz, 1G memory.

Problem LB3 LB4a
#var | #cls | #branches| sec | #branches sec
100 | 200 3.7e+03 0.035| 1.63e+03| 0.030
250 | 6.22e+04 0.15| 1.39e+04| 0.082
300 | 5.91e+05 1.08 | 1.07e+05 0.41
350 | 2.28e+06 4.14 | 3.84e+05 1.5
400 9.5e+06 17 | 1.09e+06 5.23
450 | 1.77e+07 44 | 3.14e+06 14
500 | 3.91e+07 81 | 7.32e+06 32
550 | 7.32e+07 158 | 1.27e+07 55
600 | 1.69e+08 373 | 3.38e+07 152
650 | 3.15e+08 632 | 6.85e+07 337
700 | 4.34e+08 1191 | 1.14e+08 512
200 | 400 | 1.61e+06 3.41 ] 2.09e+05 0.88
420 | 1.27e+07 28 1.3e+06 5.33
440 | 5.79e+07 145 | 3.17e+06 15
460 | 1.24e+08| 330(3)| 1.81e+07 90
480 | 1.46e+08| 405(10) | 2.26e+07| 117(1)
500 | 2.69e+08| 758(21) | 4.31e+07| 244(2)
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clause has a weight. As future work, we will extend the
lower bound function to other optimization problems such
as the maximum cut and the maximum clique problems in
graph theory.
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