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Abstract

Preference aggregation in a multiagent setting is a central
issue in both human and computer contexts. In this paper,
we study in terms of complexity the vulnerability of prefer-
ence aggregation to destructive control. That is, we study the
ability of an election’s chair to, through such mechanisms as
voter/candidate addition/suppression/patrtition, ensure that a
particular candidate (equivalently, alternative) does not win.
And we study the extent to which election systems can make
it impossible, or computationally costly (NP-complete), for
the chair to execute such control. Among the systems we
study—-plurality, Condorcet, and approval voting—we find
cases where systems immune or computationally resistant to
a chair choosing the winner nonetheless are vulnerable to the
chair blocking a victory. Beyond that, we see that among
our studied systems no one system offers the best protection
against destructive control. Rather, the choice of a prefer-
ence aggregation system will depend closely on which types
of control one wishes to be protected against. We also find
concrete cases where the complexity of or susceptibility to
control varies dramatically based on the choice among natu-
ral tie-handling rules.

Key words: preferences, computational complexity, multia-
gent systems.

Introduction

\oting systems provide a broad model for aggregating pref-
erences in a multiagent setting. The literature on voting is

vast and active, and spans such areas as Al, complexity, eco-
nomics, operations research, and political science. As noted

by Conitzer, Lang, and Sandholm (2003), voting has been
proposed as a mechanism for use in decision-making in var-
ious computational settings, including planning (Ephrati &

Rosenschein 1991; 1993) and collaborative filtering (Pen-
nock, Horvitz, & Giles 2000). Voting also may be useful in

many large-scale computer settings. Examples of much re-
cent interest include the (web-page) rank aggregation prob-
lem, and related issues of reducing “spam” results in web
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search and improving similarity search, for which the use
of voting systems has been proposed (Dwetlal. 2001;
Fagin, Kumar, & Sivakumar 2003). In such an automated
setting, it is natural to imagine decisions with thousands or
millions of “voters” and “candidates.”

In the seminal paper “How hard is it to control an elec-
tion?” (Bartholdi, Tovey, & Trick 1992), the issue of con-
structive control of election systems is studied: How hard
is it for a chair (who knows all voters’ preferences) to—
through control of the voter or candidate set or of the
partition structure of an election—cause a given candidate
(equivalently, alternative) to be the (unique) winreThey
studied plurality and Condorcet voting, and seven natu-
ral types of control: adding candidates, suppressing candi-
dates, partition of candidates, run-off partition of candidates,
adding voters, suppressing voters, and partition of voters.
They found that in some cases thereiriamunityto con-
structive control (if his/her candidate was not already the
unique winner, no action of the specified type by the chair
can make the candidate the unique winner), in some cases
there is(computational) resistanct® constructive control
(it is NP-complete to decide whether the chair can achieve
his/her desired outcome), and in some cases the system is
(computationally) vulnerabléo constructive control (there
is a polynomial-time algorithm that will tell the chair how to
achieve the desired outcome whenever pos¥ible

In this paper, we obtain results for each of their 14 cases
(two preference aggregation systems, each under seven con-

YIn their model, which is also adopted here, the chair has com-
plete information on the voters’ preferences. This is a natural as-
sumption in many situations. For example, in a computer science
department, after endless discussions, most people know what each
person’s position is on key issues. Also, since the case where com-
plete information is available to the chair is a special subcase of the
more general setting that allows information to be specified with
any level of completeness, lower bounds obtained in the complete
information setting are inherited by any natural incomplete infor-
mation model.

2Really “a unique winner,” since there may be no winner at all,
but we’ll usually write ‘theunique winner” when this is clear from
context.

3This is more like “computationally certifiably-vulnerable,” see
Definition 1. Vulnerability as defined in (Bartholdi, Tovey, & Trick
1992) means one can quickly decide if thesestsa way for the
chair to achieve the desired outcome.
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trol schemes) in the setting déstructivecontrol. In contrast Table 1 summarizes our results on the complexity of de-
with constructive control, in which a chair tries to ensure that structively controlling Condorcet, plurality, and approval
a specified desirable candidate is the (unique) winner, in de- elections. We also when needed obtain, for comparative pur-
structive control the chair tries to ensure that a specified de- poses, new results on the complexity of constructive control,
tested candidate is not the (unique) winner. Regarding the and Table 1 displays those and also constructive control re-
naturalness of destructivity, the light-hearted title of this pa- sults of Bartholdi, Tovey, and Trick (1992). All entries in
per tries to reflect the fact that, in human terms, one often boldface in Table 1 are new results obtained in this paper; the
hears feelings expressed that focus strategically on preclud- other results are due to Bartholdi, Tovey, and Trick (1992).

ing one candidate, and of course in other settings this also
may be a goal. Regarding the reality of electoral control,
from targeted “get-out-the-vote” advertisements of parties
and candidates to (alleged) voter suppression efforts by inde-
pendent groups, from the way a committee chair groups al-
ternatives to any case where a faculty member hands out stu-

For each boldface “V” in the table, “certifiably-vulnerable”
is in fact also achieved by our theorems. We mention in
passing that for nonboldface “V”s in the table, “certifiably-
vulnerable” can be seen directly from or by modifying the
algorithms of Bartholdi, Tovey, and Trick (1992).

For control-by-partition problems—which will involve

dent course evaluations on a day some malcontent studentssubelection(s)—we distinguish between the models Ties-

are notin class, itis hard to doubt that the desire for electoral
control—both destructive and constructive—is a real one.

Destruction has been previously studied by Conitzer,
Lang, and Sandholm (2002; 2003), but in the setting of
electionmanipulation—in which some voter(s) knowing all
other voters’ preferences are free to shift their preferences
dynamically to affect the outcome. In contrast, in this paper
we study destruction in the very different setting of electoral
control (Bartholdi, Tovey, & Trick 1992)—where a chair,
given fixed and unchangeable voter preferences, tries to in-
fluence the outcome via procedural/access means.

One might ask, “Why bother studying destructive con-
trol, since any rational chair would prefer to assert construc-
tive control?” The answer is that it is plausible—and our
results show it is indeed the case—that destructive control
may be possible in settings in which constructive control is
not. Informally put, destructive control may be easier for
the chair to assert. For example, we prove formally that of
the seven types of constructive control of Condorcet elec-
tions that Bartholdi, Tovey, and Trick (1992) study, the four
they showed not vulnerable to constructive control are all
vulnerable to destructive control. The remaining three cases
regarding Condorcet voting are vulnerable to constructive
control (Bartholdi, Tovey, & Trick 1992), but we show that
they are immune to destructive contfol.

“Savvy readers may wonder whether the last statement is im-
possible. After all, to ensure that the despised candid#enot
the unique winner, we simply have to ask whether at least one
of the other candidates can be ensured to unique-win-or-tie-for-
winner. Formally put, destructive control polynomial-time dis-
junctively truth-table reduces (Ladner, Lynch, & Selman 1975) to
constructive control (redefined to embrace ties), and so the de-
structive control problem can (within a polynomial factor) be no
less harccomputationallythan the (redefined) constructive control
problem (this is noted in a different setting by Conitzer and Sand-
holm (2002)), seemingly (though not really) contrary to the three
cases just mentioned. The brief explanation of why this does not
cause a paradox lies in the word “computational”: Although im-
munity is the most desirable case in terms of security from con-
trol, the complexityof recognizing whether a given candidate can
be precluded from winning in immune cases will most typically
be in P—after all, we camever when immunity holds, change
a given candidate from unique winner to not the unique winner,
so the related decision problem is typically easy. (Technical side
remark: We say “will most typically be in P/is typically” rather

Eliminate (TE, for short) and Ties-Promote (TP, for short),
which define what happens when there are ties in a subelec-
tion (before the final election), namely, all participating can-
didates are eliminated (TE), or all who tie for winner move
forward (TP). Note that these models do not apply to Con-
dorcet voting, under which when a winner exists s/he is in-
herently unique; so the TE/TP distinction is made only for
plurality and approval voting.

The natural conclusion to draw from our results is that
when selecting an election/preference aggregation system,
one should at least be aware of the issue of the system’s
vulnerability to control—and, beyond that, one’s choice of
system will depend closely on which types of immunity or
computational resistance one most values. Our results also
show that constructive and destructive control often differ
greatly: A system immune to constructive control may be
vulnerable to destructive control, and vice versa. Finally,
our results show that—in contrast with some comments in
earlier papers—»breaking ties is far from a minor issue: For
both voting types where tie-handling rules are meaningful,
we find cases where the complexity of or susceptibility to
control varies dramatically based on the choice among natu-
ral tie-handling rules.

Preliminaries

We first define the three voting systems consideredapn
proval voting each voter votes “Yes” or “No” for each can-
didate. (So, for approval voting, a voter's preferences are
reflected by a 0-1 vector.) All candidates with the maximum
number of “Yes” votes are winners.

Plurality and Condorcet voting are defined in terms of
strict preferences. For them, an election is given pyeder-
ence profilea pair(C, V') such thaiC' is a set of candidates
andV is the multiset (henceforth, we’'ll just say set, as a
shorthand) of the voters’ preference order£biWWe assume
that the preference orders are irreflexive and antisymmetric

than “will be in P/is” because for impractical systems that—unlike
those here—have winner-testing problems that are not in P, it is in
concept possible that one can have immunity and yet also have the
related language problem not belong to P.)

The disjunctive-truth-table connection mentioned above ex-
plains why, if P £ NP, it is impossible to have computational
resistance to destructive control hold for any problem that, when
redefined to embrace ties, is vulnerable to constructive control.
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Plurality Condorcet Approval
Control by Constructive| Destructive|[| Constructive| Destructive|| Constructive| Destructive
Adding Candidates || R R I V I Vv
Deleting Candidate§ R R \ I V I
Partition TE:R TE:R V I TE: V TE: |
of Candidates TP: R TP:R TP: | TP: |
Run-off Partition TE:R TE:R Y I TE: V TE: |
of Candidates TP: R TP:R TP: | TP: |
Adding Voters WY V R Y R VvV
Deleting Voters \Y Vv R V R V
Partition TE: V TE: V R Vv TE:R TE: V
of Voters TP:R TP:R TP:R TP: V

Table 1. Summary of results. Results new to this paper are in boldface. Nonboldface results are due to Bartholdi, Tovey, and

Trick (1992). Key: | =immune, R = resistant, V = vulnerable, TE = Ties-Eliminate, TP = Ties-Promote.

(i.e., every voter has strict preferences over the candidates),
complete (i.e., every voter ranks each candidate), and transi-
tive.

A voting systenis a rule for how to determine the win-
ner(s) of an election. Formally, any voting system is defined
to be a(social choice) functiormapping any given prefer-
ence profile (or the analog with voters’ 0-1 vectors for the
approval voting case) to society’s aggregeteice setthe
set of candidates who have won the election.

In plurality voting, each candidate with a maximum num-
ber of “first preference among the candidates in the elec-
tion” voters for him/her wins. IfCondorcet votingfor each
¢ € C, cis awinner if and only if for eacld € C with
d # ¢, c defeatsd by a strict majority of votes in a pairwise
election between them based on the voters’ preferences.

chair’'s goal is to preclude a given candidate from being the
unigue winner. For each of these seven we define the prob-
lem and present prior results and our results. (Formally,
for each type of control one defines a decision problem and
studies its computational complexity.) To make comparisons
as easy as possible, we in stating these seven control prob-
lems whenever possible exactly follow BTT92's wording—
modified to the destructive case (and when we diverge, we
explain why and how).

Destructive Control by Adding Candidates As is com-
mon, we state our decision problems as “Given” instances,
and a related Yes/No question. The language in each case is
the set of all instances for which the answer is Yes.

Given: A setC of qualified candidates and a distinguished

The Condorcet Paradox observes that whenever there are candidate: € C, a setD of possible spoiler candidates,

at least three candidates, due to cyclic aggregate prefer-
ence rankings Condorcet winners may not exist (Condorcet
1785). That is, the set of winners may be empty. How-
ever, a Condorcet winner is unique whenever one does ex-
ist. In the case of plurality and approval voting, due to
ties, there may exist multiple winners. Regarding ties, we—
following Bartholdi, Tovey, and Trick (1992) to best allow
comparison—focus in our control problems on creating a
unique winner (constructive), and precluding a candidate
from being theuniquewinner (destructive). (Ties in sub-
elections, for the partition problems, are handled via the TE
and TP rules described earlier.)

Results

The issue of control of an election by the authority conduct-
ing it (called the chair) can be studied under a variety of
models and scenarios. For plurality and Condorcet voting,
Bartholdi, Tovey, and Trick (1992)—which for the rest of
this section will be referred to as “BTT92"—study construc-
tive control by adding candidates, deleting candidates, par-
tition of candidates, run-off partition of candidates, adding
voters, deleting voters, and partition of voters. In their set-
ting, the chair’s goal is to make a given candidate uniquely
win the election. Analogously, we consider in turn the cor-
responding sevedestructivecontrol problems, where the

and a setl” of voters with preferences (in the approval
case, the “preferences” will, as always for that case, actu-
ally be 0-1 vectors) ovef’ U D.

Question: Is there a choice of candidates frofh whose
entry into the election would assure tlés$ not the unique
winner?

The above type of destructive control captures the idea
that the chair tries to dethrone the despised candidate
introducing new “spoiler” candidates.

With this first problem stated, now is a good time to define
our notions of control. Our terminology will closely follow
the notions in BTT92, to allow comparison.

Definition 1 We say that a voting systemismune to de-
structive controlin a given model (of control) if it is never
possible for the chair to change a given candidate from
the unique winner to being not the unique winner by using
his/her allowed model of control. If a system is not immune
to a type of control, it is said to bgusceptibleo that type of
control.

A voting system is said to lfeomputationally) vulnerable
to controlif it is susceptible to control and the corresponding
language problem is computationally easy (i.e., solvable in
polynomial time). If a system is not just vulnerable but one
can, given a control problem, produce in polynomial time

AAAI-05 / 97



the actual action of the chair to execute control the “best”
way (namely, by adding or deleting the smallest number of
candidates or voters for add/delete problems; for partition
problems, any legal partition that works is acceptable), we
say the system {gomputationally) certifiably-vulnerable to
control®

A voting system is said to Ibesistant to contraf it is sus-
ceptible to control but the corresponding language problem
is computationally hard (i.eNP-complete}.

For the theory of NP-completeness, see, e.g., (Garey &
Johnson 1979; Hopcroft & Ullman 1979). For space rea-
sons we do not explicitly define the corresponding notions
for constructive control (except briefly in the introduction)
and the analogous seven constructive control decision prob-
lems from BTT92, but except when noted below they are
exactly analogous. For example, for the above control sce-
nario, the analogous constructive problem pairs the same
“Given” with the question “Is there a choice of candidates
from D whose entry into the election would assure that
the unique winner?”

As to what is known about Control by Adding Candidates,
BTT92 showed that plurality is resistant and Condorcet is
immune. Our results are:

Theorem 2 Approval (voting) is immune to construc-
tive control by adding candidates, and plurality, Con-
dorcet, and approval (voting) are respectively resistant,
vulnerable/certifiably-vulnerable, and vulnerable/certifia-
bly-vulnerable to destructive control by adding candidates.

So, though Condorcet and approval are immune to con-
structive control of this sort, they both are vulnerable to de-
structive control. This reverses itself for:

Destructive Control by Deleting Candidates

Given: AsetC of candidates, a distinguished candidate
C, a setV of voters, and a positive integér< ||C||.

Question: Are therek or fewer candidates other tharin
C whose disqualification would assure thais not the
unigue winner?

SFor the seven problems studied here, certifiably-vulnerable im-
plies vulnerable (but we list both, since if one studied add/delete
problems stated not in terms of “is there some subset” or “by
adding/deleting< k" but rather in terms of “by adding/deleting
exactlyk,” then for certain systems the implication need not hold).

81t would be more natural to define resistance as meaning the
corresponding language is (many-one) NP-hard. However, in this
paper, we define resistance in terms of NP-completeness. One rea-

In this type of control, the chair seeks to influence the
outcome of the election by suppressing certain candidates
(other tharr), in hopes that their voters now support another
candidate to ensure stoppingNote that this formalization
is not a perfect analog of the constructive case of BTT92
in that we explicitly prevent deleting since otherwise any
voting system in which the winners can efficiently be deter-
mined would be trivially vulnerable to this type of control.
Here, BTT92 establish for constructive control resistance
for plurality and immunity for Condorcet. Our results are:

Theorem 3 Approval is vulnerable/certifiably-vulnerable
to constructive control by deleting candidates. Plurality,
Condorcet, and approval voting are respectively resistant,
immune, and immune to destructive control by deleting can-
didates.

We now handle jointly the two types of partition of candi-
dates, since they yield identical results.

Destructive Control by Partition of Candidates

Given: AsetC of candidates, a distinguished candidate
C, and a sel/ of voters.

Question: Is there a partition of” into C; and Cs such
thatc is not the unique winner in the sequential two-stage
election in which the winners in the subelecti@tt, V)
who survive the tie-handling rule move forward to face
the candidates i@’y (with voter setl”)?

Destructive Control by Run-Off Partition of Candidates

Given: AsetC of candidates, a distinguished candidate
C, and a sel/ of voters.

Question: Is there a partition of” into C; andCs such that
c is not the unique winner of the election in which those
candidates surviving (with respect to the tie-handling
rule) subelectiongC;,V) and (Cy, V) have a run-off
with voter setV.

These two types of control express settings in which the
chair tries to, overall, partition the candidates in such a
clever way that the hated candidatéails to be the unique
winner—one via a cascading setup, and one via a run-off
setup. Here, BTT92 show that for constructive control plu-
rality is resistant (and their results hold in both our TE and
TP models) and Condorcet is vulnerable. Our results are:

Theorem 4 Approval is vulnerable/certifiably-vulnerable

to constructive control by partition of candidates and run-
off partition of candidates in model TE and immune to con-
structive control by partition of candidates and run-off par-
tition of candidates in model TP. Plurality, Condorcet, and

son is that this matches the way the term is used by BTT92. More @pproval voting are, in models TE and TP, respectively resis-
importantly, all the problems discussed in this paper have obvious tant,immune, and immune to destructive control by partition
NP upper bounds since testing whether a given candidate has won aof candidates and by run-off partition of candidates.

given election for the systems considered here is obviously in P. So 5o Condorcet, though vulnerable to constructive control, is
for the problems in this paper, NP-completeness and NP-hardness : '

stand or fall together. We mention in passing that there are natu-
ral election systems whose complexity seems beyond NP. The first
such case established was for the election system defined by Lewis

immune to destructive control here. And, perhaps more in-

teresting, for constructive control, approval changes from

vulnerable to immune depending on the tie-handling rule.
We now turn to control of the voter set. The intuition be-

Carroll in 1876 (Dodgson 1876), where even the complexity of de- v ' ‘ '
termining whether a given candidate has won is now known to be hind seeking destructive control by adding or deleting voters
hard for parallel access to NP (Hemaspaandra, Hemaspaandra, &iS clear, e.g., getting out the vote and vote suppression. We
Rothe 1997). handle these two cases together as their results are identical.
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Destructive Control by Adding Voters

Given: A set of candidate€’ and a distinguished candidate
c € C, asetV of registered voters, an additional $&tof
yet unregistered voters (both andW have preferences
over(), and a positive integér < ||WW]|.

Question: Are therek or fewer voters froni’ whose reg-
istration would assure thatis not the unique winner?

Destructive Control by Deleting Voters

Given: A setof candidate€’, a distinguished candidate=
C, a setl/ of voters, and a positive integér< ||V||.

Question: Are therek or fewer voters inl/ whose disen-
franchisement would assure thais not the unique win-
ner?

Here, BTT92 show that for constructive control plurality
is vulnerable and Condorcet is resistant. Our results are:

Theorem 5 Approval is resistant to constructive control

by adding voters and by deleting voters. Plurality, Con-
dorcet, and approval voting are all vulnerable/certifiably-

vulnerable to destructive control by adding voters and by
deleting voters.

So Condorcet and approval, though resistant to constructive
control, are vulnerable to destructive control here.
The final problem here results in a surprise.

Destructive Control by Partition of Voters

Given: A set of candidate€’, a distinguished candidatec
C, and a seV of voters.

Question: Is there a partition o/ into 1, andV; such that
¢ is not the unique winner in the hierarchical two-stage
election in which the survivors qt”, V1) and(C, V») run
against each other with voter Sé®

In this last type of control, the voter set is partitioned into
two “subcommittees” that both separately select their “nom-
inees,” who run against each other in the final decision stage.
Unlike BTT92, we again distinguish between the two mod-
els Ties-Eliminate and Ties-Promote defined above. That is,
in the Ties-Eliminate model, if two or more candidates tie
for winning in a subcommittee’s election, no candidate is
nominated by that subcommittee. In contrast, in the Ties-
Promote model, all the candidates who tie for winning in
a subcommittee’s election are nominated to run in the final
decision stage. If both subcommittees nominate the same
candidate (and no one else), we by convention declare this
candidate the run-off winner—one cannot eliminate oneself.

We mention that both of our two tie-handling models, TE
and TP, differ from the model adopted in BTT92, where they
for vulnerability results about this problem adopt a third
model in which ties are handled not by a tie-handling rule
but rather by changing the decision problem itself to require
the chair to find a partition that completely avoids ties in any
subcommittee. We find our model the more natural, but we
mention that they obtained for this case, in their tie model,
a constructive-control vulnerability result for plurality. For
Condorcet and constructive control, they proved that resis-
tance holds. Our results are:

Theorem 6 Approval is resistant to constructive con-

trol by partition of voters in models TE and TP,

vulnerable/certifiably-vulnerable to destructive control by
partition of voters in models TE and TP. Plurality is

vulnerable/certifiably-vulnerable to both constructive and
destructive control by partition of voters in model TE,

and is resistant to both constructive and destructive con-
trol by partition of voters in model TP. Condorcet is

vulnerable/certifiably-vulnerable to destructive control by
partition of voters.

The most striking behavior here is that plurality voting varies
between being vulnerable and being resistant, depending on
the tie-handling rule. The loose intuition for this is that in
TE, at most one candidate wins each subcommittee and in
polynomial time we can explore every way this can happen.
In contrast, under TP potentially any subset of candidates
may move forward, and in this particular setting, that flexi-
bility is enough to support NP-completeness. Also interest-
ing is that both Condorcet and approval, while resistant to
constructive control, are vulnerable to destructive control.

Proof Comments

This section tries to give some general feeling for the proofs.
Complete proofs will be included in the full version of this
paper.

Immunity results are generally clear from the definitions.
For example, note that any system satisfying, as does ap-
proval voting, the “unique” version of the Weak Axiom of
Revealed Preference—a unique winner among a collection
of candidates always remains a unique winner among every
subcollection of candidates that includes him/her—is im-
mune to destructive control by deleting candidates, by parti-
tion of candidates, and by run-off partition of candidates.

The certifiably-vulnerable results (which here imply the
vulnerable results) range from clear greedy algorithms to
trickier algorithms based on characterizing the ways in
which a candidate can be precluded from winning (or for
the constructive case, made to win). The more surprising
of these have to do with the tie-handling cases of partition
problems—where the chair can at times do shrewd things
(e.g., shift voters counterintuitively to induce ties that kill
off stronger candidates).

For illustration, we now prove that approval voting is

vulnerable/certifiably-vulnerable to destructive control by
partition of voters in the TP model. An easy example shows
that approval voting is susceptible to this type of control: Let
C = {a,b,c}, and defind/ to consist of the following ten
voters (specified by 0-1 vectors); = vy = v3 = vg4 =
100, vs = vg = vy = 010, andvg = vg = v19 = 001.
In (C,V), a is the unique winner. But iV is partitioned
into Vi = {vy,v9,vs,v6,v7+ andVa = V — V4, b ande
are nominated by the subcommitté€sV;) and(C, V%), re-
spectively, and tie for winner in the run-off.

Now, given a set of candidat€s, a distinguished candi-
datec € C, and a voter seV’, our polynomial-time algo-
rithm for this problem works as follows. ' = {c}, output
“control impossible,” ag: must win; else ifc already is not
the unique winner, outpufl/, #) as a successful partition.
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Otherwise, if||C|| = 2, output “control impossible,” since
in the current case is the unique winner, so will win at
least one subcommittee and also the run-off. If none of the
above cases applies, for eacth € C with ||{a, b, c}|| = 3,
we test whether we can makestrictly beatc in (C, V;) and
makeb strictly beatc in (C,V2). For each voter i/, we
focus just on his/her approval af, b, and ¢, represented
as the vectonbe € {0,1}3. Denote the number of voters
with preferenced00 or 111 by N, with 001 by W,, with
110 by L., with 100 by S,, with 010 by S;, with 101 by
Sae, and with011 by S,.. Sincec is the approval winner,
We+ Spe — (Lo +S,) > 0andW,. + Suc — (Lo + Sp) > 0.
fW,—Lc> Sac+Sa+Spe+ S, —20rS,. +85, =0
or Sy. + Sp = 0, then thisa andb are hopeless, so move on
to consider the next andb in the loop. Otherwise, we have
W, — L. < S4c+ 8¢+ Spe + Sy, —2andS,. + S, >0
andS,. + S, > 0, and outpui{V;, V5) as a successful parti-
tion, wherel/; contains all voters contributing t8,. andsS,,
and alsanin(W,, S,. + S, — 1) voters contributing tdV,
andV, = V — V4. In (C,V}), a (strictly) beatsc, sincea
getsS,. + S, — min(We, Sqc + S, — 1) more Yes votes
thanc. And in (C,V3), b (strictly) beatse, sinced has
Spe +Sp + Lo — (W, — min(W,, S, + S, — 1)) more Yes
votes thare. So, for the construction to work, we must argue
thatSe. + Sy + Le +min(We, Sy + S, —1) — W, > 0. That
is, we needV,— L. < min(W,, Sqc+Sq — 1)+ Spe+Sp. If
W, < Sae+S,—1, thisreducesté < L.+ S+ Sy, which
follows from the fact that in the current casg. + S, > 0.
And if W, > S,. + S, — 1, the desired inequality follows
from the known fact thaltV, — L. < Suc+Sg+ Spe+Sp — 2.
To conclude the polynomial algorithm, if in no loop iteration
did we find ana andb that allowed us to output a partition
of voters dethroning, then output “control impossible.”

Finally, the resistance results are based on clear con-

tainments in NP, plus (polynomial-time, many-one) reduc-

are2(k + 1) voters of the formS; > w > ---, where *S;”
denotes the elements Sf in some arbitrary order. Finally,
for eachj, 1 < j < m, there are two voters of the form
bj >c>---

We show thatS has a hitting set of size less than or equal
to k if and only if destructive control by adding candidates
can be executed for the election with qualified candidates
{c, w}, spoiler candidateB, distinguished candidate, and
votersV. For every candidaté, letsqd) denote the number
of voters who rankd first. If B’ is a hitting set ofS of sizek,
then in the electioB’ U {c, w}, V), sqw) = 2(m — k) +
2n(k+1)+4andsdc) = 2n(k+1)+5+2(m — k). It
follows thatw is not the unique winner afB’ U {c, w}, V).
For the converse, suppose thatis not the unique winner
of an election(B’ U {¢,w}, V), whereB’ C B. We show
that thenB’ is a hitting set ofS of size at mos&. First
note that for allB’ C B and for allb € B’, sqb) < sqw)
in (B"U{c,w}, V). So, ifw is not the unique winner of
(B’ U{c,w}, V), thensdc) > sqw) in (B’ U {c,w}, V).

In (B"U {c,w},V),sdc) = 2n(k+1)+5+2(m—||B'[])
andsqw) = 2(m — k) +2n(k+1) + 4+ 2(k + 1)¢, where
¢ is the number of sets if that are not hit byB’ (i.e., that
have an empty intersection witB’). Sincesqw) < sd¢),
it follows that2(m — k) 4+ 2(k + 1)¢ < 1+ 2(m — || B'|]),
which implies(k+1)¢+||B’|| -k < 0. Sof = 0. Thus,B’
is a hitting set ofS of size at mosk:. It follows that plurality
is resistant to destructive control by adding candidates.

A similar argument can be used to show tatas a hit-
ting set of size at most if and only if the election with
candidateg”, distinguished candidate, and voters/ can
be destructively controlled by deleting at mast- k& candi-
dates. (The proof is omitted.) Thus, plurality is resistant to
destructive control by deleting candidates.

Furthermore S has a hitting set of size at moktif and
only if the election with candidate§', distinguished can-

tions establishing NP-hardness. We whenever possible try didatew, and votersi/ can be destructively controlled by

to achieve multiple resistance results via a single proof.
For example, with a single proof we establish all seven
resistance results for plurality voting: destructive control by
adding, deleting, partition (TE and TP), and run-off parti-
tion (TE and TP) of candidat€sand by partition of vot-
ers (TP). We now sketch this proof, which is achieved via
one general construction that yields the reductions, each
from the NP-complete problem Hitting Set: Given a set
B = {by,ba,...,bp}, afamilyS = {S1,S5,,...,5,} of
subsetsS; of B, and a positive integet, doesS have a hit-
ting set of size at most, i.e., is there a seB’ C B with
[|B'|| < k such that for each, S; N B’ # 0? Given a triple
(B, S, k), we construct the following election. The candi-
date set i = B U {c,w}. The voter seV is defined as
follows. There ar@(m—k)+2n(k+1)+4 voters of the form
w > ¢ > ---, Where *-.” means that the remaining candi-
dates follow in some arbitrary order. There ardk+1)+5
voters of the forme > w > ---. Foreach, 1 < i < n, there

"Our constructions ensure that the distinguished candidate is
never tied for winner in any subelection in the image of the NP-
hardness reduction. Thus, these results hold both in the Ties-
Eliminate and Ties-Promote models.

partitioningC into C; = B’ U {¢,w} andCy = B — B/,
whereB’ is a hitting set ofS of size< k. (The proof is omit-
ted. Sincew never ties for winner in a subelection, the proof
works for both TE and TP.) A similar argument works for
destructive control for run-off partition of candidates. Thus,
plurality is resistant to destructive control by partition and
run-off partition of candidates (both in TE and TP).

Finally, we show that plurality is resistant to destructive
control by partition of voters in the TP model. To this end,
we reduce from the Hitting Set problem restricted to in-
stances where(k + 1) + 1 < m — k. (The proof that this
restriction of Hitting Set is still NP-complete is omitted.)

We first show that, in the electiofC,V) constructed
above, for every partition o/ into V; and V5, w is a
winner of (C, V1) or of (C,V,). For a contradiction, sup-
pose thatw is a winner of neitheXC, V;) nor (C, V). Let
x € BU{c} be awinner of C, ;) with scorescy, (z), and
lety € B U {c} be a winner of(C, V,) with scorescy, (y).
Thenscy, (z) + soy, (y) > soy(w) + 2. Sincew’s score in
(C,V) is greater than that of any other candidate# y.

It follows that scy, (x) + sGy, (y) < soy(c) + soy(b;) <
2n(k+1)+5+2n(k+1)+2 < 2n(k+1)+5+2(m—k) =
soy (w) + 1, a contradiction. We can now show that, assum-
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ingn(k+1)+1 < m —k, S has a hitting set of size at
mostk if and only if V' can be partitioned such that is
not the unique winner ofC, V) in the TP model. IfB’ is a
hitting set of size at mosgt, let V; consist of one voter each
of the forme¢ > w > --- andb; > ¢ > ---, for eachy,

1 <j <m,andletV, =V — V4. Then the winners of
(C,V;) are B’ U {c}, and the winner ofC, 13) is w. Itis
easy to see thatis the unique winner iftB’ U {c,w}, V).
For the converse, suppose there is a partitiolf ¢luch that
w is not the unigque winner of the election. Howeveris a
winner of a subcommittee’s election, as shown above. It fol-
lows thatw is not the unique winner of a run-off election in-
volving w, i.e.,w is not the unique winner itD U {w}, V),
whereD C BU{c}. An argument similar to that in the “de-
structive control by adding candidates” case shows fhat
has a hitting set of size at maist This completes the proof
sketch.

Conclusions

In this paper, we studied the computational resistance and
vulnerability of three voting systems—plurality, Condorcet,
and approval voting—to destructive control by an election’s
chair in each of seven control scenarios: candidate addition,
suppression, partition, and run-off partition, and voter addi-

tion, suppression, and partition. We classified each case as

immune, vulnerable, or computationally resistant. We also
studied the analogous constructive control cases and fully re-
solved those that were not considered by Bartholdi, Tovey,
and Trick.

We identified cases where a system immune to construc-
tive control still can be vulnerable to destructive control
(e.g., Condorcet voting for control by adding candidates),
and vice versa (e.g., approval voting for control by deleting

candidates). We saw that, among the systems studied, none

is globally superior to the others. Rather, when choosing a
voting system, one’s choice will depend on the types of con-
trol against which protection is most desired. Finally, we
saw that—in contrast to some comments in earlier papers—
tie-breaking is a far from minor issue: For those control
types that involve partitions of the candidate or voter set, we
studied two natural tie-handling rules, and we found specific
cases in which the complexity of the corresponding control
problem varies crucially depending on which tie-handling
rule is adopted.
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