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Abstract

This paper presents multi-conditional learning (MCL), a
training criterion based on a product of multiple conditional
likelihoods. When combining the traditional conditional
probability of “label given input” with a generative proba-
bility of “input given label” the later acts as a surprisingly ef-
fective regularizer. When applied to models with latent vari-
ables, MCL combines the structure-discovery capabilities of
generative topic models, such as latent Dirichlet allocation
and the exponential family harmonium, with the accuracy and
robustness of discriminative classifiers, such as logistic re-
gression and conditional random fields. We present results on
several standard text data sets showing significant reductions
in classification error due to MCL regularization, and sub-
stantial gains in precision and recall due to the latent structure
discovered under MCL.

Introduction
Conditional-probability training, in the form of maximum
entropy classifiers (Berger et al., 1996) and conditional ran-
dom fields (CRFs) (Lafferty et al., 2001; Sutton & McCal-
lum, 2006), has had dramatic and growing impact on natural
language processing, information retrieval, computer vision,
bioinformatics, and other related fields. However, discrimi-
native models tend to overfit the training data, and a prior on
parameters typically provides limited relief. In fact, it has
been shown that in some cases generative naı̈ve Bayes clas-
sifiers provide higher accuracy than conditional maximum
entropy classifiers (Ng & Jordan, 2002). We thus consider
alternative training criteria with reduced reliance on parame-
ter priors, which also combine generative and discriminative
learning.

This paper presents multi-conditional learning, a family
of parameter estimation objective functions based on a prod-
uct of multiple conditional likelihoods. In one configuration
of this approach, the objective function is the (weighted)
product of the “discriminative” probability of label given in-
put, and the “generative” probability of the input given la-
bel. The former aims to find a good decision boundary, the
later aims to model the density of the input, and the single
set of parameters in our naı̈ve-Bayes-structured model thus
strives for both. All regularizers provide some additional
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constraints on parameter estimation. Our experimental re-
sults on a variety of standard text data sets show that this
density-estimation constraint is a more effective regularizer
than “shrinkage toward zero,” which is the basis of tradi-
tional regularizers, such as the Gaussian prior—reducing er-
ror by nearly 50% in some cases. As well as improving ac-
curacy, the inclusion of a density estimation criterion helps
improve confidence prediction.

In addition to simple conditional models, there has been
growing interest in conditionally-trained models with latent
variables (Jebara & Pentland, 1998; McCallum et al., 2005;
Quattoni et al., 2004). Simultaneously there is immense in-
terested in generative “topic models,” such as latent Dirich-
let allocation, and its progeny, as well as their undirected
analogues, including the harmonium models (Welling et al.,
2005; Xing et al., 2005; Smolensky, 1986).

In this paper we also demonstrate multi-conditional learn-
ing applied to latent-variable models. MCL discovers
a latent space projection that captures not only the co-
occurrence of features in input (as in generative models),
but also provides the ability to accurately predict designated
outputs (as in discriminative models). We find that MCL is
more robust than the conditional criterion alone, while also
being more purposeful than generative latent variable mod-
els. On the document retrieval task introduced in Welling
et al. (2005), we find that MCL more than doubles precision
and recall in comparison with the generative harmonium.

In latent variable models, MCL can be seen as a form
of semi-supervised clustering—with the flexibility to op-
erate on relational, structured, CRF-like models in a prin-
cipled way. MCL here aims to combine the strengths of
CRFs (handling auto-correlation and non-independent input
features in making predictions), with the strengths of topic
models (discovering co-occurrence patterns and useful la-
tent projections). This paper sets the stage for various in-
teresting future work in multi-conditional learning. Many
configurations of multi-conditional learning are possible, in-
cluding ones with more than two conditional probabilities.
For example, transfer learning could naturally be configured
as the product of conditional probabilities for the labels of
each task, with some latent variables and parameters shared.
Semi-supervised learning could be configured as the product
of conditional probabilities for predicting the label, as well
as predicting each input given the others. These configura-
tions are the subject of ongoing work.

433



Multi-Conditional Learning and MRFs
In the following exposition we first present the general
framework of multi-conditional learning. We then derive
the equations used for multi-conditional learning in sev-
eral structured Markov Random Field (MRF) models. We
introduce discrete hidden (sub-class) variables into naı̈ve
MRF models, creating multi-conditional mixtures, and dis-
cuss how multi-conditional methods are derived. We then
construct binary word occurrence models coupled with hid-
den continuous variables, as in the exponential family har-
monium, demonstrating the advantages of multi-conditional
learning for these models also.

The MCL Framework
Consider a data set consisting of i = 1, . . . , N instances. We
will construct probabilistic models consisting of discrete ob-
served random variables {x}, discrete hidden variables {z}
and continuous hidden variables z. Denote an outcome of
a random variable as x̃. Define j = 1, . . . , Ns pairs of dis-
joint subsets of observations {x̃A}ij and {x̃B}ij , where our
indices denote the ith instance of the variables in subset j.
We will construct a multi-conditional objective by taking the
product of different conditional probabilities involving these
subsets and we will use αj to weight the contributions of the
different conditionals. Using these definitions the optimal
parameter settings under our multi-conditional criterion are
given by

argmax
θ

∏

i,j

∑

{z}ij

∫
P

({
{x̃A}, {z}, z

}
ij
|{x̃B}ij ; θ

)αj dzij ,

(1)
where we derive these marginal conditional likelihoods from
a single underlying joint probability model with parameters
θ. Our underlying joint probability model may itself be nor-
malized locally, globally or using some combination of the
two.

For the experiments in this paper we will partition ob-
served variables into a set of “labels” y and a set of “fea-
tures” x. We define two pairs of subsets: {xA, xB}1 =
{y,x} and {xA, xB}2 = {x,y}. We then construct multi-
conditional objective functions LMC with the following
form

LMC = log
(
P (y|x)αP (x|y)β

)

= αLy|x(θ) + βLx|y(θ).
(2)

In this configuration one can think of our objective as having
a generative component P (x|y) and a discriminative com-
ponent P (y|x). Another attractive definition using two pairs
is: {xA, xB}1 = {y,x} and {xA, xB}2 = {x, ∅}, giving
rise to objectives of the following form

L = log(P (y|x)αP (x)β
)
, (3)

which represents a way of restructuring a joint likelihood to
concentrate modeling power on a conditional distribution of
interest. This objective is similar to the approach advocated
in Minka (2005).

Naı̈ve MRFs for Documents
The graphical descriptions of the naı̈ve Bayes model for text
documents (Nigam et al., 2000) and the multinomial logistic

regression or maximum entropy (Berger et al., 1996) model
can be written with similar naı̈ve graphical structures. Here
we consider naı̈ve MRFs which can also be represented by
a similar graphical structure but define a joint distribution in
terms of unnormalized potential functions.

Consider data D = {(ỹn, x̃j,n); n = 1, . . . , N, j =
1 . . .Mn} where there are N instances and within each in-
stance there are Mn realizations of discrete random vari-
ables {x}. We will use yn to denote a single discrete random
variable for a class label. Model parameters are denoted by
θ. For a collection of N documents we thus have Mn word
events for each document. The joint distribution of the data
can be modeled using a set of naı̈ve MRFs, one for each
observation such that

P (x1, . . . , xMn , y|θ) =
1
Z

φ(y|θy)
Mn∏

j=1

φ(xj , y|θx,y) (4)

where

Z =
∑

y

∑

x1

. . .
∑

xMn

φ(y|θy)
Mn∏

j=1

φ(xj , y|θx,y). (5)

If we define potential functions φ(·) to consist of exponen-
tiated linear functions of multinomial variables (sparse vec-
tors with a single 1 in one of the dimensions), y for labels
and wj for each word, a naı̈ve MRF can be written as

P (y, {w}) =
1
Z

exp
(
yT θy + yT θT

x,y

Mn∑

j=1

wj

)
. (6)

To simplify our presentation, consider now combining
our multinomial word variables {w} such that x =
[
∑Mn

j=1 wj ; 1]. One can also combine θy and θx,y into θ
such that

P (y,x) =
1
Z

exp(yT θTx) (7)

Under this model, to optimize LMC from (2) we have

P (y|x) =
exp(yT θTx)

∑
y exp(yT θTx)

and P (x|y) =
exp(yT θTx)

Z(y)
(8)

where

Z(y) =
∑

w1

. . .
∑

wMn

Mn∏

j=1

exp(yT θT
x,ywj) exp(yT θy). (9)

The gradients of the log conditional likelihoods contained in
our objective can then be computed using:

∇Ly|x(θ) =
N∑

n=1

(
xnyT

n −
∑

y exp(yT θTxn)xnyT

∑
y exp(yT θTxn)

)

= N
(
〈xyT 〉P̃ (x,y) − 〈〈xyT 〉P (y|x)〉P̃ (x)

)

(10)

where 〈·〉P (x) denotes the expectation with respect to distri-
bution P (x) and we use P̃ (x) to denote the empirical distri-
bution of the data, the distribution obtained placing a delta
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