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Abstract approach maintains a fixed set &f samples of the inter-

active state space, it saves on computations. However, the
approach does not address the curse of history and is suited
based value iteration (PBVI) in POMDPs, we maintain a set to solving I-POMDPs when an agent's prior beliefis known.

of belief points and form value functions composed of those In this paper, W_e focus on general SOIU“.OnS o_f T'F"te'y
value vectors that are optimal at these points. However, as  nested I-POMDPs; we do not assume a particular initial be-

we focus on multiagent settings, the beliefs are nested and  lief of the agent. For POMDPs, point based solutions (e.g.
computation of the value vectors relies on predicted actions ~ PBVI: Pineauet al. 2006, Perseus: Spaan & Vlassis 2005)
of others. Consequently, we develop a namgtractivegen- provide effective approximations that reduce the impact of
eralization of PBVI applicable to multiagent settings. the curse of history and scale well to relatively large single-
agent problems. This motivates their use in approximat-
Introduction ing mul_tiagent depisior_l making. Szer and Charp_illet (2006)
use point based iterative dominance to approximate DEC-
Interactive partially observable Markov decision processes POMDPs. Seuken and Zilberstein (2007) adopt a mem-
(I-POMDPs; Gmytrasiewicz & Doshi 2005) are a frame-  ory bounded and point based approach to compute approxi-
work for sequential decision-making in uncertain, multi- mately optimal joint policy trees for DEC-POMDPs. While
agent environments. |-POMDPs facilitate planning and its application in DEC-POMDPs is somewhat straightfor-
problem-solving at an agent's own individual level, and ward due to the assumption of common knowledge of initial
in the absence of any centralized controllers (cf. Nair  beliefs of agents and a focus on team setting, we confront
al. 2003) and assumptions about beliefs of other agents (cf. multiple challenges(i) As point based techniques utilize a
Nair et al. 2003; Szer and Charpillet 2006). Analogous set of initial beliefs, we need computational representations
to POMDPs (Kaelbling, Littman, & Cassandra 1998), |- of the nested beliefs to select thefi.) Because there could
POMDPs are disproportionately affected by growing dimen-  pe infinitely many computable models of other agents, the
sionalities of the state space (curse of dimensionality), and state space is prohibitively large. Finallyiji) actions of
by a large policy space that grows exponentially with the agents in a multiagent setting depend on others’ actions as
number of actions and observations (curse of history). well. Thus, solutions of others’ models are required which
Because I-POMDPs include models of other agents in the suggests a recursive implementation of the technique.
state space as well, the curses of dimensionality and history  We provide ways to address these challenges. We show
are particularly potent. First, if models of others encompass  that computational representations of multiply nested beliefs
their beliefs, the state space is nested representing the beliefsare non-trivial and restrictive assumptions are necessary to
over others’ beliefs and their beliefs over others. Second, as facilitate their representations. In this context, we limit the
the agents act and observe, their beliefs evolve over time. interactive state space by including a finite set of initial mod-
Thus, solutions of I-POMDPs are affected by not only the els of other agents and those models that are reachable from
curse of history afflicting the modeling agent but also that the initial set over time. Here, we make the assumption
exhibited by the modeled agents. that the initial beliefs of the agent aadsolutely continuous
Previously, approximations of finitely nested I-POMDPs  with the true models of all agents, as defined in (Doshi &
focused on mitigating the curse of dimensionality. One ap- Gmytrasiewicz 2006). Finally, we presegeneralizecpoint
proach is to form a sampled representation of the agent's based value iteration for finitely nested I-POMDPs that re-
prior nested belief. Samples are then propagated over time curses down the nesting, approximately solving the models
and recursively in nesting, using a process called the in- at each level.
teractive particle filter (Doshi & Gmytrasiewicz 2005), that

We develop a point based method for solving finitely nested
interactive POMDPs approximately. Analogously to point

generalizes the particle filter to multiagent settings. As the Finitely Nested I-POMDPs
Copyright(© 2008, Association for the Advancement of Artificial  Interactive POMDPs generalize POMDPs to multiagent set-
Intelligence (www.aaai.org). All rights reserved. tings by including other agents’ models as part of the state
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space (Gmytrasiewicz & Doshi 2005). A finitely nested I-
POMDP of agent; with a strategy level interacting with
one other ageny, is defined as the tuple:

I_POMDPi,l = <ISi,l7 Aa 111'1 Qia Oia RZ>
where:e IS;; denotes a set of interactive states defined as,
I1S;; =5 x Mj; 1,whereM;; | ={6;;1USM,}, for

[ >1,andlS, o = S, whereS |s the set of states of 11e phys-
ical enwronment@]l 1 isthe set of computablatennonal

modelsof agentj: 0;,-1 = (bj -1, )where theframe 9

= (A, Q;, T, 05, R;, OCj). Here,j is Bayes rational and
OC IS] 's optlmallty cnterlon SM; is the set of subinten-
tional models ofj. In this paper, we focus on intentional
models only. We give a recursive bottom-up construction of
the interactive state space'

ISio =S5, 0j,0 = {(bj,0, ‘> [ bj0 € A(ISj,0)}
ISi1=58x6,0, ©j1={(bj1,0;)|bj1€AIS;1)}
IS0 =8 %001, ©50={(bj1,0;) | bjs € A(IS;0)}

o A = A; x Aj is the set of joint actions of all agents. The
remaining parameters have their usual meaning.

For a description of the belief update, additional details
on I-POMDPs and how they compare with other multiagent
frameworks, see (Gmytrasiewicz & Doshi 2005).

Exact Solution

Analogous to POMDPs, the value function for -POMDPSs,
Ut, mapsO,, — R, and is PWLC. Becaus®, ; is a con-
tinuous space (countably infinite if we limit to computable
models), we cannot iterate over all the models tdf com-
pute their values. Instead, analogous to POMDPs, we may
decompose the value function into its components:

U'((big, 0:)) = Y al(is) x bi(is)

is€lS;

1)

where,

al(is) = meam{ER (is,ai) +7vY, >

0518’ €18;

{ZPT(GJWJ‘JA)

T 000055001 005,00 K, O35 00005,05)

S0 (8B, (s1-1.05,0) ~ 8,0 b+ (is)
dp is the Dirac-delta function anS £(-) denotes the belief
update. Proof for Eqg. 1 is given in the Appendix of (Gmy-
trasiewicz & Doshi 2005). For small problems and finite
sets of models, we may computé (called alpha vectoy
exactly.
Let V**! be the timet + 1 alpha vectorsya; € A;, o; €
Q;:
I‘lai,* — O[ai7

“(is) = Y Ri(s,ai,a;)Pr(a;]0;,1)

a;€EA;
2

o0t & a0i(is) = 73 Pr(a;|0j,-1)Ti(s, ai, a5, ')

is’ aj
0i(s',ai,a5,00)3°0;4(s', ai, a3, 0)0p (S Eg (bji-1, a5, 05)
05
—b ;1) o' (is") Va!tt e pitt

(©)
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Thus we generaté(|A;||;]) sets of[V!*!| vectors each.
Each vector is of length/.S; ;|. Next, we obtairl'*: by a
cross-sum of previously computed sets of alpha vectors:

(4)

We may generat®(|4;||V**+1|!%!) many distinct interme-
diate alpha vectors, and we utilize a linear program (LP) to
pick those that are optimal for at least one belief point.

= prune (U, T*)

Note that Egs. 2 and 3 requniér(a,w%l 1), which in-
volves solving the levdl — 1 intentional models of.

il

|2
T  T%* oy 1—\0,13,011 D Fai,of D - 1—\111,0

Computational Representation of Nested
Beliefs

While we presented a mathematical definition of nested be-
lief structures, their computational representations are also
needed to facilitate implementations utilizing nested beliefs.
However, as we show next, developing these representations
is not a trivial task.

Complexity of Representation

To promote understanding, we assume tliatframe is

known and agentis uncertain about the physical states and

j's beliefs only. We explore the representations bottom-up.
Agenti's level 0 belief, b, € A(S), is a vector of

probabilities over each physical staté; def { pio(s1),
Pi0(52),- -+ pio(s)s)) ). Since belief is a probability dis-
tribution, elements of the vector must sum to 1. We refer to
this constraint as the simplex constraint. As we may write,
pio(s)s) =1— Z!i';l pi,0(sq), subsequently, onlysS| —1
probabilities are needed to specify a level 0 belief.

Agent i’'s level 1 belief, b;; € A(S x ©;,0), may
be rewritten as, bi71(8, ej,o) pi,l(s)pi71(6’.j70|s).

Therefore, i's level 1 belief is a vector: b, def
(i1 (51),0i,1(Oj0151)),  (Pi1(52).pi1(Oj0(52)),
(pi1(s)5)):0i,1(Oj0l515)))). Here, the discrete dlstrlbuuon
(pia(s1), pii(s2),. .. pi(s)s)) ) satisfies the simplex con-
straint, and each; 1(0©; ¢|s4) is a single density function
overj’s level 0 beliefs. We note that 1 (©, o|s,) integrates
to 1 over all level 0 models of.

Agenti’s level 2 beliefp; » € A(S x ©, 1), analogous to

level 1 beliefs, is a vectod; o def ((pi2(s1),i,2(0j1]s1)),
(Pi2(52), Pi2(0j1182)),- - (Pi2(5)5)), Pi2(Oj1]s)s))) )

In comparison to level 0 and level 1 beliefs, representing
doubly-nested beliefs and beliefs with deeper nestings is dif-
ficult. This is because these are distributions over density
functions whose representations need not be finite. For ex-
ample, letj’s singly-nested belief densities be represented
using a mixture of Gaussians. Theis doubly nested be-
lief overj’s densities is a vector of normalized mathematical
functions of variables where the variables are the parame-
ters of lower-level densities. Because the lower-level densi-
ties are Gaussian mixtures which could hamy number of
components and therefore an arbitrary number of means and



covariances, functions that represent doubly nested belief

may have an unbounded number of variables. Thus compu-

tational representations @ level 2 beliefs are not trivial.

Restrictions on the complexity of nested beliefs are
needed to allow for computability. One sufficient way is to
focus our attention on a limited set of other’s models.

Absolute Continuity Condition

Let (:)j,o be afinite set of j's computable level 0 models.
Then, define’S; ; = S x O, and agent’s belief, b; ; €
A(IS; ). Here, eachy; 1(0;|s,) in the definition ofb; ;

is also adiscretedistribution that satisfies the simplex con-
straint and facilitates higher order beliefs. We generalize to
levell in a straightforward manner: Lélj,l,l be afinite set

of j's computable level — 1 models. Then, definéSiyl =

S x ©;,_, and agent’s belief,b;; € A(IS,,). Here, anal-

ogous to a level 1 belied, ; def (ii(s1), pii(Oj1-1]51)),

(0i(s2), Pia(©j0-1]52)).- - ia(s)s))s Pii(Oj1-1]5)5)))
}, where each distribution is discrete.

Agenti’s belief over the physical states arid models,
together with its perfect information about its own model
induces a predictive probability distribution over joint fu-
ture observations in the interaction (Doshi & Gmytrasiewicz
2006). As we limit the support ofs belief to a finite set of

models of agent. Point based approaches utilize a finite set
of belief points to decide which alpha vectors to retain, and
thereby do not utilize the LPs.

Bounded S and Initial Beliefs
As we mentioned previously, we limit the space;&f can-

didate initial models to a finite se€;, 1. However, be-
cause the models gf may grow as it acts and observes,
agenti must track these models over time in order to act
rationally. LetReach(©;,_1, H) be the set of level — 1
models thatj could have in the course df steps. Note
thatReach(©;,; 1,0) = ©;;_1. In computingReach(-),

we repeatedly updatgs beliefs in the models contained in

©;,:-1. We define a bounded interactive state space below:

Isli,l~: S x Rea.Ch((:)]'71717.l:_[)7 (:)j,l = {<l~)jyl7éj> | Bj,l S
A(1S;0)}

For each level of the nesting, we select an initial set of
beliefs for the corresponding agent randomly. We may pro-
ceed recursively, selectiny initial beliefs randomly as we
recurse down the nesting until we reach level 0, where each
belief is simply a distribution over the physical states.

Point Based Back Projections
Given the bounded interactive state space defined previ-

models, an actual sequence of observations may not proceed®usly; Egs. 2 and 3 may be rewrittefu; € A; ando; € €;:

along a path that is assigned a non-zero predictive probabil-

ity by ¢'s belief. In this casei’s observations may contradict

its belief and the Bayesian belief update may not be possible.

Thus, we desire that's belief, b; ;, assign a non-zero
probability to each potentially realizable observation path
in the interaction — this condition has been called the truth
compatibility condition (Doshi & Gmytrasiewicz 2006). We
formalize it using the notion ofbsolute continuityf two
probability measures: A probability measuse is abso-
lutely continuousvith p,, denoted ap; < pa, if p2(E) =0
impliesp; (E) = 0, for any measurable sét. Let py be the
true distribution over possible observation paths induced by
perfectly knowing the true models ofandj. Let p,, be
the distribution over observation paths induced’bynitial
belief,b; ;. Then,

Definition 1 (Absolute Continuity Condition (ACC))
ACC holds for an agent, sayif po < ps, .

Of course, a sufficient but not necessary way to satisfy the
ACC is for agent; to include each possible model fin

the support of its belief. However, as our observation in the
previous section precludes this, we select a finite sgtsof
candidate models with the partial (domain) knowledge that
the true model of is one of them.

Interactive PBVI

D" — o (is) = Y Ri(s,ai,a;)Pr(al0;,—1) (5)

aj;€EA;

[0 & %0 (is) = 4SS Pr(a;|0;,-1)Ti(s, ai, a5, ")
is’ aj
OZ'(S/7 a;, aj, Oi)ZO]’(Sl, a;, aj, Oj)5D(SE§j (i)j_’lfl, aj, Oj)
oj

—b,_1) o t(iE) Valtt g pitt
L ~ i (6)
whereis,is € IS;; andis = (s,0;;_1).

Let Biyl be a finite set of levdlbelief points at some time
t. As we seek alpha vectors of agérihat are optimal at the
beliefs inBM, we may simplify the cross-sum computations
shown in Eq. 4. In particular, we need not consider all the
vectors in a set, sa@‘”"’%, but only those that are optimal at

some belief pointh; ; € B; ;. Formally,

[ poo o argmaz (a* -big) Vbig € Big (7)
(&7 i [ai,0;

We again utiIizeéi,l to finally select the alpha vectors that
form the setV:

Ve argmazx (o' - le) VEM S Bi,l

atel,, '

Note that in Eq. 7, we generate at méx{ A; || Vi*1|/%1) al-

Because I-POMDPs include possible models of other agents Pha vectors, typically less, and do not require a LP to select

that are solved, their solution complexity additionally suffers
from the curse of history that afflicts the modeled agents.
This curse manifests itself in thet;[|Vi*!(/% alpha vec-
tors that are generated at timéEq. 3) and the subsequent
application of LPs to select the optimal vectors to solve the
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the optimal ones. The s&t contains unique alpha vectors
that are optimal for at least one belief pointi ;. Hence,
V! contains at mostB; ;| alpha vectors, typically less in

practice. As the number of alpha vectors depends on the set
of belief points, we may limit the latter to a constant size.



What remains is how we compute the teftn(a;|6,;,-1)
in Egs. 5 and 6. We may solve agerg I-POMDP of level
l—1 or POMDP of level 0 in an analogous manner using a fi-
nite set of initial belief points of. Consequentlyye recurse
through the levels of nestingtilizing the pre-computed fi-
nite set of belief points at each level to generate the alpha
vectors that are optimal at those points.

Top Down Expansion of Belief Points

For POMDPs, Spaan and Vlassis (2005) utilize a fixed set
of beliefs obtained by randomly exploring the environment.
During back projections, they progressively filter out belief
points considering only those for which the previously back
projected alpha vectors are not optimal. Jaetesl. (2007)
incrementally introduce belief points that have the potential
of providing the largest gain, where gain is the difference
between the current value of the policy at that point as ob-
tained from previously selected alpha vectors and a minimal
upper bound. As the authors conclude, finding the minimal
upper bound is computationally expensive and for large be-
lief spaces (as is the case in multiagent settings) may offset
the runtime savings provided by point based approaches.
We utilize two alternatives to expand the sets of belief
points over time that are used to select the alpha vectors:
e Stochastic trajectory simulation (Stoch) For each belief
ina setBiyl, we sample a physical state and the other agent’s
model. We then uniformly sampliés action,a;, and in com-
bination with the sampled physical state ajfslaction ob-
tained from solvingj’s model, we sample the next physical
state using the transition function. Given the updated phys-
ical state and joint actions, we sample an observatioh of
0;, from the observation function. Ageiis belief is then
updated given its actiom,, and observationy;.
e Error minimization ( Min) Approximation error in point

the timet 4+ 1 vectors using a standard backup technique
for single agent POMDPs, as given in, say (Pineau, Gor-
don, & Thrun 2006). Otherwise, a more sophisticated ap-
proach is needed (lines 2-7). The alpha vectors at filne
(horizon 1) are initialized to their lower bound%% (line

1). This is sufficient to ensure that the repeated back pro-
jections will gradually improve the value function. Though
in Fig. 1, we recursively expand the set of belie{fsl?{c\fl,

BN, 1By ), after each backup, we may reduce our
computational overhead by performing the expansions more
sparsely. Here, we utilize the techniques in the previous sec-
tion for carrying out the expansions (lines 7-8). We show the

I-PBVI (Initial beliefs: (BY,, BY, ,_1,..., BY,), HorizonsH
> 0, Strategy leveli > 0)

1: =1 — INITIAL -ALPHAVECTORS()
2: fort— H —2to0do

3: ifl=0then o

4: I'" « PBVIBACKUP(By o, I, H — 1)

5. else

6: I « I-PBVIBACKUP(BY,, ..., Bro, T H —t,1

7 Expand the previous set of beliefs at all levels recursivyely
8 Add the new beliefs to the existing sets

9: return T

Figure 1: Interactive PBVI for generating the alpha vectors at
horizon, H. Whenl = 0, the vector projection is analogous to
that for POMDPs. Herée; (—k) assumes agent(;j) or j (3).

procedure for back projecting the vectors for the case where
the I-POMDRP is nested to a levet> 0, in Fig. 2. In a nut-
shell, we utilize the steps outlined in Egs. 5— 7 to identify the
projected alpha vectors that are optimal at the belief points

in the setBkJ (lines 2-12). However, in doing so we need

based approaches, in part, depends on the density of the seto predict the other agent’s actions as well which is obtained

of belief points. We prefer to generate a new belief point,
Bf_’l“l, such that the optimal alpha vector at that point is fur-
thest in value from the alpha vector at an existing belief that
is closest to the generated belief. This is because in the ab-
sence of such a point, a large error would be incurred at that
point. As the optimal alpha vector éljl“l is not known,

we may utilize the maximum (or minimum) valu% for
eachis, in its place. Consequently, we select a belief point,
bt , from the set; ;, which when updated will result ibf .

Similar approaches used in (Pineau, Gordon, & Thrun
2006) for expanding beliefs in point based methods in con-
text of single agent POMDPs, demonstrated good results.
For each expansion technique, beliefs at all strategy levels
are recursively generated in an analogous manner.

Algorithm
We show the main procedure for performing the interactive
PBVI (I-PBVI) in Fig. 1. We generate thé/ initial belief
points at each level,By;, BN, ,_,,..., BYYy), randomly as
mentioned before though other ways, for example, utiliz-

ing prior knowledge about probable beliefs, may be used.
If the I-POMDP is not strategically nested, we back project
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by solving its models. Thus, in performing the backup, we
descend through the nesting solving models at each level by
recursively performing I-PBVI.

I-PBVIBACKUP ((By.i,. . ., Bo), T, b, 1)

1:TY, — 1-PBVI((B_ki-1,-..,Bro), hy 1 — 1)

2: forall ax € Ar do -

3:  Compute a;”"" (Eq. 5) where Pr(a_i|0_k,1—1)
GETACTION (0,11, " ;) and addnj"* to 1@+

4. forall o € Q do ~

5: Computea; "’ (Eq. 6), wherePr(a—_x|0—ki—1) <

GETACTION (011, T }), adda (% to T*%

6: for all by, € By, do

7:  Computen)i (Eq. 7) and addy} to "%

8: I't — U, e

9: forall by, € By, do

10:  Selecty] in I'* that maximizesyy, - by

11:  Addaj to T if not already present

12: return Tt

Figure 2: Procedure for backing up alpha vectors when strategy
levell > 0. We recursively call I-PBVI for solving other’s models.



Computational Savings and Error Bounds

If the strategy level is 0, I-POMDRollapses into a POMDP
and we generate in the worst ca8¢|A;||V!*!|/%!) many
alpha vectors at time to solve the POMDP exactly. Let
M; ;-1 = Reach(©,,_1, H). Atlevel 1, because we in-
clude|M; 0| models ofj in the state space, we need obtain
at most|M; o| alpha vectors assumings frame is known.
These are used in solving the I-POMDP ©fwhich in
the worst case generaté¥|A;||Vi*!|%]) vectors of size
|IS;,|. Thus, a total of0(|A| [V 1% + |M;|) alpha
vectors are obtained at level 1. Generalizing to lévahd
assuming, for the sake of simplicity, that the same number
of models of the other agent are included at any levél},
we needO(|A;||Vi+1%] 4 |M|l) alpha vectors to solve
the I-POMDR; exactly. For I-PBVI, if at mostV belief
points are used at any level, approximate solution of a level
0 I-POMDP generate® (V) alpha vectors. For level 1, be-
cause solutions of\/| models are obtained approximately
using N belief points, we need obtain onl§(N) vectors
for j and anothe®©(N) vectors to solve the I-POMDP af
atlevel 1 approximately. Generalizing to levglve generate
at mostO(N (1+1)) many alpha vectors. For the case where
N << |M], significant computational savings are obtained.
Of course, for more than two agents, the number of alpha
vectors are exponential in the number of agents.

The loss in optimality or error due to approximately solv-
ing the [-POMDP using |-PBVI is due to two reasor(s)
The alpha vectors that are optimal at selected belief points
may be suboptimal at other points; afid) Models of the
other agent are solved approximately as well. We begin a
characterization of the error by noting that Eq. 1 may be
rewritten as:

al(is) = ZajeAj Pr(a;]0;,-1) x maz

aieAl{Ri(s’ai’“jH
1T 2 {[eana 06 @00 T, 06
0jis'€IS;

030000 (S (bs1-1,05009) — )| b2}
= Pr(aj|9j,l,1) . Oéflj
B ®)
Let b}, be the belief point where the maximum error oc-

curs, and” be the exact alpha vector that is optimal at this
belief point. Leta be the approximate vector that is instead
utilized atb] , for computing the policy. Note that in using

the solution suffers from both the sources of error mentioned
previously, whilea’” induces no error. Let’ be optimal at

B;_’l while still exhibiting error due to the approximate solu-
tion of j's models. We may define the worst case error as:

E=a"- 5;,1 —a- B;,l =ao- B;,l —o B:.‘,l + (o - B;,l - B:.l)
=(a" b —a' b))+ (b —aby)
5 B )
For the second termy’ - b}, — a - b}, the difference is

only due to the limited set of belief points, as bathanda
utilize the same approximate solution i models. Define

d as the largest of the distances between the pruned belief,

.

0,00

and the closest beIiefW, among the selected points:

~ — ~ y ~ ~ ~/ N. ~
dg = mazy cn,, MG, B, b}, — bil. dj reflects the
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density of the selected belief points within the belief sim-
plex. Derivation of this difference proceeds analogously to
that in POMDPs (Pineaet al. 2006), and we obtain:

R'Z(na:r _ R;‘nzn

o biy—a-bi; <
B , 1_,)/

dg
Next, the termg”’ - b, — o/ - ¥, ,, in Eq. 9 represents the

error due to the approximate solution of the other agent's
models obtained by using I-PBVI recursively:

CVN~' B;,l —a- BIL',L = BIL',L (@ =)
= Zzgl “(aa, - Pr(aj|-) — oy, - Pr'(as]-))  (Using Eq. 8
= b, - (ag; - (Pr(a;]-) — Pr'(a;])))

The inner dot products are ovgs actions. Pr’(a;|-) rep-
resents the suboptimal probability due to the approximation.
Consider the case whefer’(a;|-) prescribes an action;;,

different from that byPr(a;|-). Then the worst error is

" " R;naziR;nin
loosely bounded byyaj —ag < A= Therefore,

max min max min

1—~ - 1—~

7Y ro3 71
«Q 'bi,l -« 'bi,l < bi,z :

Thus, although the error due to pruning the belief points
is bounded and depends on the density of the selected be-
lief points, we are unable to usefully bound the error due to
approximately solving other's models.

Performance Evaluation

We implemented the algorithms in Figs. 1 and 2 and evalu-
ated its performance on the multiagéiger problem (Gmy-
trasiewicz & Doshi 2005; our formulation is different from
that in Seuken & Zilberstein 2007 having more observa-
tions) and a multiagent version of the machine maintenance
problem (MM; Smallwood & Sondik 1973). Although the
two problems have a small physical state space, the interac-
tive state spacd,S; ;, tends to get large.

For both problems, we provide the least time taken in
reaching a particular performance in terms of the rewards
gathered by agerit The time consumed is a function of the
number of belief points used during I-PBVI, the horizons
of the policy and the number gfs models. We gradually
increased the number of belief points, horizons and models
and simulated the performance of the resulting policies over
10 trials with 50 runs each. In each trial, we selected a differ-
entinitial belief of agent, and sampled the starting state and
belief of j from this belief. We compare results across both
the top down expansion strategies mentioned previously.

We show the level 1 and 2 plots for the two problems in
Fig. 3, respectively. Lower values on y-axis indicate better
performance. Notice that for level Min (denoted as IP-
BVI+Min) performs better than the approach of ustgch
(IPBVI+Stoch) to expand the belief points, in both domains.
Specifically, IPBVI+Min takes less time in providing an
identical performance as when the IPBVI+Stoch is used.
However, the distinction is less evident at level 2 where the
greater computations incurred in using the minimization ap-
proach assume significance. These observations are analo-
gous to the mixed performance of the different expansion



Multiagent tiger Multiagent machine maintenance
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Figure 3:Level 1 (’'s models are POMDPSs) and level 2 models are level 1 I-POMDPs) plots of time consumed in achieving a desired

performance. Note that the y-axis is in log scale. The I-PBVI significantly improves on the I-PF, a previous approximation technique for

I-POMDPs. All experiments are run on a Linux platform with dual pr

techniques in POMDPs (Pineau, Gordon, & Thrun 2006).
One way to assess the impact of deeper modeling is to mea-
sure the average rewards obtained; lagross levels for the
same number of belief points. Our experiments do not reveal
a significant overall improvement when agégtbeliefs are
doubly nested, although level 2 solutions are computation-
ally more intensive as evident from Fig. 3. However, there is
evidence in the tiger problem that modeling at level 1 results
in better performance in comparison to naively treating the
other agent as noise (Gmytrasiewicz & Doshi 2005).

We compare the performance of I-PBVI with the inter-
active particle filter (I-PF) based approximation (Doshi &
Gmytrasiewicz 2005), which is the previous best approxi-
mation method for I-POMDPs. We generate policy trees for
as many initial beliefs of as the number of belief points
used in I-PBVI. Although the I-PF is able to mitigate the
curse of dimensionality, it must generate the full reachabil-
ity tree to compute the policy and therefore it continues to
suffer from the curse of history that affects -POMDPs. Bet-
ter performance of I1-PBVI in comparison to I-PF demon-
strates that the generalized PBVI is able to mitigate the im-
pact of the curse of history that affects solutions of both the
agents’ decision processes. Furthermore, we were unable to
run the I-PF beyond a few time horizons due to excessive
memory consumption. As we show in the table in Fig. 3, we
were able to solve for 40 horizons (using less belief expan-
sions), significantly improving on the previous approach for
I-POMDPs that could solve only up to 8 horizons.

Although I-PBVI mitigates the impact of having to main-
tain the history of interaction, we need to maintain the set
of reachable models of the other agent Rieach()) that
quickly grows over time. Due to ACC, we cannot trivially
limit this set. Hence, we are unable to solve beyond tens of
horizons of the problems. Further improvement seems pos-
sible by carefully limiting the set of reachable models.
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ocessor Xeon 3.4GHz with 4GB memory.
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