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Abstract

Arrow’s Impossibility Theorem is one of the landmark results

in social choice theory. Over the years since the theorem was
proved in 1950, quite a few alternative proofs have been put
forward. In this paper, we propose yet another alternative
proof of the theorem. The basic idea is to use induction to
reduce the theorem to the base case with 3 alternatives and 2
agents and then use computers to verify the base case. This
turns out to be an effective approach for proving other im-
possibility theorems such as Sen’s and Muller-Satterthwaite’s
theorems as well. Furthermore, we believe this new proof
opens an exciting prospect of using computers to discover
similar impossibility or even possibility results.

Introduction

Recently, there has been much interest and work in apply-
ing economics models such as those from game theory to Al
as well as Al techniques to solving problems in economics.
In this paper, we consider a different application of Al to
economics: using computers to help prove and discover the-
orems in social choice theory.

The particular theorems that we are interested in in this
paper are the impossibility theorems such as those by Arrow
(1950), Sen (1970), and Muller and Satterthwaite (1977) in
social choice theory (Arrow, Sen, & Suzumura 2002), an

area concerning about how individual preferences can be ag-

gregated to form a collective preference in a society. Social

In this paper, we propose yet another alternative proof of
this result, with the help of computers. Briefly, Arrow’s the-
orem says that in a society with at least three possible out-
comes (alternatives) for each agent, it is impossible to have a
social welfare function that satisfies the following three con-
ditions: unanimity (Pareto efficiency), independent of irrele-
vant alternatives (l1A), and non-dictatorship. We shall show
by induction that this result holds if and only if it holds for
the base case when there are exactly two agents and three
alternatives (the single agent case is trivial). For the base
case, we verify it using computers in two ways. One views
the problem as a constraint satisfaction problem (CSP), and
uses a depth-first search algorithm to generate all social wel-
fare functions that satisfy the first two conditions, and then
verifies that all of them are dictatorial. The other translates
these conditions to a logical theory and uses a SAT solver to
verify that the resulting logical theory is not satisfiable. Ei-
ther way, it took less than one second on an AMD Opteron-
based server (with 4 1.8GHz CPUs and 8GB RAM) for the
base case to be verified.

As it turns out, this strategy works not just for proving
Arrow’s theorem. The same inductive proof can be adapted
for proving other impossibility results such as Sen’s and
Muller-Satterthwaite’s theorems. We shall outline our proof
for Muller-Satterthwaite’s theorem along this line but leave
Sen’s theorem to the full version of the paper.

These proofs suggest that many of the impossibility re-
sults in social choice theory are all rooted in some small

choice _theery has sometimes been called “a science of the paqe cases. Thus an interesting thing to do is to use comput-
impossible” because of the many famous impossibility th?- ers to explore these small base cases to try to come up with
orems that have been proved in it. Among them, AIToW's  giher impossibility or possibility results, and to understand
theorem (Arrow 1950) on the non-existence of rational so-  the houndary between these two type of results. This is what
cial welfare funct|9n is no doubt the most farr_lous one. It \ye think the long term implication of our new proofs of Ar-
shows the non-existence of the collective social preference (s and other impossibility theorems will lie, and the main
(called social welfare function) even when some minimal e5350n why we want to formulate the conditions in these the-
standards such as Pareto efficiency and non-dictatorship are;rems in a logical language and use a SAT solver to check
imposed. Arrow’s original proof of this result is relatively  heir consistency. Our work in this direction is still prelimi-
complex, and over the years, quite a few alternative proofs nary However, we do have two results to report, one tries to
have been advanced (see e.g (Fishburn 1970; Barbera 1980yg|ax the unanimity condition and the other the I1A condition
Geanakoplos 2005)). in Arrow’s theorem.

The rest of the paper is organized as follows. We next re-
view Arrow’s theorem and then describe our new inductive
proof of this result. We then briefly describe how this proof
can be adapted to prove Muller-Satterthwaite’s theorem. We
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then propose a logical language for social choice theory and  Arrow’s original proof of this result is somewhat com-
describe how it can be used to axiomatize Arrow’s theorem plicated, and there are several alternative proofs by others,
and how the base case in our inductive proof of Arrow’s the- e.g (Fishburn 1970; Barbera 1980; Geanakoplos 2005). We
orem can be checked using a SAT solver. Finally, we briefly now give yet another one using induction.

describe our idea on using computers to discover new theo-

rems in social choice theory, and then conclude this paper.

Arrow’s Theorem

A voting model is a tupld N, O), whereN is a finite set

of individuals (agents) an@ a finite set of outcomes (alter-
natives). An agent’s preference ordering is a linear order-
ing of O, and a preference profite of (N, 0) is a tuple
(>1,...,>n), Where>; is agent’s preference ordering, and

n the size ofN. In the following, whenN is clear from the
context, we also call- a preference profile ab. Similarly,
whenO is clear from the context, we also call it a preference
profile of N.

Definition 1 Given a voting mod€lV, O), asocial welfare
functionis a functionW : L™ — L, whereL is the set of
linear ordering ofO, andn the size ofV.

A social welfare function defines a social ordering for
each preference profile. If we consider the social ordering
given by a social welfare function as the aggregates of the
preference orderings of the individuals in the society, it is
natural to impose some conditions on it. For instance, it
should not be dictatorial in that the aggregated societal pref-
erence ordering always is the same as a particular individ-
ual's preference. Arrow showed that a seemingly minimal
set of such conditions turns out to be inconsistent.

In the following, given a preference profile = (>,

, -y >n), We sometimes write>y, for W(>). Thus both

a >w banda W(>) b mean the same thing: the alternative
a is preferred over the alternatibeaccording to the societal
preference ordering/ (>).

Definition 2 A social welfare function¥ is unanimous
(Pareto efficient) if for all alternatives; and a,, we have
thatifa; >; ao for every agent, thena; >w as

In words, if everyone ranks alternatiue aboveas, thena,
must be ranked above socially.

Definition 3 A social welfare functiomV is independent of
irrelevant alternative@IA) if for all alternativesa; andas,

and all preference profiles’ and>", we have thati a; >/

as iff a1 > as implies thata, >7;, as iff a1 >7, as.

Literally, IIA means that the relative social ordering of two
alternatives depends only on their relative orderings given
by each agent and has nothing to do with other alternatives.

Definition 4 An agent: is a dictator in a social welfare
functionW if for all alternativesa; andas, a1 >w as iff
a1 >; ao. If there is a dictator inl¥, then it is said to be
dictatorial. Otherwise}V is said to be non-dictatorial.

It is easy to see that if there are at least two alternatives,
then there can be at most one dictator in any social welfare
function.

Theorem 1 (Arrow's theorem (1950)) For any voting
model(N, O), if |O| > 3, then any social welfare function
that is unanimous and IlIA is also dictatorial.
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An Inductive Proof of Arrow’s Theorem
For ease of presentation, we assume the following notations.

e Forany sefS, we useS_, to denoteS\ {a}, i.e. the result
of deletinga in S.

e We extend the above notation to tuples as well:
if ¢ (t1,..,tn), then t_; denotes the tuple
(t1,...ytiz1,tit1, ..., ty). Furthermore, we usg_;, s) to
denote the result of replacinth itemint by s: (t—;, s) =
(tla-"7ti—17$7ti+17'“7tn)-

e If >isalinear ordering 0of), anda € O, then we let>_,
be the restriction of> on O_,: for anyad’,a” € O_,,
a >_, a" iff a’ > a”. Onthe other hand, if- is a linear
ordering of O_, for somea € O, then we let>"% to
be the extension of to O such that for any’ € O_,,
a’ >T4 g (we could insert: anywhere in the order, but for
concreteness we put it in the last position). Thus it a
linear ordering 0f0, anda € O, then>*%is (>_,)*¢,
i.e. the result of moving to the bottom of the ordering.
These notations extend to tuples of orderings. Thus if
is a preference profile ¢V, O_,,), then

’>n)+a (>1La""a>;’z_a)7

which will be a preference profile ¢V, O).

Like any inductive proof, there are two cases for our proof,
the inductive case and the base case.

>t = (>1,

The inductive case

Lemma 1 If there is a social welfare function fot indi-
viduals andm + 1 alternatives that is unanimous, IlA and
non-dictatorial, then there is a social welfare function for
n individuals andm alternatives that satisfies these three
conditions as well, for alh > 2, m > 3.

Proof: Let N = {1,...,n} be a set ofn agents,O a set
of m + 1 alternatives, andl a social welfare function for
(N, O) that satisfies the three conditions in the lemma. We
show that there is am € O such that the “restriction” oft’
onO_, also satisfies these three conditions.

For anya € O, we define the restriction dV on O_,,
written W, to be the following function: for any preference
profile > = (>1,...,>,) of O_,, W, (>) = W(>T%)_,.

In other words,W,(>) is the result of applyingV to the

preference profile-*¢ of O, and then projecting it o®_,,.

The key property of this welfare function is that for any

a’ anda” in O_,, and any preference profite of O_,,

a' Wo(>)ad" iff o W(>T9)a".

We show thatV, is unanimous and IlIA:

e Suppose’,a” € O_, anda’ >, a” for all i. By our defi-
nitiona’ >;* o" for all i as well. Sincé¥ is unanimous,
a’ W(>*%) a”. Thusa’ W,(>) a”. This shows thatV/,
iS unanimous.



e Leta’,a” € O_, and>’, >" be two preference profiles
of O_, such thatvi o' > a” iff o’ >7 a”. Thus
Vi o' > a iff o' >7T o as well. SincdV is 1A,
a W(>"t) o iff o' W(>"1%) a”. Henced' W, (>') a”
iff o’ W,(>") o”. This shows thalV, is also IIA.

We now show that there is an € O such thati¥, is not

dictatorial. First for anys € O and anya’,a” € O_,, and

any profile> of O, we have

a >w adiff o W(>T%)a". 1)

This follows becaus&/ is IIA anda’,a” € O_,.

Now let b be any alternative ir0. Supposé, has a
dictator, say agernt in it. SinceW is not dictatorial, there
must be a preference profiteof O and some:, d € O such
thatc >; d butd >y c. Since|O] = m +1 > 3, we can
find an alternative € O_; \ {¢, d}. We now show thatV,
is not dictatorial. Suppose otherwise. There are two cases:

e Agent 1 is again the dictator iW,. ThenW,(>_.) and
>, agree orc andd. Thusc W.(>_.) d. By our def-
inition of W, this means that [W (>¢)]_. d. Since
¢,d € O_,, this means that W (>"¢) d. By (1), we
havec >w d, a contradiction with our assumption that
d >w c.

e Another agent, say ageagtis the dictator ini¥.. Let
a1 # ag be any two alternatives i® \ {b,e}. This is
possible sinceéO| > 3. Let >’ be a preference profile of
O such thata; >} ag butas >4 a1. Froma; >} as,
{a1,a2} C O_;, and that agent 1 is the dictator Wy,
we can conclude; >{;, a2 as we have done in the pre-
vious case. Similarly, fronaz >4 a1, {a,a2} C O_,,
and that agent 2 is the dictator W, we can conclude
as >y, a1, acontradiction.

Thus we have shown thd, cannot have a dictatom

Note that it is essential for our proof that > 3. Notice
also that we only use the assumptions ti¥ais IIA and non-
dictatorial in our proof tha¥¥/, is not dictatorial for some
a € O. The assumption thal” is unanimous is used only

i > j € N, W,; is dictatorial. Now consider three dis-
tinct agentsi; < i» < i3 in N. This is possible because
IN| = n+ 1 > 3. Suppose is the dictator inW;, ;,, j
the dictator ini¥;, ,,, andk the dictator iniW;, ;,. There are
two cases:

e Case 117 = j = k. SincelV is not dictatorial, there is a
profile > of (N, O) and two alternatives; andas such
that >y, and >; disagree oru; andas, saya; >; aso
butas >w a1. Now at least two players frofiy, iz, i}
must agree om,as. Let these two players bg and
j2, and without loss of generality, suppoge< ja. Now
consider the profil¢>_;,, >,). SinceW is 1A, and that
>, and>;, agree oru; andag, >w andW (>_;,,>,,)
must agree om; andas. Soas W (>_,,,>;,) ai. But
i is the dictator inV;, ;,, W, j,(>_;,) must agree with
>;. SinceW}, ;,(>_;,) is defined to béV (>_; ,>;,),
thusW(>_,,,>,,) agrees with>;, soa; W(>_,,,>,,

) aq, @ contradiction.

e Case 2i # jori # korj # k. First, by our definition of
W, 4, and our assumption that agentg, andk are dic-
tators inW;, ;,, Wi, 4,, andW,, ., respectively, for any
preference profile- of (IV, O), if >;, = >;, = >,,, then
>w=>;, >w=>,, and>y = >;. Sincetwo ofi, j, k}
must be distinct, this means thgt, j, k} C {i1, 42,45}
Since: must be inN_;,, soi # iy, thusi € {is,i3}.
Similarly, j € {i2,i3} andk € {i1,i3}. This leads to
eight possible combinations foyj, andk. Each of them
will lead to a contradiction, using the following table:

(i, Js k) iy >ip >ig
( ) ec>a>bla>b>cla>c>D
( ) case 1
( ) case 1
(i2,13,%3) |[c>a>b|b>c>a |a>b>c
(i, 19,11
( )
( )

c>a>bla>b>c|b>c>a
b>a>c|b>c>a|la>b>c
b>c>a|b>a>c|la>b>c
(is,13,13) case 1

Each row in the above table either gives a preference pro-

in showing thatV,, is also unanimous. X . " i
g “ file that will lead to a contradiction or point to “case 17,

Lemma 2 Ifthere is a social welfare function for+1 indi- meaning a contradiction can be derived similar to case
viduals andm alternatives that is unanimous, IIA and non- 1. For instance, consider the rai(j, k) = (iz,is, 1),
dictatorial, there will also be a social welfare function for which says “case 1”. This case can be reduced to “case
ir!qividual andm alternatives that satisfies these three con- 1" as follows. Since = i, is the dictator inW;, ,,, i1
ditions as well, for alln > 2, m > 3. is the dictator ini;, ;,. Similarly, i, is the dictator in
Proof: Let N = {1,...,n,n + 1} be a set of agents, ar@ Wi, i, becauses = k is the dictator inlV;, ;,. Thusi,

a set ofm alternatives, andll” a social welfare function for is the dictator inlV;, ;,, Wi, s, , andWi, ;,, and the same
(N, 0) that satisfies the three conditions in the lemma. For ~ reasoningin case 1 will lead to a contradiction here.

any: # j € N, we definel¥; ; to be the following social Now consider the first rowi, j, k) = (i2,42,41), and the
welfare function for(N_;, O): for any preference profile- preference profile- given in the row:

of (N,0), W, ;(>_;) = W(>_;,>,), where(>_;, >;),
as we defined earlier, is the result of replacing in >
by >;. Thus the social welfare functioW; ; is defined Becauseé, = j is the dictator ifdV;, ,, W (>_i,, >i,) =
throughW by making agent and agentj always agree- >;,. But>;, and>;, agree orb andc, thus by IIA:

ing with each other. Clearly, for anyj, W; ; is unanimous

and IlA becauséV satisfies these two conditions. We now

show that we can find two distinct ageritandj such that So
W, ; is not dictatorial. Suppose otherwise, for every pair b>w c. (2)

C > G >4 b, a >iq b >y Cy A >4y C >4, b.

b>w c iff bW(>_i1, >i3) ciff b >, C.
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Similarly, >;, and >;, agree ona andb, andi, is the
dictator inW;, ,,, thusa >w biff a >;, b. So

a >w b.

3)
Now >;, and>;, agree oru andc, andi; is the dictator
in Wi, i, thusa >w ciff a >;, ¢. Soc >w a, which
contradicts with (2) and (3). The other cases are similar.

This means that there must be soing j € N such that
W; ; is not dictatorialm

Again notice that it is essential for our proof tHaf| =
n+ 1 > 3, and that the existence of a non-dictato#i ;
depends only on the assumptions th#tis I11A and non-
dictatorial.

By these two lemmas, we see that Arrow’s theorem holds
iff it holds for the case when there are exactly two agents
and three possible outcomes.

The Base case

We now turn to the proof of the base case, and as we men-
tioned earlier, we use computer programs to do that.

The base case says that whHéf| = 2 and|O| = 3, there
is no social welfare function oV, O) that is unanimous,
[IA, and non-dictatorial. A straightforward way of verifying
this is to generate all possible social welfare functions in
(N, 0O) and check all of them one by one for these three
conditions. However, there are too many such functions for
this to be feasible on current computers: there3re- 6
number of linear orderings @9, resulting in6 x 6 = 36 total
number of preference profiles ¢iV, 0), and63¢ possible
social welfare functions.

Thus one should not attempt to explicitly generate all pos-
sible social welfare functions. What we did instead is to
generate explicitly all social welfare functions that satisfy
the conditions of unanimity and IlA, and then check if any
of them is non-dictatorial.

We treat the problem of generating all social welfare func-
tions that satisfy the conditions of unanimity and IlIA as
a constraint satisfaction problem (CSP). A CSP is a triple
(V,D, (), whereV is a set of variables, anf a set of do-
mains, one for each variable in, andC' a set of constraints
onV (see, e.g. (Russell & Norvig 2003)). An assignment of
the CSP is a function that maps each variabl¥ ito a value
in its domain. A solution to the CSP is an assignment that
satisfies all constraints ifi'.

Now consider the voting modél1, 2}, {a, b, c}) in our
base case. We define a CSP for it by introducing 36 vari-
ablesz, ..., x36, one for each preference profile of the vot-
ing model. The domain of these variables is the set of 6 lin-
ear orderings ofa, b, ¢}, and the constraints are the instan-
tiations of the unanimity and IlA conditions on the voting

model. As can be easily seen, there is a one-to-one corre-

spondence between the social welfare functions of the vot-

To solve this CSP, we use a depth-first search that back-
tracks whenever the current partial assignment violates the
constraints, and implemented it in SWI-Prolog. As we men-
tioned earlier, when run on our AMD server machine, our
Prolog program returned in less than one second two solu-
tions, one corresponds to the social welfare function where
agentl is the dictator, and the other agent 2 the dictator.

This verifies the base case of our inductive proof of Ar-
row’s theorem, thus completes our proof. As mentioned in
the introduction, we also verified the base case using a SAT
solver. This requires a logical language to encode postulates
in social choice theory, and will be described in a separate
section below.

Some other impossibility theorems

As mentioned before, the same strategy that we used for
proving Arrow’s theorem can be used to prove other impos-
sibility theorems. In fact, we have modified the above proof
for proving Sen’s and Muller-Satterthwaite’s impossibility
theorems. We briefly describe how this is done for Muller-
Satterthwaite’s theorem, and leave Sen'’s theorem to the full
version of the paper.

Arrow’s theorem is about social welfare functions which
map a preference profile to a preference ordering. In com-
parison, Muller-Satterthwaite’s theorem concerns about so-
calledsocial choice functions/hich map a preference pro-
file to an outcome which is supposed to be the “winner” of
the voting (as represented by the preference profile).

Definition 5 Given a voting mod€|N, O), a social choice
function is a functiorC' : L™ — O, whereL is the set of
linear orders onO, andn the number of agents iN.

Instead of the conditions of unanimity, IlIA, and non-
dictatorship in Arrow’s theorem, Muller and Satterthwaite
considered the following three corresponding conditions.

Definition 6 A social choice functiorC is weakly unani-
mousif for every preference profile-, if there is a pair of
alternativesuy, ao such that; >; ao for every agent, then
C(>) # as.

Thus according to this condition, an alternative that is
dominated by another should never be selected.

Definition 7 A social choice function C isionotonidf, for
every preference profile such thatC(>) = a, if > is
another profile such that >/ o’ whenevern >, o’ for every
agent; and every alternative’, thenC'(>’) = a as well.

In words, monotonicity means that if a choice function se-
lects an outcome for a preference profile, then it will also
select this outcome for any other preference profile that does
not decrease the ranking of this outcome.

Definition 8 An agent is a dictator in a social choice func-
tion C if C always selects's top choice: for every prefer-

ing model and the assignments of the CSP. Furthermore, a ence profile>, C(>) = a iff for all «’ € O that is different

solution to the CSP corresponds to a social welfare func-
tion that satisfies the unanimity and I1A conditions, and vice
versa.

Technically speaking, we also need to consider the case when
|N| = 1, but this is a trivial case.
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froma, a >; a’. C isnon-dictatorialf it has no dictator.

Theorem 2 (Muller-Satterthwaite’ Theorem (1977)) For
any voting model N, O) such that|O| > 3, any social
choice function that is weakly unanimous and monotonic is
also dictatorial.



Like our proof of Arrow’s theorem, we prove this theorem
by induction. The inductive step is again by two lemmas
similar to the ones for Arrow’s theorem.

Lemma 3 If there is a social choice function ferindividu-

als andm + 1 alternatives that is weakly unanimous, mono-
tonic and non-dictatorial, then there is also a social choice
function forn individuals andm alternatives that satisfies
these three conditions, for all > 2, m > 3.

Proof: Let (N,O) be a voting model such thalV| = n
and|O] = m + 1, andC a social choice function that
satisfies the three conditions in the lemma. Just like our
proof of the corresponding Lemma 1, for any € O,

we defineC, to be a social choice function that is the
“restriction” of C' on O_,: for any preference profile- of
O_4, Co(>) = C(>1%). Again it can be shown that for
anya € O, C, is weakly unanimous and monotonic, and
there is one such such that”, is non-dictatorial.m

Lemma 4 If there is a social choice function far+ 1 indi-
viduals andm alternatives that is weakly unanimous, mono-
tonic and non-dictatorial, then there is also a social choice
function forn individuals andm alternatives that satisfies
these three conditions, for all > 2, m > 3.

Proof: Let (N, O) be a voting model such thag¥| = n + 1
and|O| = m, andC a social choice function that satisfies
the three conditions in the lemma. Just like our proof
of Lemma 2, for any pair of agents # j € N, we
define C; ; to be the following social welfare function
for (N_;,0): for any preference profile- of (N,0),
Ci,j(>-;) = C(>_;,>;). Again it can be shown that for
any pair of agents # j, C; ; is weakly unanimous and
monotonic, and that there exists one such pair suchithat

is non-dictatorial. (Actually the proof here is much simpler
than the one in the proof of Lemma @)

For the base case again notice that the casévfor 1
is trivial, thus we need only to consider the case when there
are two agents and three alternatives. Again the number of
all possible social choice functions is too large to enumerate
explicitly, but both our methods for verifying the base case
in Arrow’s theorem can be adapted here. For the depth-first
search method, our program similarly reported that there are
exactly two social choice functions that are weakly unani-
mous and monotonic, and both of them are dictatorial.

Notice that our proof outlined above parallels our earlier
proof of Arrow’s theorem but does not make use of Ar-
row's theorem. In contrast, the existing proofs of Muller-
Satterthwaite’s theorem that we know of (Muller & Satterth-
waite 1977; Mas-Colell, Whinston, & Green 1995) are much
more complicated and rely on Arrow’s theorem.

A Logical Language for Social Choice Theory

As we mentioned earlier, we are not just interested in alter-
native proofs of Arrow’s and other known theorems. Our
long term goal is to use computers to discover theorems in
social choice theory, game theory, and others (Lin 2007;
Lin & Tang 2007). One implication of our new proofs is
that these known impossibility results are all rooted in some
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small base cases. Thus by experimenting with other condi-
tions in small cases, we could discover some new results.
Towards this end, we propose a logical language for social
choice theory.

This language is a variant of the situation calculus (Mc-
Carthy 1968; Reiter 2001), one of the best known languages
in Al. For representing Arrow’s theorem, we use two pred-
icates: p(x,a, b, s) (in the situations, agentx prefersa
overd) andw(a, b, s) (in the situations, a is preferred over
b according to the social welfare function). The intuition
is that in each situation, there is a preference ordering for
each player (represented by predicateand a social wel-
fare function for the society (predicai®. The unanimity
condition corresponds to the following axiom:

Ya, b, s.[Vx p(x,a,b, s)] D w(a,b,s), (4)
the non-dictatorship condition the following axiom:
—3JaVs, a,b.p(x,a,b,s) = w(a,b,s), (5)
and the IlA condition the following one:
Va,b, s1,se.[Vr.p(z,a,b,s1) = p(x,a,b,s2)] D
[w(a,b, s1) = w(a, b, s2)] (6)

We also need some axioms to say that hodindw represent
linear orderings, and that is a function ofp. Furthermore,

we need to say that each preference profile is represented by
some situation (the assumption of unrestricted domain). One
way to do it is to introduce an actiosfwap(z, a, b) which
when performed will swap the positions @&andb in agent

x's preference ordering. This way, given an initial situation
So that encodes any preference profile, we can get any other
preference profile by performing a sequence of swapping ac-
tionsinSy.

However, if we are given a specific voting model, we can
name each preference profile explicitly by a situation con-
stant. For instance, for the voting modg¢l, 2}, {a, b, c})
corresponding to the base case in our proof of Arrow’s theo-
rem, there are 36 different profiles, so we introduce 36 situa-
tion constants, ..., S36, and add axioms like the following
ones to define them:

p(1,a,b,51) Ap(1,a,¢,51) Ap(1,b,¢,51),
p(27aab7 Sl) /\p(2aa7cv Sl) /\p(2ab7 c, Sl)

In fact, this is what we did for using a SAT solver to ver-
ify the base case in our inductive proof of Arrow’s theorem.
We instantiated the axioms (4) — (6) as well as the general
axioms aboup andw on ({1, 2}, {a, b, c}), and converted
them as well as the axioms like the above ones for the 36 sit-
uation constants to clauses. The resulting set of clauses has
35973 variables and 106354 clauses, and we were surprised
that the SAT solver Chaff2 (Moskewiez al. 2001) returned

in less than 1 second when run on our AMD server machine
and confirmed that the set of clauses has no models.

Discovering New Theorems

We have been advocating a methodology of theorem dis-
covering through exhaustive search in small domains using



computers (Lin 2007; Lin & Tang 2007). Along this line,
given the structure of our inductive proofs for the impossi-
bility theorems that we have here, an interesting thing to do
is to look for similar theorems by systematically exploring
a so-called finitely-verifiable class of conditions (Lin 2007),
meaning whether a condition in this class is a theorem can
be verified by checking if it holds in some small domains.

Our work in this direction is still preliminary. But we do
have two results to report, one tries to relax the unanimity
condition and the other the 11A condition.

Recall that the unanimity condition says that if every
agent ranks one option over another, so must the resulting
societal preference ordering. We can try to relax this, and
require that consensus work only when every one has the
same preference ordering.

Definition 9 We say that a social welfare functidi is
globally unanimousf W (>, ...,>) = > for every prefer-
ence ordering> of the set of alternatives.

As it turned out, this weakening of the unanimity condi-
tion does not affect Arrow’s theorem. For the base case of
2 individuals and 3 alternatives, our depth-first search pro-
gram shows that every social welfare function that is glob-
ally unanimous and llA is also dictatorial. Thus the almost
same inductive proof of Arrow’s theorem above shows that
this is true in general as well.

Theorem 3 Provided that there are more than 2 alterna-
tives, every social welfare function that is globally unani-
mous and llA is also dictatorial.

Now let’'s consider a possible relaxing of the IIA con-
dition. Recall that the condition says that if two prefer-
ence profiles agree on the ordering between two alterna-
tives, then their corresponding societal preference orderings
should also agree on it. We could relax this, and instead of
pairs of alternatives, require this only for triples of alterna-
tives:

Definition 10 (I1A’) A social welfare functiodV is lIA’ if

for all alternativesa, as, a3 and all preference profiles-’
and>", a,, >} a, iff an, > a, for each agent and each

m andn in {1, 2,3} implies thata,, >{;, a iff an, >V, an

for eachm andn in {1, 2, 3}.

Using our depth-first search algorithm we can verify that
any social welfare function off{ 1, 2}, {a1, as, as, a4 }) that

is unanimous and IlA is also dictatorial. Thus by suitably
modifying the inductive step in our proof of Arrow’s theo-
rem, we get the following theorem:

Theorem 4 Any social welfare function that is unanimous
and IIA’ is also dictatorial, provided the number of alterna-
tives is not less than 4.

In fact, this theorem is closely related to Arrow’s theorem
through the so-callethtersection principle(cf. Chapter 1
in (Arrow, Sen, & Suzumura 2002)).

Concluding Remarks

We have given a new proof of Arrow’s theorem. The ba-
sic idea is extremely simple: use induction to reduce it to
the base case which is then verified using computers. One
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remarkable thing about it is that it appears to be a very gen-
eral approach for proving other theorems in the area. In fact,
we have adapted it almost straightforwardly to proving two
other well-known theorems of the same nature, one by Sen
and the other by Muller and Satterthwaite.

If all these impossibility theorems can be reduced to some
small base cases, then an interesting thing to do is to use
computers to conduct search in these small domains to try
to discover new impossibility or possibility results and to
discover the boundaries between these two type of results.
Our preliminary results described above indicate that this is
a promising line of research, and we are currently pursuing
it using our situation calculus formalization of social choice
theory given earlier in the paper.
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