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Abstract

In this paper we investigate nonmonotonic ‘modes of infer-
ence’. Our approach uses modal (conditional) logic to es-
tablish a uniform framework in which to study nonmono-
tonic consequence. We consider a particular mode of in-
ference which employs a majority-based account of default
reasoning—one which differs from the more familiar prefer-
ential accounts—and show how modal logic supplies a frame-
work which facilitates analysis of, and comparison with more
traditional formulations of nonmonotonic consequence.

Introduction

There has been much interest in the field of Artificial Intel-
ligence concerning forms of reasoning which are not bound
by the stringent requirements of mathematical (deductive)
inference; e.g., ampliative, and defeasible types of inference.
Particular examples arise in logic programming (negation as
finite failure (Clark 1978)), default/commonsense reasoning
(circumscription (McCarthy 1980), and default logic (Re-
iter 1980)), etc. So while deductive inference has undergone
long and extensive study, and is relatively well understood,
characterising nonmonotonic consequence, by comparison,
perhaps by its diverse nature, has proven more elusive.

Mathematical deductive inference is based on the notion
of proof: the irrefutable, logical process of establishing
truths. Godel (see (Godel 1986)) showed that it is possible,
in sufficiently expressive theories such as Peano arithmetic,
to axiomatise deduction, and hence mathematical inference,
within the theory, allowing inference itself to become the
formal object of study.

Lob’s (1955) subsequent characterisation of mathemati-
cal proof led to the realisation (Solovay 1976) that provabil-
ity (i.e., deductive inference) could be formalised as a modal
notion in which the expressiony is interpreted as saying
that “p is provable” (in a theory incorporating Peano arith-
metic). When formulated in modal logic Lob’s derivability
conditions yield the following basic properties of mathemat-
ical provability (Boolos 1993), (Smorynski 1984), (Solovay
1976):

RN : if - ¢, then Ogp
K : I—D(Qp—>¢)—>(DQp—>D¢)
4 : F Op — O0p
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The first says that ifp is established in a theory including
the axioms of Peano arithmetic then it can be shown to be
provable within that theory. In modal logic this corresponds
to the rule ofnecessitationThe second reflects the inference
rule of modus ponen®r detachmentif ¢ — ¢ andy are
both provable (within the theory), then so«s Notably,
propertiesR N andK combine to characterise mathematical
inference as a ‘normal’ modality (Chellas 1980).

In this way we may regard deduction as a particolade
of inferencesatisfying certain properties. This begs the
question: if similar accounts were extended to modes of
inference other than that of deduction, e.g., to nhonmono-
tonic modes of inference, what properties would charac-
terise them?

Default reasoning by majorities. To assist in addressing
the question posed above, let us consider a particular mode
of nonmonotonic inference which we refer to mmjority
default inferenc€Jauregui 2007). In the modal tradition we
supply a possible-worlds semantics in which the basic idea
is to infer a formulap to be true by default if it holds over

a ‘majority’ of possible worlds. For example, only infre-
quently is my local baker out of bread. One might infer de-
feasibly that by going to the baker | will be able to acquire
bread; an inference based on the observation that ‘in most
cases’ the baker has bread.

LetW be the set of all pos- [
sible worlds, and letS be a
set which represents a ma- S
jority of W—defining which
sets comprise majorities will W

be postponed until later. We
write [¢] to denote the set ap-worlds: the set of worlds
in which ¢ holds. The diagram above represents a model in
which, by this accounty would be inferred by default as
holds over some majority (the shaded regiKyrof possible
worlds; i.e.,S C [¢].
Consider the model shown w
in the following diagram. In-
tuitively worlds are assumed
to be uniformly distributed so
the number of worlds in a re-
gion is determined geometri-
cally by its area. Moreover, for the purposes of this exam-
ple, we will regard two thirds of the area ¥¥ to constitute
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a majority. In the diagrani/] represents the white region We adopt what has become standard ‘sequent’ notation in
enclosed in[¢], and[¢] includes both the shaded region usingy k4 to represent thap follows from ¢ in a given

and [¢]. From the picture, it follows thafy] represents nonmonotonic mode of inference. In keeping with this, we
roughly two-thirds (in area) oV, and hence comprises a  will introduce a nonmonotonic conditional~» v which is
majority; sop would be inferred by default as being true  suggestive of this new purpose. The idea is that v if
over a majority of worlds. Similarlyjy — ] is represented © ~ 1 is a theorem of our logic. Intuitively, this is intended

by the union of the complement §f], and[«'], which cor- to be the case iy holds over a majority ofp-worlds (i.e.,
responds to all but the shaded regiorVof This again rep- when a majority ofp-worlds arey-worlds).
resents roughly two-thirds 0#/, and sap — 1 would thus The following diagram
be also inferred by default. Howevér;] encompassesonly  represents this situation. [l [v]
roughly one third o#V (again, by area), and sbowould not As [¢] contains S, which
be inferred by default. is intended to comprise a
It would appear that, we would infes andp — 1), but majority of [¢], this would
not+; i.e., in this mode of inference the principle mdus mean ¢ is inferred as a

ponends not always valid. This poses the question: if there default consequence of
are reasonably intuitive modes of nonmonotonic inference  Note that this mode of in-

for which basic principles such asodus ponenfail, what ference is nonmonotonic in| [¢]

principles then characterise nonmonotonic inference? the following sense. In the ]
In this paper we will extend the ideas discussed above to second diagrany entails,

investigate the properties of nonmonotonic inference at the as[x] € [¢]. Moreover, in- Xl

object level within the context of modal logic. In particular, tuitively [¢] contains a ma-

because it represents a significant departure from traditional jority of ¢-worlds.  How-

accounts of nonmonotonic inference, we will furnish a logi-  €ver,[¢] encompasses only a

cal account of majority default inference which will allowus ~ small proportion ofy-worlds. So while we would infer that

to compare its properties with those of the more well-known ¢ follows from ,, we would not infer that) follows from

approaches in the literature; e.g., (Gabbay 1985), (Makinson X, even thoughy logically entailsp.

1988), (Kraus, Lehmann, & Magidor 199@},al.. Although .

we focus on the majority-based inference, our primary in- The Conditional Language

tention is to show how different nonmonotonic forms of in-  Recapitulating: we want to define a conditional~»

ference, mirroring Solovay's account of deductive inference, which carries nonmonotonic inference in a similar way that

can be regarded as modalities satisfying different properties. » — + carries deductive inference. In particular, we will

look to give an account of majority default consequence as

Logical Consequence described above. Our conditional languades defined in-

) ) ductively from a set of primitive propositional symbdbpsas
The presentation above helps to motivate our approach, fgollows:

however, the use of a unary modalit{Z)( neglects the e PCCL
central concern in nonmonotonic reasoning: the notion of =
consequence—a binary notion which, in this paper, will ® L€ L

comprise a relation between two propositions. In math- e if p, ¢ € £, theny — 1, o~ ) € L
ematical logic the notion of provability (theoremhood) is
commonly taken as primitive; the notion of consequence
is derivative (notably Tarski (1956) and Gentzen (see (Sz-
abo 1969)) took the opposite approach). Usually we define
the theorems of a logic and define consequence in terms
of those. For example, we say thatfollows from ¢ iff

o — 1 is atheorem. Because deductive inference is finitary
this means that the material conditional adequately captures,
within the language, the desired notion of inference. A Simple Account of Majorities

Moreover, deductive inference is monotonic in the sense
that, if y follows fromq), andy entailsy, theny must follow
from . In standard notation: if) - y andy + 1, then
ek x,orifk ¢y — x,and- ¢ — 9, thenk ¢ — x.

In nonmonotonic reasoning, however, we are more of-
ten interested in the case where the underlying premises are
changing, and we want to know how this affects the infer-
ences we draw. Clearly then the material conditional, being
monotonic in the above sense, is no longer adequate. What
is required is a counterpart to the material conditional which 1The author would like to thank James Delgrande for his helpful
is faithful to particular nonmonotonic modes of inference. suggestions regarding the modalitiee and<.

The language& comprises the smallest set of formulae ob-
tained by the application of these rules.

The last condition says that we admit two conditionals:
the standard material conditional, as well as the conditional
which carries our nonmonotonic inference. Other notation
is introduced by definition-pis ¢ — 1, Tis -1, Opis
T ~ ¢, O is O, etc.t

In what follows we will look to give a formal account of ma-
jority default inference. But first, in order to make this mode
of inference precise, we need to make explicit what we mean
by a ‘majority’. Suppose we are given a sktthe following
properties constitute our basic account of majorities:

First, if S represents a majority of then any subset o
which is a superset of would also be considered a major-
ity of A. Secondly, ifS represents a majority of, then that
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part of A which is left over @ — S) would, intuitively, rep-
resent a relatively small set in comparison; i.e., would not be
considered to be a majority.

Formally, we wish to define collections of subsets/Af
which we consider to be majorities df Letx(A) represent
the collection of majority subsets of (i.e., k(A) C 24).

We give the following requirements or{A):

Definition 1. Let A C W be a set ands : 2V — 227,

A non-empty collectior(A) represents a collection of ma-

jorities of A iff:

1. if S is a majority of A, andS C T C A, thenT is a
majority of A: i.e., if S € k(A4), andS C T C A, then
T € k(A) (majorities are closed under supersets)

2. if Ais non-empty, and is a majority ofA, thenA — S
is not a majority: i.e., ifA # @, andS € k(A), then
A—S¢ k(A

The properties are reasonably intuitive for a basic account of

majorities, particularly whert is finite. Some issues arise
when A is infinite: e.g., if A is enumerably infinite, then,

given any enumeration, the elements that occupy even places

comprise a subset of the same cardinalitylaand so might

be reasonably argued to comprise a majority. However, the

w € W, k(A,w) C 24 is the collection of majorities oft
at worldw. That is, each:(A, w) satisfies the properties in
Definition 1.

A majority structureis a tupleM = (W, &, v) with valu-
ationv : P — 2"V over a majority framé, ). We write
w Em ¢ to denote that formula holds (is true) at worldv
in structureM. We define our semantics as follows:

whEMmp iff wevip) forpe P
w 175/\/1 1

wEMme—Y Iff wEMmeOrwEmY

wEM e~ iff there exists somé& € k([¢], w)

such thatS C [¢]

The last deserves some mention. It states that ¢ is

true at worldw in structureM if there is some majority of

w-worlds (S € x([¢], w)) over whichy holds S C [¢]).
For the derived formulae this gives:

wheEMm e Iff wlEsme

w ':M T
w Em Op iff there existsS € k(W,w) S C [¢]
wEMmOp iff forall S e x(W,w)SN[y¢] #2

same argument applies to its complement—the set compris- In particular, ass(WV,w) is hon-empty, this implies that
ing those elements occupying the odd places. It would seem w =xq Oy only if [¢] # 2.

counterintuitive to admit one as a majority but not the other.

For the moment, to avoid some of these issues, we con-

sider majorities only for finite sets. The extent to which we
are justified in doing this will be shown later when it is re-
vealed that the ensuing logic has the ‘finite model property’.

Properties of majorities. The following properties can be
shown to follow from the account of majorities given above:

o Aeck(A)

o if A+ &, thend ¢ k(A)

o for A+ @,if S,T € k(A),thenSNT # &

The first says that the entire sétis a majority of itself. The

second states that we do not regard the empty set to comprise

a majority of any non-empty set. The last reflects the view
that for any two non-empty sets to comprise majorities they

Following the usual accounts in the literature (Chellas
1975), (Bull & Segerberg 1984), etc., a formylés deemed
truein a structureM iff itis true in every world in the struc-
ture; i.e.,w Ea @, for everyw € W. If formula ¢ is
true in structureM, we write = ¢, and say that structure
M is amodelof ¢. The formulae we are interested in, in
particular, are those which are true in all structures—in this
case in all majority structures. These formulae comprise the
‘logic’ of interest. LetM represent the class of all majority
structures. We writé=y ¢ to denote thatr is valid in all
majority structures; i.e., that , ¢, for everyM € M. In
this case we say thatis majority valid

The Majority Default Conditional
In this section we investigate some of the properties of the

must overlap at some point. Again, these properties are rea- Majority default conditional.

sonably intuitive for a simple, finite account of majorities.

Majority Frame Semantics

As is typical in modal/conditional logics, our semantics is
based on the notion of iame The frames we will use

are generalisations of the ‘standard’ frames more commonly

encountered in conditional logic (Chellas 1975).nfajor-
ity frameis a pair(W, k) consisting of a non-empty set of
possible worlds/, and a mapping which gives, for a set
of worlds, its majorities. A frame is said to fiaite if 1V is
finite, andinfinite otherwise.

We add one further generalisation, we will makevorld-
dependent; i.e., the majorities of a gktre defined relative
to a worldw € W (see (Ben-David & Ben-Eliyahu-Zohary

Let Lum be the ‘logic’ of majority; i.e., the set of all formu-
lae valid in all majority structuresty = {¢ € L | E=wm ¢}
The following are some properties which are majority valid.

CN : X~ T
CDD: Oy— ((X«»;pp) — =(x ~ —p))
. w
ROM: X~9)—Kx~1v)

A number of these have natural counterparts under modal
readings. For exampl€; DD is a weakening of’ D: (x ~

) — =(x ~ =), which is the conditional version of the
more familiar deontic modal axio®: Oy — Cp. When
Oy is interpreted asy is inferred’ (fromT in this case) this

2000) for an account of why such context-dependency is de- represents a consistency propertyy i inferred then- is

sirable). So now: : 2"V x W — 22W, and forA C W, and
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Other valid properties include:

ID: P~
ABS : (gp«»d))-»(ﬁv(wm/)))
: Y=
ROEA: (e~ x) < ¥~ x)
RID: £=0
P~ P

ConcerningRID: this represents what Makinson (2005)
refers to as ‘supraclassicality’; i.e., the conditional sanctions
all classical consequences, and possibly others.

Counter properties. As was alluded to in the introduc-
tion, one property which is not majority valid is the axiom:

CK:(x~ (p—=1v) = ((x~p) = (x~1))

As indicated previously, this is the conditional counterpart
to the normality axiomi which corresponds to the rule of
modus ponensAnother property which fails, as a conse-
guence, is:

CC': (X~ @) A (x~ 1) = (x~ (pAY))

Semantically, this means that majorities need not be closed

under finite intersections. It may be that thewvorlds and
1-worlds both represent a majority gf but enough worlds
are excluded in their intersection that it no longer constitutes
a majority.

Finally, consider the rule (for every € N):

(LA ANpn) =
(X~ p1) A A~ o)) = (X~ @)

The ruleRC K also fails for majority validity—RC Kalone
characterises normal conditional logics.

RCK :

Axiomatisation

It turns out that the logic outlined abovéy) can be ax-
iomatised as the smallest loghccontaining the axioms:

ID: P~
ABS: (¢~ 1) = (o~ (@A)
CDD:  Ox— ((x~¢) = ~(x~ —p))

and closed under the rul8s:

. PP
ROEA: (o~ x) = (P~ x)
ROM =Y

(X~ 9) = (x~ )

The members of\ are called theaheorem=f A. We write
Fa @ if formula g is in the logicA; i.e., is a theorem oA.

Note that, somewhat subtiRgC' M features in the logic
but neitheilC' K nor RC K do; we will return to this fact later.
That each of the axiomsD, ABS, andC DD is majority
valid can be readily verified (we omit the proof). Similarly,
it can be shown that the rulégaC’ EA andRC M all preserve
majority validity. Consequently:

2Note that a logic is already assumed to contain the tautological

axioms and be closed under Detachment. See e.g., (Chellas 1980).
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Theorem 1 (Soundness)Every theorem of\ is majority
valid; i.e., if 5 ¢, thenfm ¢.

To show the converse we construct a canonical model for
and show that the canonical model is a majority structure.
From this it follows that:

Theorem 2 (Completeness)Every majority-valid formula
is atheorem of\; i.e., if Em ¢, thenk, .

The Majority Consequence Relation

We now turn the logic developed previously into a corre-
sponding finitary consequence relation to facilitate compar-
ison with other approaches in the literature. The basic idea
is to definey as being anajority consequencef o when
» ~ 1 is atheorem of\; i.e., we construct the consequence
relationy ry, o if Fao @~ 9.

The following are derived rules of which we use to de-
fine majority consequence relatiofg, as consequence re-
lations satisfying the following propertiés:

ADS wfmr\%fzb

ep: g St
REEA : @Hﬁmimx
o, 2=

To distinguish these inference rules from their conditional
counterparts they are labelled in calligraphic font and in-
herit the name of the conditional axiom/rule from which
they were derived. In addition to those sequents obtained
from M€, we may have additional sequents which encode
defeasible inferences.

Comparison with Related Work

We now proceed to show how the consequence relations
defined above compare with those which appear in the lit-
erature on nonmonotonic reasoning; e.g., the proposals of
Gabbay (1985), Makinson (1988; 2005), Delgrande (1987),
Krauset al.(1990), and more recently Schlechta (2004), and
Ben-David and Ben-Eliyahu-Zohary (2000).

Consider the system of Gabbay (1985) as it appears in
Krauset al. (1990) who refer to it as theumulative system

R: wl\zcsozp "
. p ¢ bt X
LLE T
W, PoY xXbre
' X Pt ¥
oy. phe¥  eAUhex
hczﬂso wxhcx
. @
CM : o AT X

*Where hy, ¢ is an abbreviation fol ky, ¢.



The first thing to note is that the rulés LLE, andR'W, co- work of Pearl (1990). However, in contrast to the account
incide withJD, RCEA, andRCM, respectively. Theserules, we gave, the collections which they consider as majorities
which are firmly entrenched in the literature on nonmono- comprise filters. We argue thatND (alias CC)—which

tonic consequence relations, can be seen to be the counteramounts to majorities being closed under intersection—and

parts to the conditional propertié®), RCEA, andRCM, the failure to rule out the empty set as a majority of a non-
respectively. Note that ‘Right Weakening' (rulgW) is empty set (propertg’@) are properties which do not accord
the counterpart oRC M, rather thanRC K, as claimed by well with our conceptualisation of the notion of majority—
Krauset al.(1990); in particular, the rul&C K, which char- especially for finite sets. Similar reservations regarding
acterises normal conditional logics, is not valid in majority CC', and consequently, regarding normal modes of inference
default logic (which is not normal), where&&” M is, and for representing majority reasoning, are held by Schlechta
consequently its counterpaRiV (aliasRCM) is one of the (2004) and Pacuit and Salame (2004)C' in particular is
rules of our system. violated by simple probabilistic and combinatorial accounts

Normal modes. In conditional logic a conditional is said of nonmonotonic inference (as discussed by Gabbay (1985),

to benormal(Chellas 1975) if it satisfieRCEA, CN, CC, and Makinson (2005))

and RCM. Moreover, to be normal a logic must satisfy  Finite versus infinite. Returning now to the issue of finite

CK. From the discussion abov€,C fails (as does”'K), versus infinite sets. Using the technique of filtrations (Chel-

hence the majority conditional is not normal. las 1975; 1980) it is possible to show thathff € M is a
Chellas (1975) showed that, semantically, normal log- model of formulay then there is a finite structuret* € M

ics can be characterised by generalised conditional frames which is a model of. It follows that:

which are based on filters; i.e., where thed, w)’s are fil- Theorem 3 (Finite model Co

2o . ; ) property) The logicA is deter-
ters. This is readily _sgen_CN gives non-emptmesi}'C mined by (i.e., is sound and complete for) the class of finite
gives closure under finite intersection, aR@' M gives clo- majority structures.

sure under supersets. o .
Both the cumulative syster®, and the strongepref- Corollary 1. The logicA is decidable.
erential systen® of Krauset al. (1990), entailAND (in It is because of Theorem 3 that, as stated earlier, we can

fact, €T, and EM entail AND) which is the counterpart justify ignoring infinite sets altogether and the issues that
of CC. Ben-David and Ben-Eliyahu-Zohary effectively re-  arise with our account for majorities of infinite sets.

place €T and CM with AND and propose this new sys- It should be added that, while filters give a good account
tem, which they callf (for ffilter’), as a more basic sys-  of majorities for infinite sets (Ben-David and Ben-Eliyahu-
tem. Moreover,R is the counterpart of D, which en- Zohary’s motivations for using filters involve examples from
tails CN. Therefore, the systeiffi satisfiesC N, RCEA, measure theory and topology where the most interesting

RCM, andCC, which, as noted above, makes it a normal cases are for infinite spaces), for finite cases the same does
conditional logic. It is not surprising then that Ben-David  not always hold: e.g., for a finite set, closure under intersec-
and Ben-Eliyahu-Zohary's system employs a semantics of tions means that including the co-singleton subsets—which
filter-based models’, in accordance with Chellas’ (1975; intuitively would be regarded as majorities of any set of car-
1980) filter characterisation of normal conditional logics. In  dinality much greater than one—counterintuitively implies
fact, Ben-David and Ben-Eliyahu-Zohary's system is pre- acceptance of the empty set as a majority. Similar issues

cisely the logic CK +I D of Chellas (1975). apply for combinatorial probabilities. In particular, for com-
As the rulel D appears to be more pertinent to the study monsense notions (such as default reasoning), finite sets are
of nonmonotonic consequence, we use it in place'of, arguably more representative than infinite ones.
and define anormal consequence relatido be one which
satisfies the conditions: Discussion and Conclusions
ID: RN Itis interesting to note that the study of nonmonotonic con-
o o X sequence rellat|0ns has focussed largely on normal_conse-
RCEA : T quence relations (the systerfis andP of Gabbay, Makin-
© — b X b son, and Kraust al,, andFF of Ben-David an_d Ben-Eliyahu-
REM Zohary). One reason could be the prominent status of the

X P , . bl .
X Mo X preferential semantics of nonmonotonic logics furnished by
AND XFoAD Shoham (1988) and Delgrande (1987) (Delgrande’s account,
. . incidentally, also involves a conditional logic which, in con-
Normal consequence relations are precisely those charac-trast to the majority semantics, employs a relation of prefer-
terised by Ben-David and Ben-Eliyahu-Zohary’s logic. ence between worlds) in which nonmonotonic inference is
Majorities and filters. Ben-David and Ben-Eliyahu- characterised by i_nferring what holds at .the mo;.; preferrgd
Zohary’s approach was motivated by the majority- worlds—ideas which can be traced b_ack in conditional logic
interpretation of default reasoning, and in particular the &tleastto Stalnaker (1968) and Lewis (1973).
Frames which employ a binary relation between worlds

“Recall that a filter is a non-empty collection of sets which is (€.g., a preference relation) are callsthndard frames
closed under finite intersections and supersets (Sikorski 1964). (Chellas 1980), orelational frames and they characterise
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normal modal logics. As such, approaches to nonmonotonic

ed.,NATO advanced study institute on logics and models

reasoning based on preference can be expected to feature of concurrent systemd39-457. Springer.

normal modes of inference. This indicates why the more
familiar accounts of nonmonotonic consequence, in particu-
lar, those characterised by Kraeisal. (1990) all turn out to
furnish normal consequence relations.

Ben-David and Ben-Eliyahu-Zohary’s (2000) more recent
account of default inference based on majorities ostensibly
is a departure from this approach. Nevertheless, one of the
conclusions which emerged from the analysis above was
that their account still yields a normal logic/consequence
relation, suggesting that the mode of nonmonotonic infer-
ence they furnish remains, in principle, within the scope of
preferential-style approaches. Moreover, in the event that
Ben-David and Ben-Eliyahu-Zohary’s logic satisfies the fi-
nite model property,their system can be represented using
standard conditional frames (Chellas 1975) where the se-
lection functionyf is such thatf (A, w) represents the clos-
est/minimal/most preferred worlds A with respect tow
under preference relatiaR.

Conditional logic enables us to investigate the properties
of nonmonotonic inference in a uniform framework, facili-
tating comparison between different accounts (such as pref-
erential accounts which yield normal consequence, and ma-
jority based notions of consequence). It appears to be a good
candidate in which to analyse various modes of nonmono-
tonic inference, both symbolically and through their pos-
sible worlds semantics, providing natural accounts of both
preferential, as well as majority-based reasoning. It would
be interesting to see what other modes of nonmonotonic in-
ference lend themselves to this analysis and whether they
are amenable to a natural possible-worlds semantics (e.g.,
Reiter’'s default logic).
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