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Abstract

The propositional contingent plannerZANDER solves finite-
horizon, partially observable, probabilistic planning prob-
lems at state-of-the-art-speeds by converting the planning
problem to a stochastic satisfiability (SSAT) problem and
solving that problem instead (Majercik 2000).ZANDER ob-
tains these results using a relatively inefficient SSAT encod-
ing of the problem (a linear action encoding with classical
frame axioms). We describe and analyze three alternative
SSAT encodings for probabilistic planning problems: a lin-
ear action encoding with simple explanatory frame axioms,
a linear action encoding with complex explanatory frame ax-
ioms, and a parallel action encoding. Results on a suite of
test problems indicate that linear action encodings with sim-
ple explanatory frame axioms and parallel action encodings
show particular promise, improvingZANDER’s efficiency by
as much as three orders of magnitude.

Introduction

Majercik (2000) showed that a compactly represented arti-
ficial intelligence planning domain can be efficiently repre-
sented as astochastic satisfiabilityproblem (Littman, Majer-
cik, & Pitassi 2001), a type of Boolean satisfiability problem
in which some of the variables have probabilities attached
to them. This led to the development ofZANDER, an imple-
mented framework that extends the planning-as-satisfiability
paradigm to support contingent planning under uncertainty:
uncertain initial conditions, probabilistic action effects, and
uncertain state estimation (Majercik 2000).

There are different ways of encoding a probabilistic plan-
ning problem as an SSAT problem, however, and it is not
obvious which encoding is best for which problem. In this
paper, we begin to address the issue of producing maximally
efficient SSAT encodings for probabilistic planning prob-
lems. In the next section, we describeZANDER. In the next
two sections, we describe four types of SSAT encodings of
planning problems, analyze their size and potential benefits
and drawbacks, and describe and analyze results using these
encodings on a suite of test problems. In the final section,
we discuss further work.

Copyright c© 2002, American Association for Artificial Intelli-
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ZANDER
In this section, we provide a brief overview ofZANDER.
Details are available elsewhere (Majercik 2000).ZANDER
works on partially observable probabilistic propositional
planning domains consisting of a finite setP of distinctstate
propositionswhich may beTrue or False at any discrete
time t. A setP ′ ⊆ P of state propositions is declared to be
the set of observable propositions, and the members ofO,
the set ofobservation propositions, are the members ofP ′

tagged as observations of the corresponding state proposi-
tions. Thus, each observation proposition has, as its basis, a
state proposition that represents the actual state of the thing
being observed.

A stateis an assignment of truth values to the state propo-
sitions. Aninitial state is specified by an assignment to the
state propositions. A probabilistic initial state is specified
by attaching probabilities to some or all of the variables rep-
resenting these propositions at timet = 0. Goal statesare
specified by a partial assignment to the set of state proposi-
tions; any state that extends this partial assignment is a goal
state. Each of a finite setA of actionsprobabilistically trans-
forms a state at timet into a state at timet+1 and so induces
a probability distribution over the set of all states. The task
is to find an action for each timet as a function of the value
of observation propositions at timest′ < t that maximizes
the probability of reaching a goal state.

Previous versions ofZANDER used a propositional prob-
lem representation called the sequential-effects-tree repre-
sentation (ST), which is a syntactic variant of two-time-slice
Bayes nets (2TBNs) with conditional probability tables rep-
resented as trees (Majercik 2000). In theST representation,
each actiona is represented by an ordered list of decision
trees, the effect ofa on each proposition represented as a
separate decision tree. This ordering means that the tree for
one proposition can refer to oldand new values of previ-
ous propositions, thus allowing the effects of an action to be
correlated. The leaves of a decision tree describe how the
associated proposition changes as a function of the state and
action, perhaps probabilistically.

We currently represent problems using the Probabilistic
Planning Language (PPL). PPL is a high-level action lan-
guage that extends the action languageAR (Giunchiglia,
Kartha, & Lifschitz 1997) to support probabilistic domains.
An ST representation can be easily translated into aPPL
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representation (each path through each decision tree is re-
placed by aPPL statement) butPPL allows the user to
express planning problems in a more natural, flexible, and
compact format. More importantly,PPL gives the user the
opportunity (but does not require them) to easily express
state invariants, equivalences, irreversible conditions, and
action preconditions—information that can greatly decrease
the time required to find a solution.

ZANDER converts thePPL representation of the prob-
lem into a stochastic satisfiability(SSAT) problem. An
SSAT problem is a satisfiability (SAT) problem, assumed
to be in conjunctive normal form, with two types of
Boolean variables—termedchoice variables andchance
variables (Majercik 2000)—and an ordering specified for
the variables. A choice variable is like a variable in a reg-
ular SAT problem; its truth value can be set by the plan-
ning agent. Each chance variable, on the other hand, has an
independent probability associated with it that specifies the
probability that that variable will beTrue .

Choice variables can be thought of as being existentially
quantified—we must pick a single, best value for such a
variable—while chance variables can be thought of as “ran-
domly” quantified—they introduce uncontrollable random
variation which, in general, makes it more difficult to find
a satisfying assignment. So, for example, an SSAT formula
with the ordering∃v

R

w∃x

R

y∃z asks for values ofv, x (as
a function ofw), andz (as a function ofw andy) that max-
imize the probability of satisfaction given the independent
probabilities associated withw andy. This dependence of
choice variable values on the earlier chance variable values
in the ordering allowsZANDER to map contingent planning
problems to stochastic satisfiability. Essentially,ZANDER
must find an assignmenttree that specifies the optimal ac-
tion choice-variable assignment given all possible settings
of the observation variables (Majercik 2000).

The solver does a depth-first search of the tree of all pos-
sible truth assignments, constructing a solution subtree by
calculating, for each variable node, the probability of a sat-
isfying assignment given the partial assignment so far. For a
choice variable, this is the maximum probability of its chil-
dren. For a chance variable, the probability will be the prob-
ability weighted average of the success probabilities for that
node’s children. The solver finds the optimal plan by deter-
mining the subtree that yields the highest probability at the
root node.

ZANDER uses unit propagation (assigning a variable in a
unit clause—a clause with a single literal—its forced value)
and, to a much lesser extent, pure variable assignment (as-
signing the appropriate truth value to a choice variable that
appears only positively or only negatively) to prune subtrees
in this search. Also, although the order in which variables
are considered is constrained by the SSAT-imposed vari-
able ordering, where there is block of similar (choice or
chance) variables with no imposed ordering,ZANDER con-
siders those with the earliest time index first. Thistime-
ordered heuristictakes advantage of the temporal structure
of the clauses induced by the planning problem to produce
more unit clauses.ZANDER also uses dynamically calcu-
lated success probability thresholds to prune branches of the

tree. We are currently working on incorporating learning to
improveZANDER’s performance.

SSAT Encodings
The SSAT encoding currently used byZANDER—a linear
action encoding with classical frame axioms—and two of
the alternate encodings described below—a linear action en-
coding with simple explanatory frame axioms and a parallel-
action encoding—are similar to deterministic plan encod-
ings described by Kautz, McAllester, & Selman (1996). A
third encoding—a linear action encoding with complex ex-
planatory frame axioms—contains elements of these two al-
ternate encodings and arises due to the probabilistic actions
in our domains.

In all cases, variables are created to record the status of ac-
tions and propositions in aT -step plan by taking three cross
products: actions and times1 throughT , propositions and
times 0 throughT , and random propositions and times1
throughT . LetA, P , O, andR be the sets of actions, state
propositions, observation propositions, and random proposi-
tions, respectively, and letA = |A|, P = |P |,O = |O|, and
R = |R|. Let V be the set of variables in the CNF formula.
Then:

|V | = (A+ P +O +R)T + P (1)

The variables generated by all but the random propositions
are choice variables. Those generated by the random propo-
sitions are chance variables. Each variable indicates the sta-
tus of an action, proposition, observation, or random propo-
sition at a particular time. In the parallel-action encoding,
two additional actions are produced for each proposition
p ∈ P at each time: amaintain-p-positively action and a
maintain-p-negatively action, which increases the number
of variables in this encoding by2P.

Conceptually, we need clauses that enforce initial/goal
conditions and clauses that model actions and their effects.
The second group divides into two subgroups: clauses that
enforce (or not) a linear action encoding, and clauses that
model the impact of actions on propositions. Finally, in this
last subgroup, we need clauses that model the effects of ac-
tions both when theychangethe value of a proposition and
when they leave the value of a propositionunchanged(the
frame problem). In the following sections, we will describe
the clauses in each encoding that fulfill these functions.

Linear Action Encoding With
Classical Frame Axioms
Initial and Goal Conditions : Let IC+ ⊆ P (IC− ⊆ P ) be
the set of propositions that areTrue /False in the initial
state, and GC+ ⊆ P (GC− ⊆ P ) be the set of propositions
that areTrue /False in the goal state, where IC+ ∩ IC− = ∅
and GC+ ∩GC− = ∅. This generatesO(P) unit clauses:∧
p∈IC+

(p0) ∧
∧

p∈IC−
(p0) ∧

∧
p∈GC+

(pT ) ∧
∧

p∈GC−
(pT ) (2)

where superscripts indicate times.
Mutual Exclusivity of Actions : Special clauses marked

as “exactly-one-of” clauses specify that exactly one of the
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literals in the clause beTrue and provide an efficient way
of encoding mutual exclusivity of actions. A straightfor-
ward propositional encoding of mutual exclusivity ofn ac-
tions would require, for each timet, an action disjunction
clause stating that one of the actions must beTrue , and(
n
2

)
= O(n2) clauses stating that for each possible pair

of actions, one of the actions must beFalse . In subse-
quent solution efforts, the assignment ofTrue to any ac-
tion would force the assignment ofFalse to all the other
actions at that time step, but at a cost of discovering and
propagating the effect of theO(n) resulting unit clauses.
Depending on the implementation of the SSAT solver, the
number of mutual exclusivity clauses could also slow the
discovery of unit clauses. By tagging the action disjunction
clause as an exactly-one-of-clause, we reduce the total num-
ber of clauses, and the solver can make the appropriate truth
assignments to all actions in the clause as soon as one of
them is assignedTrue . This generatesO(T ) exactly-one-
of clauses:

T∧
t=1

(∨
a∈A

at

)
(3)

Effects of Actions: Describing the effects of actions on
propositions generates one or two clauses for eachPPL
action effect statement. If the statement is deterministic
(a probability of 0.0 or 1.0), the statement generates a sin-
gle clause modeling the action’s deterministic impact on the
proposition given the circumstances described by the state-
ment. For example, the following clause states that an error
condition is created if a painted part is painted again:

paint causes error withp1.0 if painted (4)

The time indices are implicit; if thepaint action is executed
at timet andpainted is True at timet− 1, thenerror will
beTrue at timet. EachPPL statement of the type:

a causesp withp π if c1 andc2 and . . . andcm (5)

wherea ∈ A, p ∈ P ∪ O, ci ∈ P, 1 ≤ i ≤ m, andπ is 0.0
or 1.0 generatesO(T ) clauses:

T∧
t=1

at ∨ ∨
q∈Pa+p

qt−1 ∨
∨

q∈Pa−p

qt−1 ∨ pt

 (6)

if π = 0.0, wherePa+p ⊆ P is the set ofcis that appear
positively in (5) andPa−p ⊆ P is the set ofcis that appear
negatively in that statement. Ifπ = 1.0, the final literal in
each clause ispt rather thanpt.

If statement (5) is probabilistic (0.0 < π < 1.0), the
statement generates two clauses modeling the action’s prob-
abilistic impact on the proposition given the circumstances
described by that statement. An example will clarify this
process. Suppose we have the following action effect state-
ment:

paint causes o-painted withp0.4 if new painted (7)

Here, the modifier “new” changes the implicit time index of
painted to be the same as the time index of the action; in

other words, “new painted” refers to the value ofpainted
after thepaint action has been executed.

Since the probability in this action effect statement is
strictly between 0.0 and 1.0, a chance variablecv1 associ-
ated with this probability will be generated along with two
clauses, one describing the impact of the action if the chance
variable isTrue and one describing its impact if the chance
variable isFalse . For example, this statement would gen-
erate the following two implications for timet = 1, where
time indices,−t, are added to the variables:

paint-1∧ painted-1∧ cv0.4-1→ o-painted-1 (8)

paint-1∧ painted-1∧ cv0.4-1→ o-painted-1 (9)
wherecv0.4-1 is the chance variable associated with this ac-
tion effect, and the subscript indicates its probability. Negat-
ing the antecedent and replacing the implication with a dis-
junction produces two clauses:

paint-1∨ painted-1∨ cv0.4-1∨ o-painted-1 (10)

paint-1∨ painted-1∨ cv0.4-1∨ o-painted-1 (11)
Thus, eachPPL statement of the type:

a causesp withp π if c1 andc2 and . . . andcm (12)

wherea ∈ A, p ∈ P ∪ O, ci ∈ P , and0.0 < π < 1.0
generatesO(T ) clauses:

T∧
t=1

at ∨ ∨
q∈Pa+p

qt−1 ∨
∨

q∈Pa−p

qt−1 ∨ cvtπ ∨ pt

 (13)

wherePa+p ⊆ P is the set ofcis that appear positively in
(12) andPa−p ⊆ P is the set ofcis that appear negated in
that statement, and cvπ is the chance variable generated by
(12). The clauses in (13) model the effect of the action when
the chance variable isTrue . A similar set of clauses, but
with cvtπ instead ofcvtπ model the effect when the chance
variable isFalse .

The set of propositions that determine the effect of an ac-
tion a,

⋃
p∈Pa(Pa+p ∪ Pa−p), wherePa is the set of propo-

sitions affected bya, determine the arityC of that action.
These propositions in the action effects statements can be
either positive or negative, which leads to2C possible com-
binations ofC propositions. If every action affects every
proposition and every observation, both positively and neg-
atively, then the number of action effects clauses per time
step isO(A(O + P)2C), whereC is the maximum arity
among all the actions in the domain. Since the number of
propositions is always greater than or equal to the number
of observations, this bound becomesO(AP2C). With T
time steps, an upper-bound on the number of actions effects
clauses isO(TAP2C).

Classical Frame Axioms: The fact that, for example, ac-
tiona1 has no impact on propositionp1 is modeled explicitly
by generating two action effect clauses describing this lack
of effect: one clause describinga1’s nonimpact whenp1 is
positive and one describinga1’s nonimpact whenp1 is neg-
ative. For every propositionp ∈ P ∪O that an actiona ∈ A
has no effect on,O(T ) frame axiom clauses are generated:

T∧
t=1

(
at ∨ pt−1 ∨ pt

)
∧

T∧
t=1

(
at ∨ pt−1 ∨ pt

)
(14)
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