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Abstract

This paper presents a framework for rea.uoning with
partial information provided bv multiple agents. On
the semantic side, there are partial objects correspond-
ing t.o equivalence classes of indiscernible object.s. Sets
of partial objects form partial worlds. On the syn-
t,’u:tic side, agents describe their partial worhls, and
their description sets are taken as sets of axioms for
fi~rmal systems with intuitive rules of inference. Giw,n
a formal system, its set of theorems forms a consis-
tent partial theory. The set of all theories is equipped
with an information ordering and forms a lat.tiee. The
lattice struct.ure allows to visualise how theories, and
agents, support or contradict each other. The set of
description sets provided by agents determines a set of
theories believed by the agents, and this set gives rise to
a sub-lattice of the set of all theories. The ti’amework
is appropriate fi~r dealing with informal.ion provided
by nmltiple sources of information, with emph~Lsis on
partial and contradictory informarion.

Introduction

This paper presents a fi’amework for re,’usoning with par-
tial information provided by nmltiple age.nts. We start
with a set G of partial objects, refer to any subset of
G as a context, denoted K, asld introduce "saturated"
contexts called worlds.

We propose a language and define validity.., given a
world W, one can determine sentences valid in W. A
set of all sentences valid in a world W is a theory of
the world, denoted Tw. However, there are also other
theories of iuten,st, theories which fail to be theories of
worlds--they can be seen as partial theories of worlds;
in such a c~se, a theory determines a set of alternatives
(worlds that the theory st) far only partly dis(’rihes).
rather than a single partial worhl. The theories we
consider are consistent, anti form a lattice (T, <_), or
(T, A, V), where < is an info.rmation orderin!l and A
and V are meet and join ol)erations.

Muhiple agents provide a (finite) set of description
sets, whi(:h result in a finite set of theories, referred to
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as a set B of believed theories, B C T. The set of be-
lieved theories determines its closure C (under A, V),
being a sub-lattice of T and a smallest lattice contain-
ing B. It is (’hfimed that C is an appropriate structure
to perform rea,s(ming with partial information provided
by muhiple agents. The lattice allows to visualise infor-
mation ordering on theories and shows where theories
agree and which theories are cont~udicton.I. The theo-
ries of the lattice can ~so I)e mapped to (sets of) agents
supporting and rejecting the theories.

Partial Worlds
Given that a set ~+ of all finite, non-empty strings over
a finite alphabet ~ can be enumerated, let the set N
of natural numbers be the set of attributes. Assume a
finite set M of attributes, 51 C_ N. If g: M ) {0, 1}
then g is calle.d a partial object--note that g can be a
properly pea’tial fimction, i.e., it (’an be undefined for
some elements of M. Then G = 1!1:51 ~ {0, 1}} is a
set. of all partial objects (over M). G can be equipped
with an in/or’mation orrlering (on objects) < given by:
.ql < 92 if g.). extends .ql, i.e., if dom(gz) _D dom(gl)
and ge,.ql take the same values at dom(gi). Maximal
elements of G are caUed total objects. Let the set of
total objects be denoted by Gt. After adding a top
element 1 to G, the ordered set (GU {1}, <) is lattice.

Any subset K of the set G of partial objects is c~led a
context. A context is a partial and finite representation
of a collection of "things," where some of thein are in-
discernible w.r.t, the attributes, amt therefore thoy are
partitioned into equivalence classes detormined by the
indiscernibility relation--the equivalence classes corre-
spond to our partial objects.

Let K = P(G) be the set. of all contexts. A context
is total if all its objects are total; let Kt denote the set
of all total contexts, Kt = "P(Gt). It seems appropriate
to equip K with an information ordering (on contexts)
as follows. KL < K._, iff:

I. V:,,eK~3,r, eh’.., .ql ~_ .q2. and

2. Va.,ch-23.q~eK. gt < g’~.

For instance,, for a singleton set M -- {lh } of attributes
the set of all contexts (the set of all sets of partial time-
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Figure 1: Information ordering oil partial worlds

tions from M to {0, 1}) together with the above order-
ing is presented in Figure 1.

In particular, in Figure 1 we have that., e.g., W. 01 <
Kol. The context We, representing an empty world,
is non-comparable to any other context (and therefore
a maximal and also minimal element of the set of all
contexts). The context W. is a minimal element--it
represents a non-empty, but otherwise unknown world.

However, there are two problems with (K, <):

1. <_ is not antisymmetric, and hence not a pa~ial order-
ing (e.g., consider contexts {gl,g2,g3} and {gl,g3},
where gl < g2 < g3),

2. there are contexts such that although K~ < K2, the
contexts are nevertheless "essentially" the same (e.g.,
Kol and W. ot of Figure 1 are such that W. 01 < K01,
but K01 represents the same information as t~: Ol)-

The remedy is to consider "saturated" contexts.

Firstly, introduce an ordering relation < between
contexts emd total contexts, i.e., < C K x Kt.
LetKEKandKeEKt. ThenK_<Ktiff

1. Vg, ex’, :~geK g _< gt

2. VeeK 3e, eKt g < gt

Secondly, given the above ordering, we can introduce
a mapping "tot" from contexts to sets of total contexts,
tot: K ~ 7~(Kt). The mapping allows us to find all
total contexts above a given context, and then employ
the mapping to define an equivalence relation on the
set K of all contexts. A mapping tot: K ) P(K~) 
given by tot(K) = {Kt e Kt ] K < Kt}. Further, an
equivalence relation ~ on K, i.e., ~ C_ K x K is given
by Kz ~ K2 iff tot(Kz) = tot(K2). Then K/~, is the
set of equivalence classes on K w.r.t. ,~,.

Referring to Figure 1, there are four total contexts
(namely, W1, Kol, Wo and I.~). Two contexts are

Logic 211



~-equivalent, K01 ~ I4".01, as the)" both have the sazne
set of total contexts above them, namely tile singleton
set {Kot}. So, {Km,~V.m} is one of tile equivalence
classes of K/~--all the other equiv~flence (:lasses are
singleton sets.

Given the above considerations, we could accept
equivalence (:lasses of contexts as appropriate seman-
tic entities -however, it would be usefill to have single,
uniquely determined "representatives" of the equiva-
lence classes. One might decide to "saturate" contexts.
and to keeI) such saturated contexts-- .call them partial
worlds--as appropriate semantic entities. For instance,
such a saturation mapping would map Km to W.m, and
woukl map every other context to itself.

This suggests one condition a saturation mapping
should satis~’--iL in a context, there is an object hav-
ing attributes g, to {m } and t here is an object having the
attributes ~.:: tO {iiZ.} then the saturated context shouhl
also contain tile object that has the attrilmtes .¢’.,. There
is another condition saturated contexts should satisfy,
the condition of convexity w.r.t, the information order-
ing on ol).iects.

Therefore, a saturation "mapping. sat: K --> K is
defined a~ follows. Let K E K. Let g,,. be a partial
object with attributes ~’: = ¢,a, where v’., a is given by
{,, [ :j(,n) = z} u {-,, [ at,,,) = 0}-.see the next
section. Titan sat(K) is a context (element of K) 
satisfies the following conditkms:

I. sat(K) ___ 

2. if gl, ga E sat(K) and .eli < g,, < .qa then g.~ E sat(K)

3. if g~,.u{,,i,g~.L-{m} E sat(K) then go E sat(K)

4. sat(K) is C_-minimal

We can now introduce partial worlds as saturated con-
text, and then define an information ordering on lmrtial
worlds in an appropriate, and expected, way.

Let K I)e a set of all contexts (over "11). A set 
of partial worlds is the set of all saturated contexts, i.e..
W =. {sat(K) ] K E K}. An information, o.rrlering on
l)artial worlds is introduced as follows. Wt < II:a iff
the following conditions hold:

1. V:~,e~.~ S.q, eu.i gt <_ .q’-,,

2. Vgteui S~:cu.~ gt _< g’,.

This finishes our consideratkms on informatkm ordering
on contexts, or rather partial worlds. Referring again
to Figure 1, the context h’0t is not a partial world, and
therefore should be ommitted from the set of se.mantic
entities (worlds) and the ordering on thenL [When the-
ories of contexts are introduced, then the (’ontext Km
and its saturated version, the world ll:ot = sat(Kin),
both map--as one would expect.-....to the same theory,
see Figure 3.]

Partial Theories
Let g E G; then the corresponding term t:~g is given by
{m J .q(m) = 1} to {-rn J g(m) = 0} and so ~:j is 
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subset of the set of integers {m,-m J m E M}. Tile
set of all terms is ¯ = {’¢,~ I g E G}. For insta~me,
consider the set of attributes {1,2, 3} and an object g
given by g(1) = 0, g(2) undefined and g(3) = 
can identify such a function, if the set of attributes is
fixed, with the sequence of values it takes, saying that
g = (0,-,1). Then ~/~a = {-1,3}, and the term lists
which attributes tit(: object has / does not have: g has
the attribute 3, but does not have the attribute 1, and
remains "partial" w.r.t, the attribute 2. After allowing
negative integers as attributes we can say that -1 and
3 are the attributes of g; in general, ~::j = attrs(g), the
set of attributes of g.

Tile set of all formulae is ~ = {(-~g,,:-:d, J g, E @},
i.e., hn’nmlae art: terms l)receded by the ~i.~ or the
sign. The intention is to use such forrnulae to provide
information about worlds, by saying whether an object
with tile given set of attributes is in the world. We now
introduce ,,alidity. Let W E W be a worht. Define:

I1" ~--:?.~i" itf 3,jelt. V,,,~. m. E ~"a,

!I" J= "~t:’ iff Vyew H,,,e~,., -m 6 t.:.’.

Consider again the set of attributes { 1, 2, 3 } and an ob-
ject g = (0,., 1), and let ll" = {.q}. We have that, for
instance, II" ~ :i.{-1.3}, but also II" ~ --v{-l}, and
W ~- +b{ }. Note that ..-~{} is valid in W, but the tort’e-
spending obje(’t (undetermined w.r.t, all the attributes
1, 2 and 3) is not in the world, as its presence would
invalidate ,-:{1}, but W D ---,{1}. Define a negation
operator ~ : 4) > ¢ by requesting ~ ~.[~ 0 = .d’ and

~ ~,." = .i-,¢". We can have that neither ~2 nor ~so is
wllir.l, as is tit(, case for ~ = ~{2} in W.

Given a worhl, any set of sentences wflid in t he world
generates a theory (and any such set can be comm’ani-
cat,:d by an agent). Such a sot of senten(’es is (’~flled
a description set, denoted by D, and the (’orrospond-
ing theory T is a logical closure of D, i.e.. T = Cn(D),
where the inference rules are the following:

1. if W .~ ’1111~’;’~ and ¢’,~ D ~m’I then W ~ ’!:t:q.

2. if W D &~;’t and ~"t C_ .~;’:.~ then ll" D .::0,,.

3. if I1" -]=- :3,g, U {m} and W D ’.-:’~" O {-m}
then I1" D (:~:’,

4. if 1I" D e~" and I1" D z.-O}’,’ tO {m }
then It" D ~~" tO {-m}.

For i,~stance, if D = {,~{m., }, ÷-{m,~, re.z, m,:,}, ,..,{,n,,
ma..-ma}} then T = Cn(D) = {+{mt,-ma},
’:~{mt }, .~{ -,,,.., }. +{}, .:.{,,,,, ,,,_~ ), c.{-,,. ,,,.,. ,,~ }.
.~ ~{,n,.m..,. -ma } }

A theory is eo’nsistent if it does not contain both ~p
and -~; a description set is consistent if its theory is.
It is ea,sy to see that the set T of all consistent theories,
after adding a top element 1 repres(,nting inconsistency
(0 is used to de.note an empty theory. {}). is a lattice.
i.e., (T. <) is lattice, where <,an inf ormation ordering
(on theories), is simlfly C_. The A and V operations are
defined by T~ AT._, = Tt f’lT~, and Tt VT~ = Cn(T~ tOT.,),
if consistent, or 1, otherwise.
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Figure 2: Information ordering on theories

The set of all theories (over M = {ml}) is pre-
sented in Figure 2. In this case, there are three pos-
sible terms, namely {ml}: {-ml} and {}. Therefore
there are six possible formulae, E){mt }, (~{-ml}, ,@{}.
e{’mt}, 9{-mr} and e{}. Finding a theory accounts
to marking some terms with e and some other ones
with ®, as govern by the logical closure operator, Cn.
Ttle resulting theories are presented in Figure 2, where
formulae are marked with ’+’ and ’-’, as shown in the
figure. Note the top element 1 (representing inconsis-
tency), and the bottom element 0, the empty theory (no
term is marked with EB or E), i.e., the set of formulae is
empty), or "total ignorance’: state.

Given that Figure 1 presents all partial worlds (a~l(i
one context that is not a world) for the same set of
attributes, we can see how worlds can be mapped to
their theories-this is shown in Figure 3 (note that the
contexts Kol and W. Ol are mapped to the same theory).

For instance, the world W1 is mapped to its theory

Tw1 = {(b{ml},(]){}, @{-ml}}. However, there is 

world that maps to the theory {e{ml}}, the theory
{~{-rrtl}), or tile empty theory 0 = { }. Note that e.g.,
the theory (-~{ml}} is saying that there are no objects
with the attribute mr--this information alone is not
sufficient to determine the world the theory describes,
as it is not even known whether or not tlle world is
empty.

Multiple Agents
Let S be a finite set of agents providing their de-

scription sets, {D,}sEs. Define st ~ s~ iff Cn(D,~) 
Cn(D,2), and -- = SLY,. Then B = {Cn(D,)},es
is in fact B = {B{}~E-- and the elements of B axe
called believed theories. As B C T, a closu~ O of
B under A and V can be found, i.e., C = CI(B)
satisfies the conditions: O _D B, and if Cl, 02 E C
then C1 A C2, Cl V C2 E C. Clearly, (C, <) is a s~,b-
lattice of (T, _<). Figure 4 shows examples of sets 
believed theories (marked with filled circles) and their
closures. Considering the example (d) of Figure 

Logic 213



1

Figure 3: Mapping worlds to theories
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Figure 4: Some believed theories and their ch)sures

w(’ have B,t = {Bd.t,B,t..,.Bd.:~}, these are the he-
lieved theories, and are marked with filled circles. The
theories Ba.1, Bd.._,, Bd.z are obtained fr()m the descrip-
tion sets Dd,] = {:!.J{m.] } }, Dd.~, = {~i~{}, .-.",{m:..ma} },
Dd.:3 = {~{m2..m4}}. In the (’as(; of B,t. its closure
(7d = CI(Bd) docs not contain the "inconsistent the-
ory’" 1 (I)ccause tim theories Bd, I, Bd..., and Bd.3 join
consistently, i.e., be,low 1), but it does contain the
empt.y theory 9 (because tile theories Bu.t,Bd..., and
Bd.3 have an empty nmet, or intersection, and so they
meet at 0). Figure 4 (d) includes the element 1, i.e., 
shows (Ca U {1}, <_). An obvious advantage of locat-
ing theories in a lattice of consistent theories is that. it.
shows where theories ineet, and whether they can be
joined consistently.

Further, with a C E (7 a.ssociat.e t,(., = (i,(.Z, t,6),
where "v+ = 1~ I B~ > C}, and *’i: = {~ I Be V C = 1}.
Tile set {t,c}c" represents tlow (collective) agents 
--- support (’t,~:) an(l reject (t,c) theories in C. 
(’laimcd that (C, <) together with {vc,}c are the right
representatknl of partial information provided by mul-
tiple agents.

Conclusion
The partial reasoning framework presented here a(l-
dresses two stages of reasoning. Firstly, information

provitted by the agents is translated to theories. Sec-
ondly, the set C of "most interesting" theories is found,
it is a lattice, and the ordering represent,~ infornmtional
vahm of theories. By inspecting meets and joins of the-
ories, one can see where theories agvree (at their weets)
and which theories contradict each other (those which
join at 1). Apart from the information ordering 
on theories, the set {vv}c evaluates truthness of the
timories, c.f., [Ginsberg 1988). Partial contexts and
worlds are related to contexts of ~brmal Concept Anal-
ysis (FCA), see (Ganter & Wille 1996). rough sets
theory (Pawlak 1991) also emphasises pariial, or bound-
ary oh jeers. In the area of databases, (Metro 1995) has
a similar focus.
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