From: Proceedings of the Eleventh International FLAIRS Conference. Copyright © 1998, AAAI (www.aaai.org). All rights reserved.

Towards Partial Reasoning

Krzysztof Zbigniew Nowak
Computing Department, Macquarie University
Sydney NSW 2109, Australia
Chris.Nowak@mq.edu.au

Abstract

This paper presents a framework for reasoning with
partial information provided by multiple agents. On
the semantic side, there are partial objects correspond-
ing to cquivalence classes of indiscernible objects. Sets
of partial objects form partial worlds. On the svn-
tactic side, agents describe their partial worlds, and
their description sets are taken as sets of axioms for
formal systems with intuitive rules of inference. Given
a formal system, its set of theorems forms a consis-
tent partial theory. The set of all theories is equipped
with an information ordering and forms a lattice. The
lattice structure allows to visualise how theories, and
agents, support or contradict each other. The set of
description sets provided by agents determines a set of
theories believed by the agents, and this set gives rise to
a sub-lattice of the set of all theories. The framework
is appropriate for dealing with information provided
by multiple sources of information, with emphasis on
partial and contradictory information.

Introduction

This paper presents a framework for reasoning with par-
tial information provided by multiple agents. We start
with a set G of partial objects, refer to any subset of
G as a context, denoted A, and introduce “saturated”
contexts called worlds.

We propose a language and define validity- given a
world 1", one can determine sentences valid in W7, A
set of all sentences valid in a world W is a theory of
the world, denoted Ty. However, there are also other
theories of interest, theories which fail to be theories of
worlds—they can be seen as partial theories of worlds;
in such a case, a theory determines a set of alternatives
(worlds that the theory so far only partly discribes).
rather than a single partial world. The theories we
consider are consistent. and form a lattice (T, <). or
(T. A, V), where < is an information ordering and A
and V are meet and join operations.

Multiple agents provide a (finite) set of description
sets, which result in a finite set of theories, referred to
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as a set B of believed theories, B C T. The set of be-
lieved theories determines its elosure C (under A, V),
being a sub-lattice of T' and a smallest lattice contain-
ing B. It is claimed that C is an appropriate structure
to perform reasoning with partial information provided
by multiple agents. The lattice allows to visualise infor-
mation ordering on theories and shows where theories
agree and which theories are contradictory. The theo-
ries of the lattice can also be mapped to (sets of) agents
supporting and rejecting the theories.

Partial Worlds

Given that a set Bt of all finite, non-empty strings over
a finite alphabet ¥ can be enumcrated, let the set N
of natural numbers be the set of atéributes. Assume a
finite set AL of attributes, M C N. If g: M — {0,1}
then g is called a pertial object—note that g can be a
properly partial function, i.e., it can be undefined for
some elements of Af. Then G = {g: M — {0,1}}is a
set, of all partial objects (over Af). G can be equipped
with an information ordering (on objects) < given by:
g1 < g2 if g2 extends gy, i.c., if dom(ge) O dom(g)
and g, ¢ take the same values at dom(g;). Maximal
clements of G are called total objects. Let the set of
total objects be denoted by G,. After adding a top
element 1 to G, the ordered set (GU {1}, <) is a lattice.

Any subset K of the set G of partial objects is called a
contert. A context is a partial and finite representation
of a collection of “things,” where some of them are in-
discernible w.r.t. the attributes, and therefore they are
partitioned into equivalence classes determined by the
indiscernibility relation—the equivalence classes corre-
spond to our partial objects.

Let K = P(G) be the set of all contexts. A context
is total if all its objects are total; let K, denote the set
of all total contexts, K, = P((,;). It seems appropriate
to equip K with an information ordering (on contexts)
as follows. A}, < K, iff:

L v!llEl\'la.'l-zEK-.- g1 < g2. and
2. VﬂzEKzaylEl\'l g1 < g2

For instance, for a singleton set M = {n} of attributes
the set of all contexts (the set of all sets of partial func-



Figure 1: Information ordering on partial worlds

tions from M to {0,1}) together with the above order-

ing is presented in Figure 1.

In particular, in Figure 1 we have that, e.g., W.p1 <
Kpi. The context W¢, representing an empty world,
is non-comparable to any other context (and therefore
a maximal and also minimal element of the set of all
contexts). The context W. is a minimal element—it
represents a non-empty, but otherwise unknown world.

However, there are two problems with (K, <):

1. <isnot antisymmetric, and hence not a partial order-
ing (e.g., consider contexts {g:1,92.93} and {g1.93}.
where g1 < g2 < g3),

2. there are contexts such that although K, < K3, the
contexts are nevertheless “essentially” the same (e.g.,
Koy and W.g; of Figure 1 are such that W.q; < Ko,
but Ky, represents the same information as W.g; ).

The remedy is to consider “saturated” contexts.

Firstly, introduce an ordering relation < between
contexts and total contexts, i.e., < C K x K,.
Let K € K and K; € K;. Then K < K, iff

1. Vg:GK: 3_qEK 95 4
2. Vgex Jgek, 9 < 9t

Secondly, given the above ordering, we can introduce
a mapping “tot” from contexts to sets of total contexts,
tot: K — P(K,;). The mapping allows us to find all
total contexts above a given context, and then employ
the mapping to define an equivalence relation on the
set K of all contexts. A mapping tot: K — P(K,) is
given by tot(K) = {K; € K; | K < K;}. Further, an
equivalence relation =~ on K, i.e., & C K x K is given
by K; = K3 iff tot(K;) = tot(K>). Then K /= is the
set. of equivalence classes on K w.r.t. =.

Referring to Figure 1, there are four total contexts
(namely, W1, Kg,Wo and W¢). Two contexts are
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mz-equivalent, Ko; = W.g,, as they both have the same
set of total contexts above them, namely the singleton
set {Ky1}. So, {Ko1.W.o1} is one of the equivalence
classes of K /~—all the other equivalence classes are
singleton sets.

Given the above considerations, we could accept
cquivalence classes of contexts as appropriate seman-
tic cntities -however, it would be uscful to have single,
uniquely determined *representatives” of the equiva-
lence classes. One might decide to “saturate™ contexts.
and to kecep such saturated contexts- -call them partial
worlds--- as appropriate semantic entitics. For instance,
such a saturation mapping would map Ky, to Wy, and
would map every other context to itsclf.

This suggests one condition a saturation mapping
should satisfy—-if, in a context, there is an object hav-
ing attributes ¥wU{m} and there is an object having the
attributes ¢» U {77} then the satnrated context should
also contain the object that has the attributes ;. There
is another condition saturated contexts should satisfy,
the condition of converity w.r.t. the information order-
ing on objects.

Therefuore, a saturation mapping. sat: K — K is
defined as follows. Let A € K. Let g.. be a partial
object with attributes @ = ¢y, where v, is given by
{m | g(m) = 1} U {~m | g(m) = 0}—secc the next
section. Then sat(K') is a context (clement of K) that
satisfies the following conditions:

1. sat(K)D K

2. ifg).gs €sat(K) and g, < ¢g» < g5 then g4 € sat(A)
3. if gy {m}r Juu{my € sat(K) then g, € sat(R)

4. sat(/’) is C-minimal

We can now introduce partial worlds as saturated con-
text, and then define an information ordering on partial
worlds in an appropriate. and expected, way.

Let K be a set of all contexts (over Af). A set W
of partial worlds is the set of all saturated contexts, i.c..
W = {sat(K) | A € K}. Au information ordering on
partial worlds is introduced as follows, 1§, < W, iff
the following conditions hold:

L Yyeen; dgrens 91 < g,

2. Vyeni Jgacmz 91 < g

This finishes our considerations on information ordering
on contexts, or rather partial worlds. Referring again
to Figure 1, the context Rj) is not a partial world, and
therefore should be ommitted from the set of semantic
entities (worlds) and the ordering on them. [When the-
ories of contexts are introduced, then the context Ko
and its saturated version, the world V.4 = sat(A%;),
both map—as one would expect-to the same theory,
see Figure 3.]

Partial Theories
Let g € G then the corresponding term v, is given by

{m | glm) =1} U {—~m | g(m) = 0} and so ¥, is a
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subset of the set of integers {m,—m | m € AM}. The
set of all terms is ¢ = {4, | ¢ € G}. For instance,
consider the set of attributes {1,2,3} and an object g
given by g(1) = 0, g(2) undefined and g(3) = 1; we
can identify such a function, if the set of attributes is
fixed, with the sequence of values it takes, saying that
g = (0,-,1). Then ¥, = {—1,3}, and the term lists
which attributes the object has / does not have: ¢ has
the attribute 3, but does not have the attribute 1, and
remains “partial” w.r.t. the attribute 2. After allowing
negative integers as attributes we can say that —1 and
3 arc the attributes of g; in general, y, = attrs(g), the
set of attributes of g.

The set of all formulae is & = {26 | 0 € U},
i.e., formulae arc terms preceded by the ¢: or the =
sign. The intention is to use such formulae to provide
information about worlds, by saying whether an object
with the given set of attributes is in the world. We now
introduce validity. Let 117 € W be a world. Define:

Wk il Jpew Ve M € ¢y,
W l—_: wagr iff Vyeu' amev'g —m €.

Constder again the set of attributes {1,2, 3} and an ob-
jeet g = (0,-,1), and let W = {g}. We have that, for
instance, " |= :1:{—1.3}, but also W | —={—1}, and
Wk b{}. Note that -33{} is valid in IV, but the corre-
sponding object (undetermined w.r.t. all the attributes
1.2 and 3) is not in the world. as its presence would
invalidate {1}, but W = —{1}. Define a negation
operator - : & — & by requesting - :p ¢ = i and
- & = sa¢. We can have that neither & nor —p is
valid, as is the case for » = ={2} in 1}V,

Given a world, eny set of sentences valid in the world
generates a theory (and any such set can be communi-
cated by an agent). Such a set of sentences is called
a description set, denoted by D, and the correspond-
ing theory T is a logical closure of D, i.e.. T = Cu(D),
where the inference rules are the following:

Lif W E i and v D ¢y then Wk iy
2. if W = =9 and 3 C ¢y then 1 =S,

i W EwpU{m} and W . v U {—m}
then W = <y,

1 if W o and W E S U {in}
then W™ = = U {—m}.

For instance, if D = {B{mi},={my.ma.ma}, ~:{ny,
ma,—my}} then T = Cn(D) = {={m;.—m},
g}, ={—mal. B} {maama}, o {nnoma ms},
g{my, M. —ma}}

A theory is ronsistent if it does not contain hoth
and —y; a description set is consistent if its theory is.
It is easy to see that the set T of all consistent theories,
after adding a top element 1 representing inconsistency
(0 is used to denote an empty theory. {}). is a lattice.
i.e, (T.<)isa lattice, where <, an information ordering
(on theories), is simply C. The A and Vv operations are
defined by AT, = T)NTy, and T) VT, = Cn(T UTy),
if consistent, or 1, otherwise.
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Figure 2: Information ordering on theories

The set of all theories (over M = {m.}) is pre-
sented in Figure 2. In this case, therc are three pos-
sible terms, namely {m;}, {-mi1} and {}. Therefore
there are six possible formulae, &{m}, &{—m.}, &{}.
o{m1}, 9{—m.} and ©{}. Finding a theory accounts
to marking some terms with & and some other ones
with ©, as govern by the logical closure operator, Cn.
The resulting theories are presented in Figure 2, where
formulae are marked with ‘+’ and ‘~-’, as shown in the
figure. Note the top element 1 (representing inconsis-
tency), and the bottom element 0, the empty theory (no
term is marked with & or ©, i.e., the set of formulae is
empty), or “total ignorance” state.

Given that Figure 1 presents all partial worlds (and
one context that is not a world) for the same set of
attributes, we can see how worlds can be mapped to
their theories- - this is shown in Figure 3 (note that the
contexts Kq) and W.¢; are mapped to the same theory).

For instance, the world W is mapped to its theory
Tw, = {&{m},8{}, ©{—mi}}. However, there is no

world that maps to the theory {&{m,}}, the theory
{#3{—m1}}, or the empty theory 0 = {}. Note that e.g.,
the theory {©{m,}} is saying that there are no objects
with the attribute sn;-- this information alone is not
sufficient to determine the world the theory describes,
as it is not even known whether or not the world is
empty.

Multiple Agents

Let S be a finite set of agents providing their de-
scription sets, {D;}scs. Define s; m s, iff Cu(D,,) =
Cn(D,,), and £ = S/=~. Then B = {Cn(D;)}ses
is in fact B = {B¢}¢e= and the elements of B are
called believed theories. As B C T, a closure C of
B under A and V can be found, ie., C = CI{B)
satisfies the conditions: C D B, and if C|,C2 € C
then C; A Cq,C1 V C> € C. Clearly, (C,<) is a sub-
lattice of (T, <). Figure 4 shows examples of sets of
believed theories (marked with filled circles) and their
closures. Considering the example (d) of Figure 4,
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Figure 3: Mapping worlds to theories
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Figure 4: Some believed theories and their closures

we have By = {Bg.,Baz.Bas}, these are the be-
lieved theories. and are marked with filled circles. The
theories By, Ba.u, Ba.s are obtained fromn the descrip-
tion sets Dy = {:t:{mn}}, Daz = {4:{},=3{ma.ms}}.
Dys = {&{m2,my}}. In the case of By,. its closure
C4 = Cl(By) does not contain the “inconsistent the-
ory” 1 {because the theories By, Bg» and By join
consistently, i.e., below 1), but it does contain the
empty theory 0 {because the theories B,,,B;. and
B, 3 have an empty meet, or intersection, and so they
meet at 0). Figure 4 (d) includes the element 1, i.c., it
shows (Cq U {1}.<). An obvious advantage of locat-
ing theories in a lattice of consistent theories is that it
shows where theories meet, and whether they can be
joined consistently.

Further, with a C € C associate ve = (07, ve),
where vl = {£| B¢ > C}. and vi: = {€| B¢ VC = 1}.
The sct {vc-}er represents how (collective) agents in
= support (vg) and reject (ve) theories in C. It is
claimed that (C, <) together with {vc}e are the right
representation of partial information provided by mul-
tiple agents.

Conclusion

The partial reasoning framework presented here ad-
dresses two stages of reasoning. Firstly, information
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provided by the agents is translated to theories. Sec-
ondly, the set C of “most interesting™ theories is found,
it is a lattice, and the ordering represents informational
value of theories. By ingpecting meets and joins of the-
orics, one can see where theories agree (at their meets)
and which theories contradict each other (those which
Join at 1). Apart from the information ordering <
on theories, the set {vc}e evaluates truthness of the
theories, cf., (Ginsberg 1988). Partial contexts and
worlds are related to contexts of Formal Concept Anal-
ysis (FCA), see (Ganter & Wille 1996). The rough sets
theory (Pawlak 1991) also emphasises partial, or bound-
ary objects. In the area of databases, (Motro 1993) has
a similar focus.
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