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Abstract

We describe a learning inference control heuristic for
an equationM theorem prover. Tile heuristic scl~’ts a
number of problems similar to a new problem from a
knowledge base and compiles information about good
search decisions for the~ selected problems into a term
space map, which is used to evaluate the searcJl al-
ternatives ~tt an importmit choice point in the thee-
rent prover. Experimems on the TPTP problem li-
brary show the improvements possible with this new
approach.

Introduction
Automated theorem provers (ATP systems) are pro-
grams tilat try to prove tile validity of a given state-
ment under the assumption of a ~t of axioms. They
are currently beginning to make inroads into industrial
anti scientific fields outside tile core deduction com-
munity. Systems likc DISCOUNT (Denzinger, Kro-
nenburg, & Schulz 1997) and SETHEO (Letz ctal.
1992) are being used for the verification of proto-
cols (Schumann 1997), the retrieval of software com-
ponents (Fischer & Schumann 1997) and inathenmti-
cal theorems (Dahn & Wernhard 1997) from libraries.
Recent successes of theorem provers, most visibly tim
proof of the Robbins algebra problem by EQP (Mc-
Cune 1997), demonstrate the power of current theo-
rem proving technology.. Itowever, despite the fact that
ATP systems arc able to perform basic operations at
an enormous rate and can solve nlost silnl)le problems
nlucil faster than an,)" hulnan expert, they still fail on
lnauy tasks routinely solved by mathematicians.

We believe that tills is dllr~ to tim differences in
how humans and coml)uters search for proofs. Hu-
man beings usually develop botil conscious and intu-
itive knowledge about which operations to apply in a
given situation to reach a given target. Most theorem
proving programs, on tile other hand. use ve.ry little of
this kiud of search, control knowledge and rely on a set
of fixed: preprogrmnumd search control heuristics.

Optimization of the theorem prover for a given set of
problems consists in the selection of an existing heuris-
tic (with suitable panuneters), or even in the manual
coding of a new tleuristic based on tim experience of
a user witll the domain. Botll tasks are tedious, and
expensive in terms of time and manpower. Our aim is
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to adapt a th(x~rem prover to a domain or a problem
by learning from examples of successfifl proof seaxehes.

For this purpose, we store inforination about good
sear(~l decisions for problems in a given domain, l%r
each new problem, we select a couple of previous exam-
pies with similar features aal(1 t.ompile tim associated
infornmtion into a term space map, whietl in turn de-
fines a searctl guiding tmuristic for the new problenl.
This work solves some problems encountered with a
similar approach without example selection (Denzinger
& Schulz 1996a).

In tills paper, we first give a very short introduc-
tion into equational theorem proving and the associ-
ated search problem. We then describe how we gener-
ate ~ul(t store examples of good search decisions. The
next section describes how we select training exanlples
for a given new problem and how we use these cxanl-
pies to create a suitable heuristic evaluation function.
Finally, we preseut experimcmal r~ull,s with the the-
orem prover DISCOUNT 2.1/TSM aud (:(mclude.

Equational Theorem Proving
The aim of equational t hc~)rcm proving is to show timt
two terms s and t can be transformed into each otlmr
by the application of equations from a set. of axioms E,
i.e. riley try to show that s = t is a logical eonse.quence
of E. This problem is only semi-deeidat)le, thereibre
all proof pr, Jcedures have to search for a proof in an
infinite search space. Most successful tll~)retll provers
(e.g. DISCOUNT or Waldmeister (Hillenbrand, Buch,
& Fettig 1996)) for thi,s kind of deduction are based
on "unfailin.q completion (Bachmair, Ders(’howitz, 
PIMstcd 1989). We assume that the re~gler is famil-
iar with most basic teruls and ,)nly give a very short
introduction to the necessary concepts. So0. (Baader 
Nipkow 1998) for a lnore comprehensive introduction.

The set Term(F.. V) of terms ,)v(,r a tinite set of flmc-
tion symbols F (with a,usociated arities) and an cnu-
mcrable set of variables V is defined as usually. An
equation s = t is a pair of terms. ,~,r consider equa-
tiolm to be symmetrical. A rule l ---~ r is all oriented
equation such that all variables in r also occur is l.
A ground reduction o~zle.rin9 > is a Noetimrimt partial
ordering that is stable with respect to tim term struc-
ture and substitutions and total on ground terms. A
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rule l -~ r is said to be compatible with > if I > r.
Rules and equations can be applied to terms by match-
ing one side onto a subterm and replacing this subterm
with the instantiated other side. We usually only allow
simplifications, i.e. applications of rules and equations
that replace larger terms by smaller terms.

Our prover, DISCOUNT, takes a set of equations
E, a goal s -- t and a ground reduction ordering > as
input. It tries to decide the equality of s and ~ modulo
E by incrementally generating a ground confluent and
terminating set of rules and equations equivalent to
K If certain fairness criteria are ensured, it. can be
guaranteed that any valid equation s = t can be proven
after a finite number of inferences by simplifying s and
t as far as possible (i.e. to compute their normal forms)
with each successive system of rules and equations.

The proof procedure of DISCOUNT is based on two
basic inference rules: Ordered unit paramodulation
(the building of critical pairs) and rewriting. Ordered
unit paramodulation generates new equation by over-
lapping a maximal side of one rule or equation into a
maximal side of another rule or equation. Rewriting,
on the other hand, is a contracting inference. It does
not create new equations, but allows the simplification
of an existing rule or equation if certain conditions are
fulfilled. We use three sets of term pairs to represent
the current state of a completion process: A set E of
processed, but unorientable equations, a set R of rules
(processed and oriented equations) and a set CP of
unprocessed equations. The completion algorithm will
start out with empty sets R and E, and the initial ax-
ioms in CP. It will examine each equation in CP in
turn, reduce it to normal form with respect to E and
R, use it to build new critical pairs (to be added to
CP) and to eliminate redundancies from R and E by
simplification. It will then be added to either R (if it
can be oriented according to >) or E.

The order in which equations from CP are processed
is one of the most crucial points for the performance
of the prover. This order is determined by an heuris-
tic evaluation function, which assigns a weight to each
fact. The prover always selects the fact with the lowest
weight for processing. Experimentai results show that
all proofs found by DISCOUNT at all can be repro-
duced in sub-second times if a good evaluation func-
tion is used. However, using standard search heuristics
(weighting equations according to the number of sym-
bol in the terms) the prover typically spends more than
99% of the processing time on inferences not contribut-
ing to the proof (see (Denzinger & Schulz 1996b) 
more detailed results). Our aim is to improve the over-
all performance of the prover by controlling this choice
point with a learning evaluation function.

Knowledge Acquisition and
Representation

Learning search control knowledge for theorem provers
is based on the hypothesis that experience from pre-

vious proof searches is useful in guiding new proof
searches. Given this hypothesis, the basic questions
are which parts of a proof search should be used in
learning, what kind of knowledge should be learned,
and what learning algorithm should be employed.

Our approach to learning for DISCOUNT tries to
extract search control knowledge from listings of infer-
ence steps. Our basic assumption is that. the equations
occurring in a successful proof search contain enough
information to describe the proof adequately for repro-
duction, and that information about the exact struc-
ture of the proof is less important. This assumption is
supported by the success of learning by pattern mem-
orization (Denzinger & Schulz 1996a) particularly 
reproducing proofs. We believe that the most impor-
tant reason for this effect is that. much of the relevant
structure of the proof is given implicitly by the cal-
culus (inferences can only be performed after all the
necessary preconditions are fulfilled).
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Figure 1: The DISCOUNT system

Our knowledge acquisition algorithm is structured
into two phases (compare figure 1). First, a proof pro-
tocol of a successful proof search is analyzed. We de-
termine the set of equations actually used in the proof.
In the second phase, the selected equations are gener-
alized and stored in a knowledge base, indexed by a
set of features describing the proof problem.

Proof Recording and Analysis

One of the strengths of the DISCOUNT system is
its ability to record proof searches in the PCL for-
mat. (Denzinger & Schulz 1996b). PCL is a generic
language for describing completion based proof pro-
cesses. Figure 2 shows some example code. PCL pro-
tocols can be automatically analyzed, structured and
transformed into a human-readable form. They also
serve as the basis for a number of learning approaches.
including the one presented in this paper.
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21~tes-eqn : f(x,f(y,f(x,y))) ---- eO: cp(20,L,g,L)
22:tes-eqn : f(x,f(x,y)) = f(eO,y) : cp(20,L.l,g,L)
23:tes-eqn : f(x,f(x,y)) = y : tes-red(22,R,7,L)
39:tes-lemma : f(x,f(x,y)) -~ y : orient(23,u)

Figure 2: Exmnple PCL code

Full PCL listings contain an entry for each inference
done by the prover, describing both the inference and
the resulting fact. Despite the fact that DISCOUNT"s
inference engine is by now rather dated and cannot
compare with e.g. Waldmeister in speed of execution, a
typical protocol for a hard problem will contain about
400 000 such entries and take more than 50 MB of
disk space. As a first step of abstraction, we discard
all facts except for the axioms and those contributing
to the final proof. The resulting pruned listing typi-
cally contains between 50 and 500 facts and inferences
(see (Denzinger & Schulz 1996b) for specific examples).
As we are only interested in the facts themseh, cs, we
discard all structural information and keep only the
equations to rei)resent the proof processI .

Term Patterns

Users of ATP systems often use the same symbol with
different intended semantics in different proof prob-
lems, and similarly use multiple symbols with the same
intended semantics. Wc have e.g. seen both plus and
add to describe an additive operator, and likewise seen
product as a binary function symbol or a ternary pred-
icate symbol. For this reason, we abstract from the
particular signature used fin" a given I)roof prol)lem 
transforming the equations occurring in the proof into
7~pTv, sentative patterns. A representative pattern for a
term t is computed by normalizing the variables in the
term and substituting its function symbols in the way
that the ith original function symbol of arity j occur-
ring in t is replaced by the new symbol f~2. As an e~x-
maple, pat(f (x, a, a)) = f31(Xl, fOl, fol). h reprcseon-
tative pattern for an equation is computed by first ori-
enting the equation according to some ordering stable
with respect to the pattern transformation, and then
treating it as a single term with top symbol ’--’. For tie-
tails consult (Denzinger & Schulz 1996a). It is impor-
tant to note that representative patterns of both terms
and equations are terms over a new signature with
function symbols {f01 .-- fan. fll..- fin, fm] .-. f, nn }
for suitably large ntnnbers of n and m. Thus, all op-
erations on terms (including learning algorithms) can

1The approaches describ~xi in (Denzinger & Schulz
1996a) aad (Sdallz 1998} extract additional information
about cxtuations. However, we can treat a pruned PCL
listing as a flat ~t of equations in t:rb; paper.

2This definition specializes the one giw~n in (Denzingcr
& Sdmlz 1996a), ensuring that each new symbol is only
used with one arity even in independently generated pat-
terns.
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be directly transferred to patterns.
As the transformation of equations into patterns

may generate the same pattern more than once, we
annotate each pattern with the number of equations
corresponding to it. Thus, a proof is represented by a
set of annotated patterns of equations.

Indexing Proof Examples

One of the main problcms in learning search control
knowledge for theorem provers is that there exist very
few efficient algorithms for learning on or comparing
arbitrary sized recursive structures. Therefore, even
the very first approaches to learning in theorem prov-
ing resorted to represent terms by vectors of numerical
features. The success of these approaches has been,
however, limited, as finite vrctors of simph: nunmrical
features necessarily ignore a lot of information about
the structure of terms. We do not use numerical fea-
tures to learn evaluation fimctions, however, ~ do line
them to generate a fingerprint for a complete proof
problem, similar to the approach described in (Fuchs
1097).

We selected the following values for the feature vec-
tor:

¯ Number of axioms in the original specification

¯ Average term depth of the axioms

¯ Standard deviation of the term depth of the axioms

¯ Term depth of the goal

¯ A vector describing the distribution of function ari-
ties in the signature of the problem.

Ttle experiments described below showed that this
set of features does not contain redundant information,
i.e. dropping any of the features leads to decreased
performance of the proof system.

Term Space Maps

Term patterns describe only the structure of individual
terms ~md equations, and allow fbr very litth: general-
ization. Fixed size feature vcctors, on tile other hand,
can describe properties of large sets of terms, but lack
tile alfility to describe significant structural elements
of the terms. Term Space Maps (TSMs), introduced
in (Schulz 1998) as a generalization of term evaluation
trees (Dcnzinger & Schulz 1996b), fall in between these
two extremes. They arc recursive structures that have
the ability to describe some structural aspects of sets
of terms or equations.

TSMs partition a set. of terms according to an in-
dex function , i.e. a flmctkm i :Term(F, V) ~-+ that
maps the set of terms onto an arbitrary (but fixed)
index set I and has the property that for two terms
s : f(Sl... Sn) and t = g(tt.., tin) (where variables
are treated as operators of arity O) i(s) - i(t) implies
that .n. = m. This same operation is recursively applied
to the subtenns of the terms in each partition. Each
partition (or term space alter~mtive, TSA) in the TSM






