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Abstract

Relaxations based on (either complete or partial) ignor-
ing delete effects of the actions provide the basis for
some seminal classical planning heuristics. However,
the palette of the conceptual tools exploited by these
heuristics remains rather limited. We study a framework
for approximating the optimal cost solutions for prob-
lems with no delete effects that bridges between cer-
tain works on heuristic search for probabilistic reason-
ing and classical planning. In particular, this framework
generalizes some previously known, as well as suggests
some novel, tools for heuristic estimates for Strips plan-
ning.

Introduction

The automatic derivation of heuristic functions from prob-
lem descriptions in declarative action languages has been
one of the key developments in recent planning re-
search (McDermott 1999; Bonet & Geffner 2001; Haslum
& Geffner 2000; Hoffmann & Nebel 2001; Edelkamp 2001;
Nguyen, Kambhampati, & Nigenda 2002; Rintanen 2006).
Such heuristic functions are used to estimate the distance
from search states to their nearest goal states, and search
algorithms can use these estimates to guide the search. If
the heuristic function is also admissible, that is, never over-
estimates the true cost of reaching the nearest goal state,
then certain well-known search algorithms are guaranteed
to provide an optimal or approximately-optimal plan to the
goal (Pearl 1984; Korf 1985).

So far, the major impact on developing heuristics for
domain-independent Strips planning should probably be
attributed to exploiting the complete (McDermott 1999;
Bonet & Geffner 2001; Refanidis & Vlahavas 2001; Hoff-
mann & Nebel 2001) or selective (Haslum & Geffner 2000;
Nguyen, Kambhampati, & Nigenda 2002; Haslum, Bonet,
& Geffner 2005) ignoring-delete-effects relaxation of the
problem. While computing the optimal cost h+ for prob-
lems with no delete effects is NP-hard (Bylander 1994),
approximations for this problem have led to introducing
both quite informative heuristics hadd (McDermott 1999;
Bonet & Geffner 2001) and hff (Hoffmann & Nebel 2001),
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and the admissible heuristic hmax (Bonet & Geffner 2001).
By now, these developments in approximating h+ have be-
come seminal, and a fruitful attempt to unify and general-
ize them has been recently made in (Rintanen 2006). The
propositional-logic based framework suggested in (Rintanen
2006) provides a unified perspective on hmax, hadd, and hff ,
and allows for extending these three approximations to effi-
ciently handle problems with conditional effects. However,
a few questions of theoretical and practical interest with re-
spect to the ignoring-delete-effects relaxation remain open.
In particular, in this work we consider the following two
open questions:

1. If optimal solutions are required, can we formulate a non-
trivial admissible approximation of h+ other than hmax?

2. If near-optimal solutions are acceptable, are hadd and hff

the most informative approximations possible for h+?

Targeting these two questions, here we introduce a
novel generalizing perspective on estimating h+. In-
spired by works on cost-based abduction on weighted and-
or dags (Charniak & Husain 1991; Shimony, Domshlak,
& Santos 1997), the suggested cost-sharing framework is
based on a parametric cost propagation over schematically
constructed relaxed planning graphs (Hoffmann & Nebel
2001). We begin with introducing the framework, and show
that hmax, hadd and hff can be casted as its instances. Next
we consider the two aforementioned open questions with re-
spect to approximating h+. We show that there is an admis-
sible alternative to hmax within the cost-sharing framework,
and this heuristic, hcs, has been successfully used in proba-
bilistic reasoning for more than a decade. However, what is
good for “typical” problems of probabilistic reasoning turns
out not to be so for “typical” problems of classical planning.
We discuss the reasons for such a difference in hcs’s attrac-
tiveness between the two problem areas, and show how one
can possibly improve the informativeness of hcs. In general,
however, we show that the latter improvement boils down to
solving an NP-hard problem.

Next, putting the admissibility aside, we show that var-
ious instances of the framework can be more informative
than hadd and hff with respect to the optimal solution cost.
In particular, this can be obtained by propagating more com-
plicated (than single scalars) pieces of information about the
estimated cost of the sub-goals. We present and discuss one
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such framework instance, hpmax, and empirically demon-
strate that it leads to discovering solutions of higher quality
than hadd and hff while expanding significantly less search
nodes than hmax.

Basic Formalism and Previous Work

The problems of classical planning correspond to state mod-
els with deterministic actions and complete information.
While several languages for describing classical planning
problems have been proposed, the most canonical is proba-
bly the Strips language (Fikes & Nilsson 1971). A planning
problem in Strips is given by a tuple Π = 〈P, A, I, G〉 where
P is a set of atoms (also called propositions), I ⊆ P encodes
the initial situation, G ⊆ P encodes the goal situations, and
A is a set of actions a = 〈pre(a), add(a), del(a)〉, where
pre(a) ⊆ P , add(a) ⊆ P , and del(a) ⊆ P capture the
preconditions, add effects, and delete effects of the action a,
respectively. The cost of a plan α ∈ A∗ for Π is given by
C(s0, α) =

∑
a∈α C(a), where the (possibly non-uniform)

costs of all actions in A are assumed to be non-negative.
Research on using abstractions for heuristic-search Strips

planning has began in the late 90’s (Bonet & Geffner
2001; McDermott 1999; Refanidis & Vlahavas 2001; Hoff-
mann & Nebel 2001; Nguyen, Kambhampati, & Nigenda
2002), and one such abstraction has provided the founda-
tions for numerous developments in heuristic-search plan-
ning. Specifically, the “ignoring-delete-effects” abstraction
Π|+ = 〈P, A|+, I, G〉 of Π = 〈P, A, I, G〉 is obtained by
removing the delete lists from the actions of Π, that is,

A|+ = {a′ | a ∈ A, a′ = (pre(a), add(a), ∅)} .

This abstraction is known to be rather informative for a wide
spectrum of planning problems, but computing the optimal
cost h+(s) for Π|+ is still an NP-hard problem (Bylander
1994). Thus, even if desirable, using h+ as a heuristic esti-
mate directly is problematic, and thus further approximation
of h+ is required.

An elegant admissible approximation hmax of h+ has
been suggested in (Bonet & Geffner 2001), and it corre-
sponds to estimating the cost of achieving a set of atoms
by the cost of achieving in Π|+ the most costly atom in the
set. Given a state s that should be assigned a heuristic value,
these estimates are computed for all atoms p ∈ P by per-
forming incremental updates

gs(p) := min
a∈A,

p∈add(a)

{gs(p), C(a) + gs(pre(a))}, (1)

where, for a set of atoms P ′ ⊆ P ,

gs(P
′) := max

p∈P ′

gs(p). (2)

This iterative procedure starts with gs(p) = 0 if p ∈ s,
and gs(p) = ∞, otherwise, and runs until the costs gs(p)
reach the fix-point. The heuristic estimate for s is then set to
hmax(s) := gs(G).

The max-heuristic hmax is admissible, but typically is
“too admissible”. The main weakness of hmax is that it ig-
nores independence between achieving different subgoals,

and this leads to poor heuristic estimates in domains that
exhibit a substantial degree of parallelism. To alleviate
this shortcoming, one can possibly trade admissibility of
heuristic for its informativeness. In some sense, one can
see this move as trading the expected quality of the solution
for efficiency of its generation. This direction has leaded
to formulation of the (much more informative) heuristics
hadd (Bonet & Geffner 2001) and hff (Hoffmann & Nebel
2001), where the former is obtained by replacing the max-
imization in Eq. 2 with summation, and the latter estimates
h+(s) with the (computable in low polynomial time) cost of
some plan from s in Π|+. In what follows, we distinguish
between hff and hFF with the former corresponding to the
principal idea of basing the estimate on some relaxed plan,
and the latter corresponding to the concrete procedure of the
FF planner for computing such a plan (Hoffmann & Nebel
2001).

Cost-Sharing Heuristics

We now define a computational framework that character-
izes what we call the cost-sharing class of approximations of
h+. All these approximations can be schematically specified
via the same core mechanism of cost propagation over plan-
ning graphs, with the difference being in the actual propa-
gated costs.

We begin with some useful notation. To indicate parent
and child relations in a digraph (V, E) we use the convention
that parents are “before” children along with subscript and
superscript capturing the “immediately before” and “imme-
diately after” (i.e., parents and children) relations. For con-
venience, this notation is used for both nodes and edges; Ev

and Ev are the sets of incoming and outgoing edges of node
v, Uv and Uv are the parent and children nodes of v, and
ve, v

e are the source and end nodes of edge e, respectively.

Given a state s and a goal G, the planning graph
eRPG(s, G) required for our purposes is very similar to the
standard relaxed planning graph (Hoffmann & Nebel 2001).
The procedure build-RPG for constructing eRPG(s, G) is
depicted in Figure 1. Similarly to its well-known relative,
eRPG is a layered acyclic digraph with two kinds of nodes:
fact nodes and action nodes. The layers alternate between
fact layers P(0), P(1), . . . , and action layers A(0), A(1), . . . ,
where a pair of layers P(i), A(i) together make up a “time
step”.

The specifics of eRPG are in (i) the depth ub to which
the graph is constructed, and (ii) the additional special ac-
tion layer A(ub+1). The construction of eRPG(s, G) en-

sures that the graph captures an optimal plan from s in Π|+.
For that, the depth of eRPG(s, G) is controlled by an upper
bound ub on the number of actions in the shortest optimal
plan from s in Π|+. While there are several alternatives for
setting ub, one very simple (though typically horribly inef-
ficient) alternative would be ub = |P |. However, much
better alternatives are abound. For instance, for “truly clas-
sical” planning problems with uniform cost actions, ub can
be set to the number of actions in a plan from s in Π|+ (that
is, to the hff estimate (Hoffmann & Nebel 2001)), that can
be computed at relatively low cost during the construction of
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eRPG. In case of non-uniform action costs, the issue of de-
vising an effective upper bound ub is somewhat more open.
However, if the variance of the action costs is not too high,
then the effectiveness of the bound

ub = argmax
A′∈A, C(A′)≤C

|A′|, (3)

where C is the cost of the relaxed plan extracted by the
FF procedure, should be close to the effectiveness of ub =
hFF(s) on the problems with uniform-cost actions1.

Once eRPG is constructed up to the layers A(ub) and
P(ub+1), if some of the goal atoms are not present in

P(ub+1), then G is proven to be unreachable from s in Π|+

(and thus, in Π), and therefore we can safely set h(s) = ∞.
Otherwise, we proceed with extending eRPG with the action
layer Aub+1 = {ǎ}, with ǎ being a dummy relaxed action
with pre(ǎ) = G, add(ǎ) = ∅, and C(ǎ) = 0, and connect
between the goal fact nodes in P(ub+1) and ǎ.

Having constructed the planning graph eRPG(s, G), we
proceed with the cost propagation step. Here as well, we
begin with providing some essential formalism. An and-or
dag Δ = (V, E) is a connected acyclic digraph with a parti-
tion of nodes into and-nodes aV and or-nodes oV , and a sin-
gle sink (out-degree 0) node r

Δ
∈ aV called the root node.

Each and-or dag Δ induces a set A(Δ) of its and-dags; An
and-dag δ ∈ A(Δ) is obtained from Δ by removing all but
one descendants from each or-node in Δ.

A weighted and-or dag (waodag) Δw is a pair (Δ, w)
where Δ is an and-or dag, and w : V → R

0+ is a
non-negative real-valued weight function from nodes. The
weight of Δw is defined as

w(Δw) = min
δ∈A(Δw)

w(δ),

w(δ) =
∑
v∈Vδ

w(v),

and Amin(Δw) = {δ ∈ A(Δw) | w(δ) = w(Δw)} is the
set of all minimal and-dags of Δw.

Now, consider the eRPG(s, G) graph constructed by the
build-RPG procedure, and let us lift our cost function C
from actions to (both fact and action) nodes of eRPG as
C(a(i)) = C(a), and C(p(i)) = 0.

Proposition 1 Considering eRPG(s, G) as a waodag ΔC

with oV =
⋃

P(i), aV =
⋃

A(i), and root ǎ, we have

C(ΔC) = h+(s).

The proof of Proposition 1 shows that each and-dag in
Amin(ΔC) corresponds to an optimal plan for Π|+, and at
least one optimal plan for Π|+ corresponds to an and-dag
in Amin(ΔC). In particular, this implies that approximat-
ing h+ is equivalent to approximating C(ΔC), and this sim-
ple observation leads to specifying a general cost propaga-
tion scheme for approximating h+(s). The skeleton of this
weight propagation is given by Eq. 4. Let ΔC be a waodag

1The bound provided by Eq. 3 can be computed efficiently by
greedily expanding A′ with actions from A in the increasing order
of their cost.

procedure build-RPG
`
s, A|+, G, ub

´
,

P(0) = s
for t := 0 . . . ub do

A(t) := {a(t) | a ∈ A|+, pre(a) ⊆ P(t)};
EA(t)

:= {(p(t), a(t)) | p ∈ pre(a)}
P(t+1) := {p(t+1) | p ∈ add(a), a(t) ∈ A(t)};

EP(t+1)
:= {(a(t), p(t+1)) | p ∈ add(a)}

if G �∈ P(t) then return FALSE
A(t+1) := {ǎ}; EA(t+1)

= {(p(t+1), ǎ) | p ∈ G}
return TRUE

Figure 1: Building eRPG from s to G.

with Δ = (V, E). The heuristic estimate h(s) is defined via
the parametric cost estimator � : V ∪ E → D as

h(s) = f(�(ǎ))

�(v) =

{
ϕa (v, Ev) , v is an action node

ϕp (v, Ev) , v is a fact node

�(e) =

{
ψa (ve) , ve is an action node

ψp (ve) , ve is a fact node

(4)

where D is a set, and Λ = 〈ϕa, ϕp, ψa, ψp, f〉 is a set of

functional parameters of �, with ϕa, ϕp : V × 2E → D ,

ψa, ψp : V → D , and f : D → R
0+. Note that planning

graphs are not really required for computing Eq 4, and the
latter can be done iteratively a la Eqs. 1-2. However, later
we show that considering the framework through the lens of
Proposition 1 does provide helpful insights into the process
of cost propagation.

Proposition 2 Heuristic functions hmax, hadd, and hff can
be casted as special cases of the framework (4).

While the hff -instance of the framework is given later in
the paper (in Eq. 11), hadd and hmax instances of (4) can be
formulated by setting D = R

0+, f = identity function, and

ϕp(p(i), Ep(i)
) =

{
0, i = 0

mine∈Ep(i)
�(e), i > 0

,

ϕa(a(i), Ea(i)
) = C(a(i)) +

∑
e∈Ea(i)

�(e),

ψp

(
p(i)

)
= �(p(i)), ψa

(
a(i)

)
= �(a(i))

(5)

for hadd, replacing for hmax the internal summation of ϕa

in Eq. 5 by maximization. Informally, in both cases, the cost
estimate �(u) for a node u is determined by the estimates
for its incoming edges Eu, and the cost estimate �(e) for an
edge e is determined given the estimate of its source node
ue. The process of cost propagation finishes by computing
the cost estimate �(ǎ) for the special action node ǎ, and
setting the heuristic estimate to �(ǎ).

From Probabilistic Reasoning to Strips

While hmax, hadd, and hff fit the cost-sharing framework,
this in itself is not especially helpful. However, the general-
ity of the framework may allow us specifying and studying
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a wider palette of heuristic functions. In particular, the ques-
tion we consider in this section is whether some non-trivial
instances of Eq. 4 other than hmax provide us with admis-
sible approximations of h+, and how the informativeness of
these approximations compares to this of hmax.

Interestingly, the answer to the first question appears to be
affirmative. More than a decade ago, Charniak and Husain
suggested an admissible estimate for the cost of waodags,
and this estimate has been successfully used in probabilistic
reasoning and cost abduction (Charniak & Husain 1991). In
our terms, this estimate hcs is given by D = R

0+, f =
identity function, and

�(p(i)) =

{
0, i = 0

mine∈Ep(i)
�(e), i > 0

,

�(a(i)) = C(a(i)) +
∑

e∈Ea(i)

�(e),

�(ep(i)) =
�(p(i))

|Ep(i) |
, �(ea(i)) =

�(a(i))

|Ea(i) |
.

(6)

Note that the cost propagation to the nodes in Eq. 6 is iden-
tical to this in Eq. 5 for (inadmissible) hadd. The difference
is in the cost propagation to the edges. Unlike for hadd, the
cost estimate of an action/fact node in Eq. 6 is not fully prop-
agated along each outgoing edge, but partitioned between
them. This syntactically slight adaptation Eq. 5 is sufficient
to make the heuristic admissible, and the proof of admissi-
bility is rather straightforward from the results in (Charniak
& Husain 1991).

The hcs heuristic has been shown very effective on vari-
ous problems of probabilistic reasoning (Charniak & Husain
1991; Shimony, Domshlak, & Santos 1997), and a priori this
suggests that the same heuristic could be effective on the
planning problems as well. However, the informativeness of
hcs in our context is more problematic. In our experience2,
using A∗ equipped with hcs for planning as forward search
turns out to be as (in)efficient as using uniform-cost search
that completely ignores the heuristic estimates. Figure 2 il-
lustrates that on problems from the Blocksworld and Logis-
tics domains, but the phenomenon holds for all benchmarks
from the recent planning competitions. The problem is that
the values of hcs(s) for states encountered in searching for a
plan are typically so low that the choice of the search node to
expand is basically determined by the cost-so-far part g(s)
of the node evaluation function f(s) = g(s) + h(s).

It appears that such a dramatic difference in effectiveness
of hcs in estimating cost of the waodags in planning and in
probabilistic reasoning can be explained. The major factor
affecting the informativeness of hcs is the degree of erosion
of the propagated action costs. This erosion is caused by
the distribution of the cost of a node among its indirect de-
scendants in the graph. One property of the waodags that
dramatically affects the cost erosion is the out-degree of the
nodes. While the out-degree of the nodes in waodags de-
scribing probabilistic models tend to be low, this is not the

2Our implementation is based on the A∗ algorithm of the HSP2
planner, and we are thankful to B. Bonet and H. Geffner for making
its code publicly available.
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Figure 2: Number of expanded nodes on Blocksworld and
Logistics problems with uniform-cost search and A∗ with
hmax, and hcs heuristics.

case in planning graphs, or at least, in planning graphs com-
ing from the standard classical planning benchmarks3. The
problem is especially severe with the fact nodes, out-degrees
of whose correspond to the number of applicable actions
requiring these facts. Due to the combinatorial structure
of the benchmarks, these numbers for facts tend to be ex-
tremely large. For instance, the out-degree of a fact node
clear(b)(i) in Blocksworld gets as large as 2B, where B
is the total number of blocks.

In the past it was already observed that the problem of
Eq. 6 with large node out-degrees can be partly allevi-
ated (Charniak & Husain 1991; Shimony, Domshlak, & San-
tos 1997). Specifically, it can be shown that ψp and ψa in
Eq. 6 can be replaced with

�(ep(i)) =
�(p(i))

κ(p(i))
, �(ep(i)) =

�(a(i))

κ(a(i))
(7)

where the effective out-degree κ(v) of a node v is the size
of a largest subset of Ev that belongs to some and-dag in
A(eRPG), that is, κ(v) = maxδ∈A(eRPG) |E

v ∩ δ|. Inter-
estingly, comparing the modified Eq. 6 with the formulation
of hadd as in Eq. 5 shows that hadd constitutes a variant of
hcs that assumes κ(v) = 1 for all nodes v. (Obviously, this
assumption rarely holds.) The question, however, is whether
determining the effective out-degrees of the eRPG’s nodes
can always be done efficiently. Unfortunately, Proposition 3
below shows that this is not the case.

3To what degree this picture is typical for real-world, structured
planning problems is less clear, and we leave this question to prac-
titioners facing concrete planning problems.
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Proposition 3 Given an and-or dag Δ = (V, E), and v ∈
V , determining the effective out-degree κ(v) in Δ is NP-
hard.

The proof of Proposition 3 is by a polynomial reduction
from the MAX-2-SAT problem. It is worth noting that, in
our context, the and-nodes of the waodags correspond to ac-
tions, and thus their in- and out-degrees correspond to the
number of preconditions and add effects, respectively. The
latter parameters are typically bounded by a small constant,
and our reduction from MAX-2-SAT respects this property.

The efficiency of determining the effective out-degree of
the nodes of eRPG is not the only issue with hcs. While
knowing the latter has the potential to reduce the cost ero-
sion, it seems unlikely that this reduction will typically
change the picture significantly. First, large κ(v) in plan-
ning problems is more of a rule than of an anomaly. For il-
lustration, consider a Logistics problem in which all P pack-
ages and a truck t are initially located at the same location l,
with the latter being the target location for none of the pack-
ages. In this case, the fact node at(t, l)(0) will have out-

going edges to at least the P action nodes load(p, t, l)(0),
and all these edges will be part of a plan (and thus an and-
dag) in which t takes all the packages from l to their target
destinations. In fact, this plan can even be optimal.

The second problem is that the node out-degrees are not
the only cause of the cost erosion in hcs. Consider two nodes
v(t) and v′(t′) in eRPG such that t > t′, and assume that

the cost propagation as in Eqs. 6-7 results in cost estimate
�(v′(t′)) contributing to the cost estimate �(v(t)). It is not

hard to verify that the marginal cost contribution of v′(t′) to

�(v(t)) may decrease exponentially with the distance t − t′

between the two nodes, and this unless the effective out-
degree of the eRPG nodes is (known to be) = 1. In plan-
ning benchmarks, however, κ(v) = 1 never happens for fact
nodes, and very rarely for action nodes. On the other hand,
even efficiently bounded depth of eRPG is typically such
that most of the contributions to the node’s cost are getting
negligible.

Propagating Compound Cost Estimates

The question that the previous section leaves open is whether
a setting of the framework (4) results in a more informa-
tive that hmax and hcs, admissible estimate for h+. One
can, however, also try exploiting the generality of the cost-
sharing framework to derive non-admissible heuristics lying
in between hadd/hff and hmax. That is, heuristics leading to
discovering solutions of higher quality than hadd/hFF, but
expanding less nodes than hmax. Here we suggest and ex-
plore one such setting of the framework, which we refer to
as hpmax (short for pairwise max). The source of this name
for the heuristic is now explained.

The core difference between hpmax on one hand, and
hmax, hadd, and hcs, on the other hand, is that in hpmax we
propagate not single costs, but vectors of costs. Specifically,
each node v in eRPG is annotated with a cost vector ��v

in D = R
|P |. The dimensions of R

|P | are associated with
facts P , and ��v[p] stands for the component of ��v associ-
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Figure 3: Example of cost vectors propagation over a pre-
fix of a simple eRPG (noops omitted). Here we have
P = {p1, . . . , p5} and A = {a1, a2, a3}, where pre(a1) =
{p1}, pre(a2) = pre(a3) = {p2}, and add(a1) = {p2},
add(a2) = {p3, p4}, add(a3) = {p3, p4}.

ated with p ∈ P . For ease of presentation, each action node
a(i) is also schematically annotated with a scalar estimate
wa(i)

derived from the cost vector ��a(i)
.

First, for each p(0) ∈ P(0), we set ��p(0)
[q] = 0 for all q ∈

P . (See Figure 3 for an illustration by example.) The cost
vectors for the rest of the nodes of eRPG are then iteratively
defined (and computed) as follows. Given the cost vectors
of P(t), for each action node a(t) ∈ A(t), we set ��a(t)

and
wa(t)

to

��a(t)
[q] = max

(p(t),a(t))∈Ea(t)

{
��p(t)

[q]
}
,

wa(t)
=

∑
q∈P

��a(t)
[q]

(8)

Informally, wa(t)
estimates the cost of being able to apply

a at time t, with the “prerequisite set” Prq(a(t)) = {q ∈
P | ��a(t)

[q] �= 0} containing the propositions that should
be achieved prior to applying a at t, and the corresponding
entries ��a(t)

[q] capturing the marginal cost of achieving the
“prerequisite” q. Importantly, while Eq. 8 estimates the cost
of applying a at t as the sum of achieving its prerequisites,
the prerequisites are treated as independent only when it is
considered to be safe: If some fact q ∈ Prq(a(t)) is consid-
ered contributing to achieving more than one precondition
of a at time t, then only one such contribution is taken by
Eq. 8 into account.

Given the cost vectors and scalar estimates of A(t), for
each fact node p(t+1) ∈ P(t+1), we select an action node

â(t) ∈ A(t) that provides p(t+1) and satisfies

â(t) = argmin
(a(t),p(t+1))∈Ep(t+1)

{
wa(t)

+
C(a(t))

|Ea(t) |

}
. (9)

The cost vector of each p(t+1) ∈ P(t+1) is then defined as:

��p(t+1)
[q] =

⎧⎪⎨⎪⎩
��da(t)

[q], p(t+1) �= q(t+1)

��da(t)
[q] +

C(da(t))

|E
da(t) |

, p(t+1) = q(t+1)

,

(10)
where E da(t) is the set of edges outgoing from â(t). This
way, ��p(t+1)

captures the estimated cost of achieving p at

244



time t + 1, and Prq(p(t+1)) captures the corresponding set
of purported prerequisites. The cost propagation finishes by
computing the cost estimate w(ǎ), and the heuristic value
is set to hpmax(s) = w(ǎ). (As a practical comment, we
note that the propagated cost vectors �� will typically be very
sparse, and thus propagating them as sets of their non-zero
entries significantly speeds-up computing hpmax.)

Let us now consider hpmax more closely. Aiming to avoid
overestimates in cost propagation, the cost of applying an ac-
tion is partitioned in Eqs. 9-10 among its add effects. hpmax

inherits this “marginalization” of the action costs from hcs,
and the semantics of this cost partition corresponds to a
stronger than |+ relaxation |+s. In |+s, we have a ∈ A|+s

if and only if a = (pre(a′), {p}, ∅) for some a′ ∈ A|+,
p ∈ add(a′), and C(a) = C(a′)/|add(a)|. In other words,
the actions of Π|+s are obtained from the actions of Π by
(i) removing their delete lists, (ii) splitting each action into
a set of single-effect actions, and (ii) dividing the cost of
each original action between the actions resulted from its
splitting. It is not hard to verify that h+s ≤ h+, yet com-
puting h+s is still NP-hard (follows from Theorem 4.2 and
Corollary 4.3 in (Bylander 1994)). Proposition 4 connects
between the |+s relaxation and computing hpmax, showing
that the latter basically aims at approximating the optimal
plan cost for that relaxation.

Proposition 4 Computing hpmax over Π|+ is equivalent to
computing it over Π|+s.

Given that Π|+s is always at least as relaxed as Π|+, at
first view, the utility of targeting h+s instead of h+ in the
process of approximation is unclear. However, this “step
down” in hpmax allows us for a more delicate treatment
of interactions between the problem’s actions. For exam-
ple, consider two Blocksworld problems involving n blocks
b1, . . . , bn. In the first problem, the blocks are all initially
unstacked, and the goal is to build an ordered tower with
b1 on top and bn at the bottom. Assuming all actions have
unit cost, for this initial state we have h+ = hpmax =
hadd = n − 1, and hmax = 1. In the second problem,
the blocks are initially stacked in an ordered tower with b1

on top and bn at the bottom, and the goal is to obtain a re-
versely ordered tower with bn on top and b1 at the bottom.
For these state and goal, we have h+ = hpmax = hmax = n,

and hadd = 2
∑n−1

i=1 i. Note that the relative informative-
ness of hmax and hadd varies between these two problems,
while hpmax sticks to the correct value of h+. In fact, look-
ing at the definition of hpmax in Eqs. 8-10, one may won-
der whether hpmax is actually admissible. This, however,
is not so, and the following example illustrates the pitfall.
Let relaxed actions a1, . . . , a6 be defined as follows. For
1 ≤ i ≤ 3, pre(ai) = {pi}, add(ai) = {pi+3}, and

pre(a4) = {p4, p5}, add(p7)

pre(a5) = {p4, p5}, add(p8)

pre(a6) = {p6}, add(p7)

Given these action set, for I = {p1, p2, p3}, and G =
{p7, p8}, we have hpmax(I) = 5 > h+(I) = 4.

The question of whether hpmax can be slightly modified
to guarantee admissibility remains open. Likewise, before
we move to discussing the empirical evaluation, it is worth
noting that the idea of vector-based cost propagation can be
taken beyond the specific setting of hpmax. For instance,

using cost vectors in D = R
A (instead of in R

P ) allows
us to provide in Eq. 11 a cost-sharing formulation of hff ,
required for Proposition 2.

��a(t)
[a′] = max

(p(t),a(t))∈Ea(t)

{
��p(t)

[a′]
}

wa(t)
= C(a(t)) +

∑
a′∈A

��a(t)
[a′]

â(t) = argmin
(a(t),p(t+1))∈Ep(t+1)

{wa(t)
}

��p(t+1)
=

{
�0, t + 1 = 0

��da(t)
, t + 1 > 0

(11)

Needless to say that computing hff this way is much more
costly that doing that using the simple back-chaining pro-
cedure suggested in (Hoffmann & Nebel 2001). Moreover,
while “noops-first” strategy from (Hoffmann & Nebel 2001)
can be incorporated in Eq. 11, “action nodes reusage” strat-
egy used in computing the FF’s heuristic cannot be formu-
lated within the cost-sharing framework. On the other hand,
however, cost propagation might provide a better guidance
on what no-noop action should better be selected to sup-
port achieving this or another sub-goal. Further insights into
this tradeoff are required, and for now, hff formulation as in
Eq. 11 is mostly of theoretical interest.

Evaluation

We have implemented hpmax and (the original FF’s heuris-
tic) hFF within the HSP2 planner (Bonet & Geffner 2001)
that have already supported the hadd and hmax heuristics.
For the evaluation, we have used Strips problems from
the IPC-2000 domains Blocksworld, Freecell, and Logis-
tics, IPC-2002 domains Driverlog, Zenotravel, Depots, and
Satellite, IPC-2004 domain Pipesworld, and IPC-2006 do-
mains Openstacks, Pathways, Rovers, and TTP, and, finally,
the n-Puzzle problems from the HSP2 distribution. As the
quality of the generated solutions was of our interest, all
the heuristics have been evaluated under the A∗ search al-
gorithm.

In general, the evaluation was aiming at answering the
following questions.

(1) How cost of the plans discovered by A∗ with hpmax

compares to the optimal plans, as well as to the cost of
the plans discovered with hadd and hFF?

(2) Considering the runtime efficiency in terms of both the
number of expanded nodes, and the computing time re-
quired per search node, how A∗ with hpmax compares
to A∗ with hmax, and to A∗ with hadd and hFF?

(3) To what extent the plan-quality effectiveness of hpmax

is attributed to the cost partitioning of |+s, and to what
extent to propagating vectors of costs?
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Domain(#) hadd hFF hpmax h†
pmax

blocksworld (15) 7 15 15 15

logistics (10) 4 10 10 10

tpp (6) 2 5 6 6

pathways (4) 4 3 4 4

driverlog (9) 3 8 9 8

pipesworld (8) 5 5 8 6

zenotravel (8) 5 7 8 7

freecell (6) 4 5 6 5

depots (3) 2 2 3 2

rovers (4) 3 3 4 3

puzzle (4) 0 2 4 3

openstacks (3) 0 1 3 1

satellite (4) 3 3 3 3

Table 1: Quality-wise performance of A∗ guided by differ-
ent heuristics. A table entry (D, h) holds the number of op-
timal solutions discovered by A∗ with h among all problems
from D.

Considering question (1), the hadd, hFF, and hpmax

columns in Table 1 summarize the effectiveness of these
heuristics on guiding A∗ toward optimal solutions. In gen-
eral, hadd typically does not guide the search towards an
optimal solution, and only in Pathways all the solutions dis-
covered with hadd were optimal. hFF is already much more
effective, yet only for two domains it provided optimal solu-
tions across all the problem instances that have been solved
by A∗ with both hFF and hpmax within the time limit of 1
hour. In contrast, the cost-sharing heuristic hpmax appears to
be almost as quality-wise effective as the admissible hmax—
the only problem on which we found hpmax guiding A∗ to
a non-optimal solution was instance #9 in the Satellite do-
main.
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Figure 4: Runtime of A∗ (in seconds) with hpmax, hmax,
and hadd, and hFF heuristics on Logistics.

Considering question (2), first, Table 2 summarizes the
relative efficiency of A∗ in terms of the amount of expanded

Domain hFF hpmax hmax h†
pmax

blocksworld 6.1 46.8 266.3 1.8

logistics 11.2 11.2 >1945.2 11.2

tpp 0.7 7.9 53.3 0.7

pathways 2.17 9.8 3886.0 10.2

driverlog 19.8 26.6 >3042.0 21.6

pipesworld 1.6 188.1 510.0 1.4

zenotravel 0.8 12.9 >626.1 0.8

freecell 0.73 118.2 >1215 0.74

depots 12.3 89.8 >3462.0 2.2

rovers 0.9 8.7 62.4 0.9

puzzle 7.8 57.4 301.4 4.8

openstacks 1.7 53.5 76.0 6.3

satellite 20.3 11.2 >4277.4 11.2

Table 2: Relative efficiency in terms of number of expanded
nodes, with hadd as a baseline. If EN(p, h) is the number
of nodes expanded by A∗ guided by h on problem p, then,
for each domain D, and each heuristic h′, the table entry
(D, h′) = avgp∈D {EN(p, h)/EN(p, hadd)}.

nodes. Let EN(p, h) be the number of nodes expanded by
A∗ with heuristic h on problem p. Taking A∗ with hadd

as a reference point, for each domain D, and each heuristic
h ∈ {hFF, hpmax, hmax}, the table provides the, averaged
over D’s problem instances, ratio between EN(p, h) and
EN(p, hadd). (Here as well, the average is over problem
instances on which A∗ with both hFF and hpmax have fin-
ished within the time limit of one hour.) It is apparent from
Table 2 that

• in all the domains, using hpmax resulted in expanding less
search nodes than using hmax, with the difference be-
tween the two reaching more than three orders of mag-
nitude.

• using hpmax resulted in expanding more search nodes
than hFF in all domains except for Satellite, with the dif-
ference between the two being mostly of up to one order
of magnitude. In addition, we note that in 5 domains,
namely Blocksworld, Logistics, Driverlog, Depots, and
Satellite, the relation between hpmax and hFF in terms of
the number of expanded nodes varied between the prob-
lem instances.

Now, the cost vector propagation clearly makes computing
hpmax per search node more costly than computing hFF, and
the difference between the two in this respect depends on the
structure of the domain in hand. Figure 4, however, shows
that this difference is not as substantial as one would proba-
bly conjecture. For instance, we noticed that in the Logistics
domain hpmax and hFF provide exactly the same numbers
of expanded and generated nodes across all the problem in-
stances4. Thus, the time gap between A∗ with hpmax and
hFF in Logistics (depicted in Figure 4) is exclusively due

4In that sense, the Logistics domain was exceptional.
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to the time difference in computing the heuristic values for
each search node. Specifically, if T (p, h) is the overall time
taken by A∗ with h on problem p, then we had

avg
p∈Logistics

{T (p, hpmax)/T (p, hFF)} = 1.8

Finally, considering question (3), we have implemented
a variant of hpmax, referred in Tables 1-2 as h†

pmax, that
eliminates the cost partitioning from Eqs. 9-10, all else be-
ing equal. Considering the number of “optimally solved do-
mains” in Table 1, one can notice that A∗ with h†

pmax was
still more effective than A∗ with hFF, and this using very
similar numbers of expanded nodes (see Table 2). Thus,
propagating compound cost quantities such as cost vectors
does impact the plan-quality effectiveness of the search.
However, Tables 1 also shows that A∗ with h†

pmax was sub-
stantially less effective than with hpmax, bringing us to op-
timal solutions across 5 instead of 12 domains. We believe
this provides a clear evidence for the marginal impact of the
cost partitioning (that is, of using the |+s abstraction) on the
informativeness of the hpmax heuristic with respect to the
optimal problem solving.

Summary and Future Work

We introduced a framework for approximating the optimal
cost solutions for classical planning with no delete effects.
This framework, called here cost-sharing, unified some pre-
viously suggested approximations, and suggested “import-
ing” some admissible approximations developed for prob-
lems of probabilistic reasoning. While the latter import ap-
peared not to be fruitful, its analysis suggested a way to de-
velop novel approximations that, in particular, appeared to
be more informative (in terms of guidance towards solutions
of higher quality) than the seminal hadd and hFF heuristics.

The cost propagation underlying the cost-sharing frame-
work suggests numerous directions for further research.

• In this work, we focused on the “clean room” relaxation
|+ that completely ignores the delete effects of the ac-
tions. At the next step, it is only natural to look for
a semantically-clean and effective way of extending the
cost-sharing framework to (selectively) account for nega-
tive interactions between the actions. If developed, the ef-
fectiveness of such an extension could be compared to this
of some state-of-the-art heuristics that also account for
such type of information (e.g, the hm heuristics (Haslum
& Geffner 2000), the planning graph heuristics (Nguyen,
Kambhampati, & Nigenda 2002), etc.)

• We believe that vector-based cost propagation has a po-
tential in developing heuristics for problems with richer
metrics of plan quality. In particular, currently we are
looking into extending hpmax to account for penalties
and rewards for achieving certain facts (Bonet & Geffner
2006).

• Finally, the search for a more informative than hmax, ad-
missible estimate for h+ remains challenging, and we
hope that our work had shed some new light on this in-
teresting problem.
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