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Abstract usually leads to a large number of states and observations.
The POMDRP is considered as a powerful model for O_ne_ way of tackling Iarge-spale problemsiis to {;\ggregat_e the
planning under uncertainty. However, it is usually im- similar states and observations. The aggregation techniques
practical to employ a POMDP with exact parameters to provide spaces of states and observations that are implicitly
model precisely the real-life situations, due to various specified, so that the original problem is transformed to a
reasons such as limited data for learning the model, etc. small-scale problem. Since we can not distinguish the real
In this paper, assuming that the parameters of POMDPs underlying state from an aggregated state, the distributions
are imprecise but bounded, we formulate the framework of action effects in the small-scale problem are imprecise.

of bounded-parameter partially observable Markov de-
cision processes (BPOMDPs). A modified value itera-
tion is proposed as a basic strategy for tackling param-

In many cases, although available data are not adequate
for learning a POMDP, it may be possible to estimate the

eter imprecision in BPOMDPs. In addition, we design bounds of parameters from the data. In addition, when ag-
the UL-based value iteration algorithm, in which each gregation techniques are employed, states (observations) are
value backup is based on two sets of vectors called U- aggregated when their associated probability distributions
set and L-set. We propose four typical strategies for set- are similar. As a result, we can obtain the bounds of the
ting U-set and L-set, and some of them guarantee that distributions. The focus of this paper is on the study of
the modified value iteration is implemented through the POMDPs with bounded parameters.

algorithm. We analyze theoretically the computational
complexity and the reward loss of the algorithm. The ef-
fectiveness and robustness of the algorithm are revealed
by empirical studies.

In this paper, we present the framework of bounded-
parameter partially observable Markov decision processes
(BPOMDPSs). A modified value iteration is proposed as the
basic strategy for tackling parameter imprecision. The mod-
. ified value iteration follows the idea of dynamic program-

Introduction ming and results in a value function for any finite-horizon
The partially observable Markov decision process (POMDP) problem which we refer to as a "quasi-optimal” value func-
is a general framework for planning under uncertainty, tion. For any given initial belief, the modified value itera-
which has gained much attention from Al researchers (Kael- tion provides a policy tree, which can be executed without
bling, Littman, and Cassandra 1998; Pineau, Gordon, and updating belief. By properly designing the modified value
Thrun 2006). Previous work mainly focused on POMDPs iteration, we reduce the volume of the vector set represent-
with exact parameters, in which the probability distributions  ing the quasi-optimal value function which has a significant
of action effects and observations as well as the one-step re-impact on computational complexity.
wards are precisely given. Howeyer, in.practice, the param- Moreover, we design an effective anytime algorithm
eters can not be a_bsolutely precise. First, when we learn a c5jledUL-based value iteratioULVI). In the ULVI algo-
POMDP for modeling some unknown uncertain system, the jihm each iteration is implemented based on two sets of
parameters learned may heavily depend on the adequacy ofygctors called U-set and L-set. We present four strategies of
past data and the correctness of prior knowledge and learn- geting U-set and L-set, which can lead to different perfor-
ing method. In some cases, only limited data is available mances of the algorithm. Three of them get the modified
and it is expensive to acquire new data, thus the learned pa- 51 e iteration implemented through the ULVI algorithm,
rameters are not guaranteed to be the true ones. Incorrecthije the other one makes solving some problems faster. We
knowledge or improper learning techniques can also lead 0 heoretically analyze the computational complexity of the
imprecise parameters. Second, a precise POMDP is such ag\5orithm and provide a bound of reward loss that is depen-
simplified and static model for tackling uncertainty that it~ gent on the extent of parameter imprecision. Empirically,
can not adequately model a situation where there exist fac- e show that the reward loss is relatively small for problems
tors varying with time. Finally, modeling practical problems \yitp reasonably small imprecision, and the runtime of our
Copyright(© 2008, Association for the Advancement of Artificial ~ algorithm is in general shorter than that of the exact algo-
Intelligence (www.aaai.org). All rights reserved. rithm solving the true underlying POMDP for most cases.
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Related Work

There have been several studies focusing on POMDPs with

imprecise parameters. Most of the studies are from the lit-
erature of completely observable Markov decision process
(COMDP) (White and Eldeib 1994; Givan, Leach, and Dean

2000; Harmanec 2002). These studies deal with parameter

imprecision for only a special class of POMDPs. Another
work not limited to COMDPs (Cozman and Krotkov 1996),

however, considers only the case that the agent’s actions do

not affect the state transition and the observation functions
are Gaussian.

The parameter imprecision of general POMDPs was first
studied in (Itoh and Nakamura 2007). The authors employed

the concept of second-order belief and proposed an algo-

rithm to obtain a belief-state MDP. However, in their work,
the initial belief is considered as part of the model. As a
result, both the procedure and the result of their algorithm
depend heavily on the initial belief. If there are multiple
possible initial belief states, the algorithm may have to run
once for each belief. Furthermore, the states of the belief-
state MDP may be exponential in the number of states in the
original POMDP, leading to high computational complexity.

The method proposed in this paper successfully tackles these

problems. The ULVI algorithm is independent on the initial
belief state, as it returns a policy tree for any given initial
belief. Hence, it is sufficient to run the algorithm for only
once. Moreover, since the resulting policy is based on policy
trees, updating belief is avoided. Therefore, the difficulties
of generating a huge number of belief states are avoided.

POMDP Overview

A POMDRP is defined by a tupl®f = (S, A,Q,T,0, R,~),
whereS, A, and() are respectively the sets of states, actions,
and observations. The state-transition functiofs, a, s’)
gives the probability of ending in staté, given that the
agent takes action in states. The observation function
O(s',a,0) gives the probability of making observatien
given that the agent takes actianand arrives at state’.
The reward functiorR(s, a) denotes the expected reward of
taking actioru at states. v € [0, 1) is the discounted factor.
The goal of solving a POMDP is to maximize the expected
sum of the discounted reward.

Usually, a policy is executed based on updating the be-
lief state which is a probability distribution over the states.
Given the previous belief state as well as the previous ac-
tion and observation, the current belief is updated using the
Bayes' rule, based on which the policy provides the current

action. Thus the policy can be represented as a series of

functions from the set of belief states to the set of actions.
A less popular representation of policy is based on the no-
tion of policy treg in which each node denotes an action

and each arc denotes an observation. A policy can be repre-
sented as a mapping from the belief space to a set of policy

trees; and corresponding to each initial beligf there is a
policy treept. At each step, the agent takes an action with

respect to the current node, follows the arc representing the

mapping representatioT MR).

The optimal policy can be generated from an optimal
value function which returns the maximum expected reward
for each given initial belief. The value function is yielded by
applying the value iteration brought from dynamic program-
ming. Usually, it is obtained by solving a Bellman equation,
in which updating belief is implemented. Without updating
belief, the value iteration can be implemented based on pol-
icy trees. We first compute the expected value of executing
thet-step policy treept from states by

Vor(s) = R(s,a(pt)+v > T(s,a(pt),s)
s'es
> O alpt), 0") Vs iy (),
oteQ)

wherea(pt) is the action at the root node pf, o*(pt) is the
(t —1)-step subtree following are’. The value of executing
pt for initial belief b is V,,:(b) = >, g b(s)Vpe(s), and the
value function isV;(b) = maxyicpr, Vpi(b), wherePT,
denotes the set afstep policy trees.

For eactpt, V,,, can be represented by .8|-dimensional
vectoray; = (Vipi(sh), ..., Vi (s!°1)) and Vi (b) = b - .
V4 can be represented by a set of vectBraith V;(b)
maxqer b- . There is a unigue minimum vector d&trep-
resentingV;, which is called garsimonious representation
(PR).T'; can be obtained by pruning an intermediatelset
that is generated based on previousIPR,. '} contains

|A||T;_,|1*l vectors and a vectar is in T} if Vs € S,

a(s) = R(s,a) +v Z T(s,a,s") Z O(s',a,0")B,:(s"),

s’es oteN
(1)

wherea € A, andg,: € I';_;, Vo' € Q. The process of
generating’; fromI';_; is called the one-step value backup.

In the last century, many researchers focused on the ex-
act algorithms for solving POMDPs, and several efficient
algorithms were produced such as the incremental pruning
algorithm (Cassandra, Littman, and Zhang 1997), the wit-
ness algorithm (Kaelbling, Littman, and Cassandra 1998),
etc. However, the computational cost of exact algorithms
can be very expensive in some cases. In the worst case,
the computation requires time doubly exponential in hori-
zon. Recently, many approximate algorithms were proposed
to speed up solving POMDPs, however only near-optimal
reward values can be obtained (Spaan and Vlassis 2005;
Pineau, Gordon, and Thrun 2006).

Bounded-Parameter POMDP model

In this section, we introduce the framework of the bounded-
parameter partially observable Markov decision processes
(BPOMDPs) and propose a modified value iteration as a
basic strategy for dealing with parameter imprecision in a
BPOMDP.

Framework

observation it takes, and gets to the node which indicates the A BPOMDP is defined as a set of POMDPs, and is denoted

next action. This representation of policy is called tiee
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by a tupleﬁ = (S, A,Q, T,0,R, ~), where



S, A, Q, andy are the same as those defined in POMDPs.

T = (T,T) denotes the set of state-transition functions
of POMDPs inM, whereT', T are functions satisfying

0<T(s,a,8)<T(s,a,s")<1,Vs,s" € S,a € A.
AfunctionT : § x A — II(S) isin T, if and only if
T(s,a,s") <T(s,a,s') <T(s,a,s),Vs,s €S,ac A
O = (0,0) denotes the set of the observation functions
of POMDPs inM, whereQ, O are functions satisfying
0<0(s,a,0) <O(s,a,0) <1,Vs' € S,a € A0 €.
AfunctionO : S x A — II(Q) isin O, if and only if

O(s',a,0) < O(s',a,0) < O(s',a,0),Ys,a, 0.
R = (R, R) denotes the set of the reward functions of
POMDPs inM, whereR, R are functions satisfying
R(s,a) < R(s,a),Vs € S,a € A.
A real-valued functiorR is in R, if and only if
R(s,a) < R(s,a) < R(s,a),Vs € S,a € A.
APOMDP M’ = (8", A", ', T',0', R',~') is in M if and
onlyif S’ =5, A=A, =Q,T7"eT,0 €O,R €R,
andy’ = .

In order to ensure that BPOMDPs are well-defined in the
sense that any BPOMDP is a non-empty set of POMDPs, we

set the following constraints dfi andO:

S T(s,a,8") <1< Y. T(s,a,8), Vs€ S, ac A;
s'es s'eS
> 0(s,a,0) <1< > O(8,a,0),

0€N 0€N

Vs’ € S,a € A.

Note that the BPOMDP is a more general framework
than POMDP, since a BPOMDP degenerates into a POMDP
whenT = T, 0 = O, andR = R. In addition, it is as-
sumed thatnax, , R(s,a) andmin, , R(s,a) are both fi-
nite values, so the one-step reward is bounded. Thus, for
any infinite-horizon problem, we can instead solve a finite-
horizon problem with sufficiently long horizon. In this pa-

per, we focus on the finite-horizon BPOMDP problems.

The Modified Value Iteration

The lack of precise knowledge of the underlying model
presents several obstacles for solving BPOMDPs. First, The
criterion of optimality in solving POMDPs is not applica-
ble for solving BPOMDPs, because it is impossible to ob-
tain the precise expected sum of discounted reward for any
given policy and initial belief. Second, as parameters are
imprecisely given, updating belief can not be implemented
precisely. One method to solve these difficulties is to use
the second-order belief, which is an uncertainty measure on
possible POMDPs (Itoh and Nakamura 2007). However, the
precise second-order beliefs are still difficult to specify.
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To tackle these obstacles, we propose a modified one-step
value backup, which is iterated to construct a modified value
iteration. A policy with TMR is obtained in the modified
value iteration, so that updating belief is avoided. Without
adopting the optimality criterion based on the exact expected
reward, the modified value iteration returns a quasi-optimal
value function. The quasi-optimal value function can be rep-
resented by a set of vectors. We lfgeto denote the PR of
the quasi-optimal value function when there argteps to
go. Each vector irf“;‘ corresponds to onestep policy tree
and represents the estimated value of the tree. The set of
policy trees corresponding 0} is denoted byP7;. The
modified one-step value backup is constituted by a generat-
ing step and a pruning step:

Generating fj Based onP7;_,, a set oft-step policy

treesP7, is constructed, in which each tree is produced
by assigning an action to the root node and choosing the
(t —1)-step subtrees fro®7;_,. According to (1), we can

generate a vector s&t" corresponding taP7 ;" for each
POMDPM € M. In general, the number of POMDPs in
M is uncountable, so there are uncountably many $ijch
We denote the union of sudhs byL'}", i.e.,

Iy = U {a]|VseS, als) satisfies (1) forl/;
MeM -~ .
a€ A, B el 4, Vo e Q} .
An example ofl'} is illustrated in Figure 1I';" is denoted

by the shaded area, as the area is filled with uncountably
manyT;"s. One such')” = {a}?, a4’} computed for some

POMDPM in M is shown by the dotted lines.

Figure 1: An example of;” and BVSs.

From the definition o7, each policy tree iPT ;" cor-

responds to a uniqué| + 1)-tuple{a, 8,1, By, - - ., Byial),
vAvherea is the action assigned to the root node ghd €

I';_, represents the estimated value of executingthel )-

step subtree following’. In the rest of this paper, we denote
a policy tree by its correspondiri¢f?| + 1)-tuple. For each

policy treept € PT, we have a set of vectors,
a = {a|Vs €S, a(s) satisfies (1) fol; M € M}. (2)

« contains uncountably many vectors, each of which repre-
sents the value gft updated fronT’;_, with some POMDP



in M being the underlying model. A special propertyof
that can be exploited is shown in the following theorem:
Theorem 1 Given a policy treept = (a, B, ..., Bya) €
PT;, wherea € Aandf,: € I';_;, Vo' € Q. Leta be the
set of|.S|-dimensional vectors obtained by (2). There exist

two POMDPsM € M and My € M such that for any
vectora € a and eachs € S,

®3)

wherea anda are computed by (1) with/;, and M as the
underlying model, respectively.

Proof. The proofis provided in (Ni and Liu 2008). O
Such a set of vectorg is called abounded vector set
(BVS). a (a) is called thelower (upper) bound vectoof
a andpt. Note thatl';” can be viewed as the union of the
BVSs corresponding to the policy trees¥ ;. In Figure
1,T indicated by the shaded area is the union of two BVSs
denoted by two bands; anda,. The band bounded hy,
and@; denotes BVSy;, and the other denotes.

a(s) < a(s) <al(s),

Pruning '} to f;‘ In order to estimate the value of a pol-
icy tree pt, the “band” should be compressed to a “line”,
i.e. the corresponding BV& should be replaced by a single

vector. Since the true model could be any POMDRVIn
we allow the agent to accept any vectoin « as an estima-
tion of the value ofpt. The accepted vecter is called the
delegateof & andpt, anda is called thefamily of a.

The union of a group of BVSs is called BVS union
(BVSU), and the union of the delegates of these BVSs is
called the delegate of the BVSU. Note that is the super-
set of any BVSU yielded in the current iteration. We denote
the delegate of ;" by ', and prune it td"; by removing
the vectors which are useless in representing the value func-
tion. An example of pruning@’; is presented in Figure 2.
Note thatf;‘ is dependent on the choice of the delegate of

each BVS. Any sef; yielded from the above procedure is
eligible to represent the quasi-optimal value function, which
is called aPR candidate For any initial beliefs, a policy
tree is indicated by the vectare f;‘ maximizinga - b, thus

a policy with TMR is provided.

(b)

Figure Z:fj is composed ofv1, as, andas. The procedure
of pruningft+ is as follows: (a) for = 1,2, 3, a vectory;
denoted by a dashed line is selected as the delegaig of
(b) T} = {1, a0, a3} as the delegate df; is pruned to
It = {a1, a3} which is indicated by the solid lines.
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f;‘ with Less Vectors In addition to tackling the parameter
imprecision, another motivation for proposing the modified
value iteration is to alleviate the computational burden. It
is known that the computational cost increases heavily with
the volume off;‘, thus we hope to design the pruning step
to keep|f;‘| as small as possible.

Intuitively, the delegates of all policy trees®T;~ should
be set as the vectors updated with the same exact POMDP.
This is reasonable as there is a unique real underlying model
at any time. However, it is unknown which POMDP is the
true underlying model. According to the definition of a PR
candidate, the vectors ﬁ* are allowed to be updated with
different POMDPs, which multiplies the choicesqu and
increases the chance of obtainﬂAﬁpof small size.

For each iteration, among all possible PR candidates, the
one containing the least vectors is callediaimum PRThe
family of a minimum PR is called globally optimalBVSU.

It has been proved that (Ni and Liu 2008), a globally optimal
BVSU I'; satisfies the following conditions: (a) there exists
a choice of the delegate &f, such that it can be pruned
to the delegate df; (b) for any BVSUT"; which is a strict
subset ofl';, any choice of the delegate f" can not be
pruned to the delegate @f,. These are called thiecally
optimalityconditions in the sense that any delegate of a strict
sub-BVSU ofl"; can not be a PR candidate, and any delegate
of a strict super-BVSU of'; can not be a minimum PR. The
BVSU satisfying the locally optimality conditions is called
alocally optimalBVSU.

Theorem 2 Let the delegate of BVSE[ = Ull Qa; bef;‘*
{@1,...,q;}, wherew; is the upper bound vector af, then
@) f;‘* is a minimum PR, if’; is a globally optimal BVSU;
(b) f;‘* is a PR candidate, iF is a locally optimal BVSU.

Proof. The proofis provided in (Ni and Liu 2008). O

WhenT'; is a locally optimal BVSU, theﬁ?* is called a
locally minimum PRLMPR). Since it is rather difficult to
solve a minimum PR, we attempt to solve an LMPR, which
makes it possible to find a minimum PR according to the
above analysis. The pruning step with the goal of solving an
LMPR trades off between optimality and tractability.

The UL-based Value Iteration Algorithm

We introduce an anytime algorithm for solving BPOMDPs,
which is called thaJL-based value iteratioQULVI) as it is
based on two finite sets of vectors called U-set and L-set.
The ULVI algorithm shown in Table 1 is constituted by
a number of iterations of UL-based value backup which in-
cludes three elemental routin€seneratel GenerateJand
UL—PruAning In each iteration, GenerateL and GenerateU
acceptl’;_; as input, which represents the estimated value
function when there are— 1 steps left, and generate the L-
set and the U-set respectively. The L-set and U-set are called
eligibleif both sets contain finite vectors and every vector in
L-set is dominated by U-set. The UL-Pruning routine ac-
cepts only eligible U-set and L-set as its input. It prunes



U-set based on L-set and outptﬁ;s which is accepted as  I'y beforea is checked. According to Table f,;‘ C Ty
input by the next iteration. The whole algorithm terminates andT',, dominates all the vectors ifi,. T, \ {a} can not

when a given number of iterations are completed. dominate all the vectors ifi;,, otherwisex should be elim-
inated. Thus, there exigt € I', andb € II(S), such
ULVI (T, T) that 5(b) > o/(b) for eacha’/ € T, \ {a}. Sincel” C
=Ty I\ {a} CTo\ {a}, B(b) > o/ (b) for eacha’ € I". Thus,
for T iterations  can not be dominated dy. The proof is complete. [
I';, = GeneratelT")
I'y = Generate{Il") Itis notable that th& depends on the order of the vectors
[' = UL-PruningT'y, I'z) in T, and the runtime of the routine is also dependent on the
end order of the vectors il ;.. In addition, if U-set and L-set are
returnl’ identical, then the UL-Pruning routine reduces to a regular

] pruning routine in exact algorithms for solving POMDPs.
Table 1: The ULVI algorithm

GenerateL and GenerateU

Based orf“;‘,l, Generatel and GenerateU produce the L-set
and U-set respectively. The strategy of setting GenerateL
and GenerateU not only has the crucial impact on the prop-
; erties of solution, but also influences the runtime of the algo-
UL-Pruning . X X

, . i rithm. When these routines are designed properly, the mod-
The UL-Pruning routine is a procedure of pruning U-Bgt ified value iteration can be implemented through the ULVI
based on L-seF',. The routine accepts eligible U-set and  5gorithm.
L-set as input, and generates a vectorI§efor estimating
the value function. In the routine, for every vector in U-set,
we check whether to remove it from U-set makes U-set and
L-set ineligible. If removing a vector results in ineligible U-
set and L-set, then the vector is put back in U-set and never ¢ Lower Bound Pruning (LBP)
remqved; otherwise, the vector is eliminated. The routine  gaced oPT:_,, PT; is constructed as described in pre-
terminates when all vectors in U-set are checked, and itout- .0\~ <actions. The set of the lower bound vectors of all

puts the resulting U-set. The routine is shown in Table 2. the policy trees ifP7 " is obtained and pruned to gener-

Note thatf;‘ corresponds to a set ofstep policy trees,
denoted byP7;. Hence, the ULVI algorithm provides a
policy with TMR.

Choices for GenerateL and GenerateU We now intro-
duce several routines that can be adopted as GenerateL or
GenerateU. The following three routines are for GeneratelL:

Input: (FU = {al,...,ozwu‘},FL = {ﬁl,...,ﬁ|rL|}) ateLset.. .
=Ty e Backup with Given Model (BGM)
fori =1:|Ty| In this routine, we first take a guess of the underlying
=T\ {o} model among the POMDPs il . Assuming that the un-
forj=1:[I| derlying POMDP is the guess model, we implement the
if DominationChecks;, I') = False exact one-step value backup based ¢n,, by means of
I'=D{J{ai} some exact algorithm for solving POMDPs such as the in-
break cremental pruning (Cassandra, Littman, and Zhang 1997).
end We set the yielded set as the L-set. In this routine, it is not
reeleJrnF necessary to generaR? ;" of size exponential if|.
¢ BGM-based Lower Bound Pruning (BLBP)
Table 2: The UL-Pruning routine In this routine, we first run BGM routine and obtain a
set of vectors. A set of policy trees corresponding to the
In Table 2, the subroutimr@ominationCheclks exactly the vector set is then obtained. We prune the set comprising
same with thdindRegionPointoutine in (Cassandra 1998) the lower bound vectors of these policy trees and generate
except that it outputs a boolean value. It sets up and solves a the L-set. In some sense, BLBP produces a set “lower”
linear program (LP) to determine whether a vector is domi-  than the one yielded in BGM. Further, it is possible that
nated by a vector set. the L-set yielded in BLBP contains less vectors than that

yielded in BGM. These properties may lead to generating

Theorem 3 Given that U-set and L-set are eligiblE; is S :
smallerI'; with less computation.

generated from UL-Pruning, then (a) each vectofdip is

dominated b)f;‘; (b) no strict subset of“;‘ dominates all In addition, we introduce two routines that can be adopted
the vectors ii'y.. as the GenerateU routine:

Proof. (a) is obvious according to Table 2. For proving e Upper Bound Pruning (UBP)

(b), letI" be any given strict subset @f; and« a vector In this routine, we construd®7 ;" based oP7;_,, and

in Ty \ I. We denote by, the set obtained from pruning prune the set of the upper bound vectors of the policy trees
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in P7; . The resulting set is set to be the U-set. In some UL-Pruning In general, it require®(|T'y||T'z|) LPs with
sense, the generated U-set is the “highest” PR candidate. O(|T'y/|?|T"z|) constraints to implement UL-Pruning. In fact,
e L-based Upper Bound Pruning (LUBP) the specific numbers of LPs and total constraints are polyno-

LUBP is implemented after L-set is generated. We first g‘égg‘ ip |Féf|£ |1;L|' and|I'f|. One can refer to (Niand Liu
find the set of policy trees corresponding to the L-set. We ) for detail.
construct the set comprising the upper bound vectors of The Bounds of Reward Loss

these trees and prune it to generate the U-set. Obviously, i )
the generated U-set contains no more vectors than L-set. FOr anyt-horizon BPOMDP problem, a value function rep-
resented by a set of vectors is generated by the ULVI algo-

Strategies for Setting L-set and U-set We properly pair  rithm and a policy with TMR is obtained. Lét” be the
Generatel and GenerateU to produce four typical strategies true value of executing the obtained policy, and gt be
for setting L-set and U-set. The strategies are presented in the optimal value function computed if the true underlying
Table 3. We find that the generated L-set and U-set are eli- model is known. The reward loss is defined as

gible no matter which strategy is employed. ) .
Loss = sup [V (b) = VE(b)] = [V = Vil

- bETI(S)
Strategies r;
GenerateL gGenerateU PR candtldate LMPR We have the following theorem on the bound of reward loss:
LBP UBP Yes Yes Theorem 4 For any givert,
LBP LUBP Yes Yes -
BGM LUBP Yes No Vi = VE|w < k((1—7)5R+2W5R);
BLBP LUBP No No (1—7)

where

Table 3: The typical strategies for setting L-set and U-set L { 3. for “BLBP+LUBP",

ble 3 h e f h he 2, for the other three strategies introduced,
In Table 3, we characterize for each strategy thel'$et §p = max, 4 (E(s,a) —E(s,a)) ’

obtained in each iteration. By “No”, we mean that the at- P = . B
tribute is not guaranteed. Each of the first three strategies =~ = MaXs.a, (S’g) Ximnm (s,a),
guarantee§; to be a PR candidate, thus the modified value 7"~ maxa(ng 1) AL,

iteration is implemented. We have proved thats a LMPR in which

W_hen either of the first two strateg_ies is er_nployed (Ni and n? := max[(1 — 3. 0(s',a,0)) A (32 O(s,a,0) — 1)],

Liu 2008). However, both strategies require to enumerate T’ s’ 0 o __

trees iNP7 ", which leads to extra computation. The other 7, == max[(1 = 3> T(s,a,5") A (2T (s, a,8") = 1)].

two strategies avoid enumerating treesi;; however a o 0 . . . _

LMPR is not guaranteed. Proof. The proof is quite extensive and is provided in (Ni
and Liu 2008). O

Computational Complexi .
_p . plexity . _ The theorem shows that the bound on reward loss is de-
In this section, we analyze the computational complexity of pendent on the degree of parameter imprecision which is in-

the UL-based value backup. dicated bysz andrn. When the BPOMDP degenerates into
Generatel and GenerateU We have known the complex- @ POMDP, the imprecision disappears and Wottandn are:
ities of the elementary operations: it requir@$|S|(|<| zero, thus the bound reduces to zero and the ULVI algorithm
log|Q| + |S|)) time to compute a lower/upper bound vector; becomes an exact algorithm for solving the POMDP. In ad-
pruning a vector sdt;,, to a sefl’,,; requiregI’;,, | LPs with dition, to compute the bound only costs|S|[A|(]S]+£]))
O(|Tut||Tin|) constraints in the worst case a0d|T",.,:|?) time.

constraints in the best case (Cassandra 1998); and the wit- Unfortunately, the bound is not tight enough, especially
ness algorithm and the incremental pruning algorithm con- for cases that is closed to 1; and information & andO

sume polynomial time inS|, |A|, |€2], |f;_1| andy", |T¢], can not be contained in the boynd unlgSsandn! are rella—
wherel'¢ is an intermediate set (Cassandra 1998). tively small. An open problem is whether there exists tighter
The runtime of LBP and UBP is exponential [i12], be- bound for the ULVI algorithm which is more informative but

cause the policy trees iRT; are enumerated. For BGM Still compact.

and BLBP, the runtime is bounded by a polynomial in ..

>, IT¢|, however, for some problem§¢| can be expo- Empirical Results

nentially large. Besides, for problems with small observa- We apply the ULVI algorithm to several BPOMDPs to show
tion space, LBP may be better than BGM, as BGM produces its performance empirically. All results are obtained by C
a “higher” L-set which makes less vectors be pruned away code on a Pentinum4 PC.

from U-set. It is expected that the “BLBP+LUBP” strategy We construct the BPOMDPs based on three typical
consumes the least time, since “BLBP” need not construct POMDPs includingTiger, Network and Shuttle (Cassan-
PT/ and generates a lower and smaller L-set than “BGM”. dra 1998), which are called “original” POMDPs. For
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each POMDP, eact’ € {0.001,0.005,0.01,0.025, 0.05,
0.1,0.2,0.5}, and eack? € {0,0.02}, a BPOMDP is con-
structed as follows¥a, s, s’, T(s,a,s’) := (T(s,a,s") —
£y V0, T(s,a,8") := (T(s,a,s") + €) A 1; Va,s', o,
O(s',a,0) (O(s',a,0) = €") v 0, O(s',a,0)
(O(s',a,0) + €F) A 1; Va,s, R(s,a) := R(s,a) — €4,
R(s,a) := R(s,a) + €75, where§ := max, s R(s,a) —
min, s R(s,a), andT, O, R are the parameter functions in
the original POMDP.

horizon of 1.0
~A-Tiger: £8=0.0
A Tiger: £€8=0.02
-6~ shuttle: €R=0.0
-0 shuttle: €7=0.02 | |
—&-Network: £€X=0.0

s o Network: £€7=0.02
10 b

. . . . . . . I
0.001  0.005 0.01 0.025 0.05 0.1 0.2 0.5
€

relative reward loss

107

Figure 3: The relative reward losses of the ULVI algorithm.

First, we study how the parameter imprecision influences
the reward loss of the ULVI algorithm. We adopt “BGM+
LUBP” for setting U-set and L-set, as it is the best trade-
off between tractability and optimality. We assume that the
original POMDP is the underlying model, and we set the
sparsest POMDP in the BPOMDP as the guess model in

iment. In general, the runtime of the algorithm decreases
with the increase of” ande*. The runtime is relatively
short compared with the time of running incremental prun-
ing algorithm for solving the exact original POMDPs. For
each problem, the time of solving the original POMDP, de-
noted by a discrete point, is exceeded by the runtime of our
algorithm only for the cases that the parameters are nearly
precise. Thus, in general, the ULVI algorithm helps to save
computational cost. In this sense, the ULVI algorithm can be
viewed as an approximate algorithm for solving the regular
POMDPs. Moreover, from Figure 4, it is believable that it
generally costs more time to solve a BPOMDP by means of
solving an arbitrary chosen POMDP by an exact algorithm.

The three points located at eP=0
indicates the time of solving the exact
5 original POMDPs by running
incremental pruning.

~2-Tiger: €3=0.0
2 Tiger: €7=0.02
--Shuttle: e¥=0.0

T e O Shuttle: e?=0.02
% 10°tw -&-Network: e3=0.0 |
N
o) & Network: £3=0.02
E
= 10°%
c
>
-

o A

R

10

0 0.001 0.005 0.01 0.025 0.05
EP

0.1

Figure 4: The runtime of the ULVI algorithm.

Next, we examine the robustness of the ULVI algorithm.
We adopt the “BGM+LUBP” strategy, and increment prun-
ing algorithm is employed in BGM. The guess model in
BGM is set to be the original POMDP. We only consider the

BGM, which contains the least non-zero parameters among cases where* = 0.02. For each BPOMDP, we randomly

the POMDPs in the BPOMDP. The incremental pruning al-
gorithm is adopted in BGM. Figure 3 shows tiedative re-
ward lossedor different degrees of parameter imprecision.
The relative reward loss is defined asxcp[(V,*(b) —
V.E(b)/(V¥(b) — Vrerd(b))], where B is a set of initial
belief statesy,"*"¢ is the expected sum of reward when the
agent chooses actions randomly. In this section, for all prob-
lems, we setB as a set ofl0* randomly generated belief
states and the planning horizoa- 400.

We conclude from Figure 3 that, in general, the relative
reward loss decreases with the decrease€’ofinde?. Al-
though Figure 3 shows that reducing parameter imprecision
may result in raising the loss at some point, it only hap-
pens where” is relatively large. Therefore, it is believable
that the ULVI algorithm generates a near-optimal policy for
BPOMDPs with reasonably small parameter imprecision.
Note that, where” = 0.5, the ULVI algorithm generates
for Tiger and Shuttle policies worse than randomly choos-
ing actions. This is due to the huge imprecision.

Second, we illustrate in Figure 4 the runtime of the ULVI
algorithm. The algorithm is set as in the previous exper-
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generate 10 POMDPs in it. Each generated POMDP is set
as the underlying model, for which we calculate the relative
reward loss. The largest relative reward loss is reported for
each BPOMDP in Figure 5. After the name of each prob-
lem, “random” means that the results are the largest relative
reward losses calculated as above; while “original” indicates
that the losses are calculated for cases that the underlying
models are the original POMDPs. From Figure 5, we find
that the difference between the results for each BPOMDP is
relatively small. Moreover, the largest relative reward loss
generally decreases whefi decreases. In summary, it is
shown empirically that our algorithm is robust to some ex-
tent.

Finally, we study the relationship between the runtime of
the ULVI algorithm and the choice of strategy for setting
GenerateU and GenrateL. We consider the Shuttle problem
with e = 0 for differente”s. We run the ULVI algorithm
with each of the four strategies introduced in previous sec-
tions. For each BPOMDP, the guess model is set to be the
so-called sparsest POMDP. Incremental pruning is embed-
ded in BGM and BLBP. The results are shown in Figure 6.



-&-Tiger: original
—A—Tiger: random
-G Shuttle: original
r |—©—Shuttle: random
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Figure 5: The largest relative reward losses of running ULVI
algorithm for 10 randomly generated underlying POMDPs.

In general, the “LBP+UBP” and “LBP+LUBP” cost more
time than the other two strategies. Although algorithms with
“LBP+UBP” and “LBP+LUBP” can not provide a result in

a reasonable time limit (36000 seconds in this experiment)
for problems with smalt”, they perform well for the prob-
lems with large imprecision. It is clear that “BLBP+LUBP”
costs less time than “BGM+LUBP” for most cases. In fu-
ture work, more experiments are needed for investigating
the performance of these strategies.

36000

10000

10001

100f

runtime (sec)

—-LBP+UBP
—4-LBP+LUBP
—-©-BGM+LUBP
—=-BLBP+LUBP

0.001 0.005 0.01

101

0025 005 01 02 05

EP

Figure 6: Runtime of ULVI with different strategies of set-
ting U-set and L-set.

Conclusions and Future Work

In this paper, we have proposed the framework of
BPOMDPs to characterize the POMDPs with imprecise but
bounded parameters. A modified value iteration is intro-

duced as a basic strategy for tackling parameter imprecision.

We have designed the UL-based value iteration (ULVI) algo-
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rithm for solving BPOMDPs. The modified value iteration
can be implemented through the ULVI algorithm with prop-
erly designed subroutines. We have presented the computa-
tional complexity of the algorithm and provide a bound on
the reward loss which depends on the extent of imprecision.
The empirical experiments show that the ULVI algorithm is
effective and robust.

Integrated with some state-aggregation technique, ULVI
can be applied to practical large-scale problems. The perfor-
mance of this application can be investigated in future work.
Since the incremental pruning in BGM and BLBP can be
replaced by an approximation algorithm for POMDPs such
as point-based value iteration, a more general framework of
ULVI algorithm deserves to be studied further.

Acknowledgments

The authors thank the anonymous reviewers for their com-
ments and suggestions. This research is supported in part by
a Hong Kong RGC CERG grant; 9041147 (CityU 117806).

References

Cassandra, A.; Littman, M. L.; and Zhang, N. L. 1997.
Incremental Pruning: A simple, fast, exact method for par-
tially observable Markov decision processes. UAI-97,
54-61.

Cassandra, A. R. 1998.Exact and approximate al-
gorithms for partially observable Markov decision prob-
lems Ph.D. Dissertation, Department of Computer Sci-
ence, Brown University.

Cozman, F. G., and Krotkov, E. 1996. Quasi-Bayesian
strategies for efficient plan generation: application to the
planning to observe problem. WAI-96, 186-193.

Givan, R.; Leach, S.; and Dean, T. 2000. Bounded-
parameter Markov decision processeArtificial Intelli-
gencel22(1-2):71-109.

Harmanec, D. 2002. Generalizing markov decision pro-
cesses to imprecise probabilitieslournal of Statistical
Planning and Inferenc&05:199-213.

Itoh, H., and Nakamura, K. 2007. Partially observable
markov decision processes with imprecise paramefars.
tificial Intelligencel71(8-9):453—-490.

Kaelbling, L. P.; Littman, M. L.; and Cassandra, A. R.
1998. Planning and acting in partially observable stochas-
tic domains.Artificial Intelligencel01(1-2):99-134.

Ni, Y., and Liu, Z.-Q. 2008. Bounded-parameter partially
observable markov decision processes. Technical Report
CityU-SCM-MCG-0501, City University of Hong Kong.
Pineau, J.; Gordon, G.; and Thrun, S. 2006. Anytime
point-based approximations for large pomdgsurnal of
Artificial Intelligence Research7:335-380.

Spaan, M. T. J., and Vlassis, N. A. 2005. Perseus: Ran-
domized point-based value iteration for POMDBsurnal

of Artificial Intelligence Research4:195-220.

White, C., and Eldeib, H. 1994. Markov decision pro-
cesses with imprecise transition probabiliti€3perations
Researci3:739-749.





