


Fig. 1. A Petri net graph with places, transitions and arcs.

The purpose of this paper is to introduce a method of
representation of metabolic pathways as Peiri nets, and
illustrate some useful properties that can be determined
from such a representation.

Petri nets

The essential concepts in Peiri net theory relevant to our
analysis are summarized below. This is merely an intro-
duction, and a complete review of the theory and
applications are available in literature (Murata 1989;
Peterson 1981).

A Petri net (PN) is a graph (Fig. 1.) formed by two
kinds of nodes, called places (pj) and transitions (1j).
Directed edges, called arcs, connect places to
transitions, and transitions to places. A non-negative
integer number of fokens is assigned io each place, and
it can vary based on the state of the Petri net. Each arc
has a weight, a positive non-zero integer, assigned to it.
Pictorially, places are represented by circles, transitions
by bars or boxes, arcs by lines ending in an arrow, and
tokens as black dots placed in the circles. Generally if
there is no arc-weight specified on the graph we assume
it to be equal to one.

Each transition (event) is associated with a finite
number of input places (pre-conditions) and output
places (post-conditions). A transition is enabled when
the number of tokens in its input places is greater than
or equal to the weights on the arcs connecting the places
to the transition. A transition with no input places,
called a source transiiion, is always enabled. In Fig. 1.,
the transitions ¢] and t4 are enabled, while the rest are
not. An enabled transition can fire, depositing tokens in
its output places, again their number determined by the
arc-weights. A transition with no output places, called a
sink transition, can fire when enabled consuming the

tokens from its input places. Fig. 2. shows the same PN
after the enabled transitions are fired, in turn enabling
other transitions. The state of a PN, which is the number
of tokens present in the individual places, is denoted by
M and called the marking of the net. The initial
marking of a PN is denoted by My. Thus, the firing of a
sequence of transitions may change the marking of the
net. A marking M is reachable from M, if there exists
some firing sequence that accomplishes this change.

Mathematically a Petri net is represented as PN = (P,
T, E, W, My) ; where

P = {p17p29p3, --.pm} lsaﬁniwsetof
places
T = [tl, ly, I3, ... ty} is a finite set of

transitions

E ¢ (PxT)u(T xP)is aset of arcs

W:E-> (1, 2,3, ...} is a weight function

My: P> [0, 1, 2, ...} is the initial marking

P and T being disjoint sets

Since the Petri net is presented as a model for a

discrete-event system, it is helpful to have a system of
equations which can be used to specify and manipulate
the state of the system. We can examine the dynamic

behavior of a Petri net, with m places and n transitions,
if we formulate a state-space equation of the type

M,=M,, +ATu,, k=123 ..

where, k represents a point in a firing sequence; My
anm X 1 vector, the marking after the kth firing; ug an
n X 1 vector, the control vector indicating the
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Fig. 2b. Marking after firing in sequence 5, #3, 15, and te from Fig. 2a.

transition fired at the kth firing; and A an n X m matrix,
the incidence matrix whose elements a;; denote the

change in the number of tokens in place j due to the
firing of transition i.

If a particular marking M, is reached from the initial
marking My, through a firing sequence ¢ = { ug, up,
u3, ... U}, and the state-equations are summed for all
the firings in this 6, we obtain

M,= My+A"Y u, @)

k=1
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n
if we define x = Zu,, , we obtain
k=1

M, -M,=A"x 3)

n

or
ATx =AM @

where x, an n X 1 vector, is called the firing count
vector. The element i in x indicates the number of times
transition i must fire in order to transform Mg to M.



Fig. 3a. Each place represents a biological
compound. G6P: Glucose-6-Phosphate.

It is now evident that a necessary condition for the
reachability of Mp from M, is the existence of a
solution to Eqn. (4), the elements of x being non-
negative rational or integer numbers. Although the
rational solutions for x have no physical interpretation,
since fractional firings of transitions are not realizable,
they can be transformed to integer numbers by
multiplying Egn. (4) with an appropriate scalar
constant. This does not alter in any way our condition
for the reachability of M, from M.

Metabolic Pathways
Representation

The representation of the essential components in a
metabolic pathway, using Petri net terminology, is the
first step in modeling the metabolic network as a
discrete-event system. Petri nets, among other methods,
have been reported ( Kohn & Letzkus 1983) as graph
theoretical tools for the representation of biochemical
reaction systems. Although the representation of the
system as a Petri net is not unique, proper choice of
mapping is essential in determining the utility and
applicability of the method.

For metabolic pathways, places would represent com-
pounds (such as metabolites, enzymes, cofactors etc.)
participating in a bioreaction. We could have one place
represent one compound or we could have two or more
places represent the same compound, based on their
physical attributes or distinct functions. For example, in
Fig. 3a, each place represents one biological compound,
whereas in Fig. 3b, two places represent the same com-
pound, due to their difference in activities. One place
represents the inactive zymogen and the other the active

Trypsin

Py Chymotrypsin
Chy- e
psinogen

(zymogen)

Protein { & & |

Proteo
lysis

Fig. 3b. In this case two places represent forms
of the same compound, one is the zymogen and
the other the enzyme.

enzyme Chymotrypsin. As another example, if we
would like to distinguish between compounds based on
their location in the cell (or organelle), we could have
different places represent the same compound. For
example, the ATP pools inside and outside the
mitochondrion in a cell are different and their relative
concenirations determined through a selective transport
process. Hence, we could have two places, one
representing the compound inside and the other
representing the compound outside the mitochondrion.

In the same way we assign transitions to represent
individual reactions or a series of forward reactions
when the intermediary compounds are not of primary
interest. Tokens indicate the presence of a compound.
Arc-weights represent the stoichiometry of reactions,
and the direction of an arc is based on the
thermodynamic feasibility of the reaction. The example
in Fig. 4b, illustrates these mappings. To keep the
figures simpier, we allow the same place to appear more
than once in the drawing of a PN, such as ATP in Fig.
4b. From the viewpoint of Petri net simulation and
properties, we consider all of the appearances of ATP in
Fig. 4b. to represent only one place.

A representation of a pathway should allow a certain
level of abstraction, to enable us to look at the pathway
from a different 'perspective’. In a group of pathways
which are made up of similar compounds but behave in
a dissimilar manner (dependent on their functionality),
it may be possible to identify certain common patterns
of interactions (templates) among the similar
compounds, by some means of abstraction. The
hypothesis is that these pathways might have diverged
from their primitive templates to their present state, the
divergence being task-dependent. Thus, it is possible to
examine the difference in behavior of the pathways in
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Fructose

&= Fructose-1-phosphate (furanose)

Fructose- 1-phosphate (open chain)

ATP

Glyceraldehyde-3-
phosphate

Dihydroxy-
acetone
phosphate

Glycolysis

)V////NADH NAD+
ADP
Glyceraldehyde
ATP

% Glycerol

ADP
Glycerol-3-phosphate

NADH NAD?

Fig. 4a. Fructose metabolism in liver (pp. 454, Voet and Voet 1990). All the reactions

are catalyzed by enzymes.

relation to structural modification of the templates. An
example of a set of pathways which may have this
homology is the cascade mechanism of activation of
serine proteases in the blood-coagulation pathway, the
complement system, and the differentiation in the fruit
fly.

The present knowledge of metabolic reactions is in-
complete and we would like a representation which can
be extended upon the present state of knowledge,
without significant deviation from the existing
structure. Petri nets have this extendibility embedded in
the methodology. A ftransition represents an event
which requires certain pre-conditions and results in
some post-conditions if the event actually occurs. If we
now consider this event as a combination of other
events, we can visualize a transition that emulates a
Petri sub-net. Any modification to this sub-net is
reflected in the behavior of the original transition. This
can be well understood in the context of an Object
Oriented Programming framework, where one object
inherits attributes of other objects that it contains. For
instance, in Fig. 4b, the transitions have places
corresponding to the metabolites involved in the
reaction. Even though there may be other compounds
participating in the reaction, such as enzymes,
coenzymes, metal ions, etc., they are implicit in the
action of the transition. However, in the event that new
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information is to be incorporated, it is a simple task to
modify the sub-net characterized by the transition, to
reflect the change in our state of knowledge.

Properties of Pathways

The representation of metabolic pathways as Petri nets
is of value because the properties of Petri nets can be
applied to the pathway, leading to relevant
observations.

Liveness. A Petri net is said to be live, if from any
marking reachable from My it is possible to fire any
transition in the net through some further firing
sequence. For a metabolic pathway this is a condition
that, in any state of the biotransformation, all the
individual reactions are potentially active. If the PN of
Fig. 4b. is live, then one mole of each of ATP, NAD,
NADH, and Fructose is sufficient to enable each
enzyme to act at least once.

Reachability. A necessary condition for a marking
M,, to be reachable from the initial marking M is the
existence of a non-negative solution to Eqn. (4). This
condition becomes sufficient if we add the following
requirement. All markings in the firing sequence from
M, to M,, must be coverable, i.e. there must exist a



F1P (furanose)

Glycolsis

Fig. 4b. PN representation of pathway in Fig. 4a. There is an one-to-one mapping between

places and metabolites.

minimum marking such that the transitions in the firing
sequence from M to M, are enabled.

The reachability of a marking from some other mark-
ing, in the PN model of a metabolic pathway,
determines the possibility of formation of a specified set
of product metabolites from another set of reactant
metabolites, by some sequence of reactions which is
dictated by the PN's firing sequence(s). The sufficiency
condition can be envisioned as the necessity for the
presence of certain essential compounds, like the
enzymes to particular reactions or their required
cofactors. In the PN model of Fructose metabolism, the
path to Glycolysis is possible since there is at least one
possible firing sequence from Fructose to GAP (viz.
Fructose, F1P, Glyceraldehyde, GAP, and finally
Glycolysis)

Reversibility. A Petri net is said to be reversible if the
initial marking M is reachable from all other possible
markings in the set of markings reachable from Mg, A
marking M' is a home state if it is reachable from all

other markings in the set of possible markings of a Petri
net.

Most metabolic pathways are not literally reversible,
due to the thermodynamic irreversibility of many reac-
tions. However an alternate set of reactions may repro-
duce the precursor metabolites. This constitutes a
regulatory function which can shift the metabolism in
either direction, with the aid of pertinent enzymes, de-
pending on the need for the compounds. Reversibility
of a Petri net is a property which could test the
possibility of such an altemnate set of reactions. One
such reversible pair of pathways which can be modeled
and analyzed with this property is the Glycolysis-
Gluconeogenésis system.

Fairness. There are different definitions to fairness,
but the one that is of relevance is Unconditional (or
Global ) fairness. If a firing sequence ¢ is finite or if
every transition in ¢ occurs infinitely often, then ¢ is
globally fair. A Petri net is globally fair if every ¢ in all
possible markings from M, is globally fair.
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Fig. 5. Some examples of structural reductions that are possible in PN graphs

A pathway that has the property of global fairness
suggests the existence of a state of continuous
operation, starting from an initial state, without outside
intervention. This could result in the formation of
certain compounds in infinite amounts. Although not
completely elucidated, an important feature of the
blood-coagulation pathway is the ability of the pathway
to be activated by a relatively small tissue injury, which
results in a nearly continuous cascade of reactions,

334 ISMB-93

leading to a Fibrin cross-linkage at the injury site.
Intuitively, we can expect that the PN of the blood-
coagulation pathway is globally fair.

Structural reduction. Large Petri nets can be reduced
by the substitution of certain combinations of places
and transitions with smaller units (Fig. 5.) without
sacrificing the original properties of the net (pp. 553,
Murata 1989). This is particularly useful in our context,
since metabolic pathways are complex networks and



any concession in the structure leads to a simpler
analysis. We could view this as a method for model
reduction.

Invariants. S-invariants are the solutions to the equa-
tion

Ay=0, y20. &)

where, A is the incidence matrix and yisanm X 1
vector. The non-zero entries in y, constitute the support
of a S-invariant. The support is the set of places whose
token count does not change with any firing sequence
from My. The support of an S-invariant is analogous to
the set of compounds in a pathway that do not undergo
any net change in the course of a biotransformation.

T-invariants are of solutions to the equation
A'x=0, x20 (6)

where, x is an n X 1 vector. The support of a T-
invariant denotes the firing count vector of transitions
which have to fire, from some My, in order to return the
Petri net to the same M. Supports to T-invariants give
an insight into the direct mechanisms which are
necessary to form a cyclic pathway.

A support is minimal if it does not contain another,
non-trivial support. The invariant corresponding to a
minimal support is called the minimal-support
invariant. All invariants of a Petri net are a linear
combination of all possible minimal-support invariants.
Minimal-support invariants are the smallest sets of
reactions which may function as futile cycles in a given
bioreaction system.

Discussion

We have described a method of representation for
modeling metabolic pathways as discrete-event
systems. The method delineates the dynamics of the
individual reactions, and emphasizes a discrete system-
oriented approach. The modeling of biochemical
systems by Petri nets is appealing because it is simple in
its application, is visually comprehensible, and allows
computer manipulation. Another advantage in Petri net
representation is that it can be further extended or
modified to accommodate specific aiiributes required
for modeling of different systems. For instance, the
inclusion of inhibitor arcs in our Petri net
representation of a pathway, which disable a transition
if the input place to that transition is marked, can model
the behavior of enzyme inhibition and feed-back
regulation. High-Level Nets (Genrich & Lautenbach
1981) and Timed Petri Nets (pp. 570, Murata 1989) are
results of such extensions.

In addition to the properties defined earlier, a qualita-
tive analysis of a Petri net representation of a pathway
would entail comparison of Petri net models. Formally
this would be carried out through optimal mapping of
one Petri net to another, such that the maximum number
of place-transition relations are preserved. For
example, we can require that each place (biological
component) of one pathway should correspond to
precisely one compenent in the other pathway, or we
can allow one-to-many mappings; a variation could be a
mapping applied to transitions. Other comparisons of
pathways would include mappings which preserve
pariicular Petri net properties or sub-nets. Also, we can
examine the differences in the properties of two Petri
nets by a direct comparison of their structures, and
relate these to differences in structures ( i.e. biological
components and transformations) of the metabolic
pathways represented by the Petri nets. In effect we can
determine the role of each difference in the biological
structure through the effect it has on the properiies of
the Petri nets.

The properties of the Petri net of a pathway also pro-
vide valuable information on appropriate means of
intervention. For example, an analysis of a Petri net of a
metabolic pathway which is in continuous operation,
might yield a set of transitions (reactions) and/or mark-
ings (essential biological components) which culminate
in such behavior. An appropriate modification then, of
cnly these reactions or components, is required to either
enhance or terminate this behavior of the system. The
possibilities would also encompass the identification
and regulation of alternate routes of biotransformation,
e.g. to overcome metabolic blocks due to defective en-
zymes, or o obtain greater yields in bioprocesses.

In conclusion, the representation of metabolic path-
ways by Petri nets is a promising modeling approach
and should enable many types of qualitative analysis of
pathways.
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