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7KH HPSKDVLV RQ GLVFRYHU\ LQ WKH NQRZOHGJH GLVFRYHU\
SURFHVV ZKLOH LPSRUWDQW LQ LWV RZQ ULJKW� KDV GLVWUDFWHG
IURP WKH HTXDOO\ LPSRUWDQW SURFHVV RI NQRZOHGJH UHS�
UHVHQWDWLRQ DQG PDLQWHQDQFH� )RU D V\VWHP WR LQGLFDWH
ZKDW LV QHZ RU GLmHUHQW� LW PXVW KDYH DQ XQGHUVWDQGLQJ
RI ZKDW LV ROG RU ZHOO XQGHUVWRRG RU H[SHFWHG�

,Q WKLV SDSHU� ZH SURSRVH GLm DV D IXQGDPHQWDO GDWD
PLQLQJ SULPLWLYH� :H VKRZ KRZ LW FDQ EH XVHG WR FDS�
WXUH NQRZOHGJH� HLWKHU DV D VHW RI UHSUHVHQWDWLYH LQ�
VWDQFHV RU DV D VHW RI UXOHV� LQ D IUDPHZRUN WKDW LV
WLJKWO\ LQWHJUDWHG ZLWK WKH NQRZOHGJH GLVFRYHU\ SUR�
FHVV� :H VKRZ KRZ LW FDQ EH DSSOLHG WR ERWK GLVFUHWH
DQG FRQWLQXRXV DWWULEXWHV DQG DVVRFLDWLRQ UXOHV� /DVWO\�
ZH VKRZ KRZ LW HQDEOHV WKH XVHU WR SLQSRLQW KLJK�OHYHO
GLmHUHQFHV EHWZHHQ WZR GDWD VHWV WKDW VKDUH WKH VDPH
DWWULEXWHV�

,QWURGXFWLRQ

7KH NQRZOHGJH GLVFRYHU\ SURFHVV KDV EHHQ GHnQHG DV
?WKH QRQWULYLDO SURFHVV RI LGHQWLI\LQJ YDOLG� QRYHO� SR�
WHQWLDOO\ XVHIXO� DQG XOWLPDWHO\ XQGHUVWDQGDEOH SDWWHUQV
LQ GDWD� �)366���� +RZHYHU� ZKDW LV VRPHWLPHV LJ�
QRUHG LV WKDW WKH DELOLW\ WR GHWHUPLQH ZKDW LV QHZ LV
SUHGLFDWHG RQ WKH DELOLW\ WR GLmHUHQWLDWH LW IURP ZKDW
LV ROG� :H EHOLHYH WKH DELOLW\ WR PRGHO� PDLQWDLQ DQG
LQFUHPHQWDOO\ XSGDWH DQ H[LVWLQJ NQRZOHGJH EDVH LQ D
PDQQHU WKDW LV WLJKWO\ LQWHJUDWHG ZLWK WKH GLVFRYHU\
SURFHVV LV NH\ WR WKH VXFFHVVIXO GHSOR\PHQW RI GDWD PLQ�
LQJ WHFKQLTXHV RQ D ZLGH VSUHDG EDVLV� ,Q WKLV SDSHU�
ZH SURSRVH WKH GLm RSHUDWRU ZKLFK DGGUHVVHV WKH SURE�
OHP WKDW WR WHOO \RX ZKDW LV QHZ� WKH V\VWHP QHHGV WR
XQGHUVWDQG ZKDW \RX SHUFHLYH WR EH ROG�

7KH REVHUYDWLRQ WKDW PDQ\ RI WKH DVVRFLDWLRQ RU LP�
SOLFDWLRQ UXOHV SURGXFHG E\ PDUNHW EDVNHW DQDO\VLV DUH
REYLRXV �%087��� KDV OHG WR DWWHPSWV WR UHGXFH WKH
QXPEHU RI UXOHV SURGXFHG E\ PHWDUXOH�JXLGHG PLQLQJ
�.+&��� DQG WKH VSHFLnFDWLRQ RI nOWHUV �.057��� DQG
nQGLQJ H[FHSWLRQV �6X]����

7R XVH D PDUNHWLQJ H[DPSOH� LW LV ZHOO NQRZQ WKDW

&RS\ULJKW Fo����� $PHULFDQ $VVRFLDWLRQ IRU $UWLnFLDO
,QWHOOLJHQFH �ZZZ�DDDL�RUJ�� $OO ULJKWV UHVHUYHG�

PRVW 3&V PDGH LQ WKH 86 DUH PDGH E\ ZRUOGZLGH VXS�
SOLHUV� ZKHUHDV PRVW 3&V PDGH LQ %UD]LO DUH PDGH E\
PRP�DQG�SRS VKRSV� :KLOH RQH FDQ FRQFHLYH RI D GDWD
PLQLQJ V\VWHP GLVFRYHULQJ WKLV IDFW� ZKDW LV PRUH LP�
SRUWDQW LV WKDW LW PDLQWDLQ WKLV NQRZOHGJH DQG DOHUW
WKH XVHU LI WKH UHODWLYH SHUFHQWDJH RI PDQXIDFWXUHUV LQ
D JLYHQ JHRJUDSKLF UHJLRQ FKDQJHV E\ PRUH WKDQ D FHU�
WDLQ DPRXQW� %HOLHIV DERXW WKH EHKDYLRXU RI DWWULEXWHV
FDQ EH FROOHFWHG DV LQGLYLGXDO SURnOHV DQG�RU DV JURXS
SURnOHV� DOORZLQJ IRU FROODERUDWLYH OHDUQLQJ�

'DWD LV RIWHQ FROOHFWHG RQ DQ LQFUHPHQWDO EDVLV
�ZHHNO\� PRQWKO\� � � � �� :KHQ QHZ GDWD LV FROOHFWHG� D
NH\ TXHVWLRQ WR DVN LV KRZ LW GLmHUV IURP H[LVWLQJ GDWD
H�J�� KRZ GR VDOHV LQ ���� GLmHU IURP VDOHV LQ ���� " :H
SURYLGH D PHFKDQLVP WR KLJKOLJKW WKH NH\ GLmHUHQFHV
EHWZHHQ GDWD VHWV WKDW VKDUH WKH VDPH PHWD GDWD�

7KH DLP RI WKLV SDSHU LV WR GHnQH D SUREOHP RI LQ�
WHUHVW DQG WR SURYLGH D IUDPHZRUN IRU LWV VROXWLRQ� 7KH
FRQWULEXWLRQV RI WKLV SDSHU DUH �
�� GHnQH GLm DV D GDWD PLQLQJ SULPLWLYH
�� VKRZ KRZ GLm XQLnHV WKH WUHDWPHQW RI H[LVWLQJ GDWD
PLQLQJ WHFKQLTHV
�� VKRZ KRZ D NQRZOHGJH EDVH FDQ EH FRQVWUXFWHG WR
HQFRGH WKH XVHU
V EHOLHIV DQG IRFXV VXEVHTXHQW UHSRUWV
RQ QHZ nQGLQJV
�� SURYLGH H[SHULPHQWDO YDOLGDWLRQ RI WKH XVHIXOQHVV RI
GLm�

%DFNJURXQG

7KH SXUSRVH RI GLm LV�

�� WR GHWHFW EHKDYLRXU WKDW GHYLDWHV IURP WKH QRUP�
ZKHUH WKH QRUP FDQ EH GHnQHG LQ WHUPV RI D VHW RI
H[DPSOHV RU D VHW RI UXOHV�

�� ZKHQ SUHVHQWHG ZLWK WZR GDWD VHWV WKDW KDYH EHHQ
PHDVXUHG RQ WKH VDPH VHW RI DWWULEXWHV� WR UDQN WKH
DWWULEXWH FRPELQDWLRQV LQ WKHLU DELOLW\ WR KLJKOLJKW
WKH GLmHUHQFHV EHWZHHQ WKH GDWD VHWV�

:H GHnQH GLm LQ WHUPV RI p DQG q� ZKLFK DUH VLPLODU
WR WKH ?FRQnGHQFH� DQG ?VXSSRUW� SDUDPHWHUV XVHG WR
GHnQH DVVRFLDWLRQ UXOHV �$,6���� 7KH p SDUDPHWHU PHD�
VXUHV WKH H[WHQW RI WKH GLmHUHQFH DQG WKH q SDUDPHWHU
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PHDVXUHV WKH IUHTXHQF\ RI RFFXUUHQFH RI WKLV GLmHUHQFH�

)RU VLPSOLFLW\ DQG XQLIRUPLW\ RI QRWDWLRQ� ZH VKDOO
XVH SUREDELOLW\ GHQVLW\ IXQFWLRQV �SGI� IRU SUREOHP GHI�
LQLWLRQV� ,Q SUDFWLFH� ZH DQWLFLSDWH WKDW SGIV ZLOO KDYH
WR EH DSSUR[LPDWHG E\ FRXQWLQJ WKH IUHTXHQF\ RI RF�
FXUUHQFH RI WKH HYHQW ZKRVH SUREDELOLW\ LV EHLQJ HVWL�
PDWHG �DV LV GRQH LQ DVVRFLDWLRQ UXOHV �$,6���� RU GHQ�
VLW\ HVWLPDWLRQ WHFKQLTXHV �6LO���� *LYHQ Q YDULDEOHV
;�� � � � ;Q� ZH DVVXPH WKDW WKH MRLQW SGI DQG DOO UHOH�
YDQW PDUJLQ]DOLDWLRQV WKHUHRI FDQ EH HVWLPDWHG IURP WKH
GDWD L�H�� 3 �;L�� 3 �;L� ;M�� � � � 3 �;�� � � � ;Q�� 7R WKH
H[WHQW WKDW GDWD LQVXpFLHQF\ RU FRPSXWDWLRQDO FRQVLG�
HUDWLRQV PDNH FDOFXODWLRQV RI WKHVH SGIV LQIHDVLEOH� WKH
DOJRULWKPV SURFHHG DV IDU DV WLPH DQG GDWD SHUPLW� 7KH
SGI RI D FRQWLQXRXV YDULDEOH LV VDPSOHG nQHO\ VR DV WR
XQLI\ LWV WUHDWPHQW ZLWK WKH GLVFUHWH FDVH�

6LQFH WKH HQWLUH SXUSRVH RI GLm LV WR ORRN IRU WKLQJV
WKDW DUH GLmHUHQW LQ D SUREDELOLVWLF VHQVH� ZH QHHG WR
GHnQH ZKDW ZH PHDQ E\ GLVVLPLODU� 7ZR DOWHUQDWLYH
GHnQLWLRQV RI WKH GLmHUHQFH EHWZHHQ DQG LQHTXDOLW\ RI
SUREDELOLWLHV� S�� S�� DUH SURYLGHG LQ 'HnQLWLRQV ���� ����

'HnQLWLRQ ��� /HW '�S�� S��  MS� b S�M� S� � p S� LI
'�S�� S�� ! p� HOVH� S�  p S��

'HnQLWLRQ ��� /HW '�S�� S��  PD[� S�
S�
� S�
S�
�� S� � p

S� LI '�S�� S�� ! p� HOVH� S�  p S��

7KH GLVWDQFH EHWZHHQ WZR SGIV S DQG T WKDW VKDUH WKH
VDPH UDQJH FDQ EH PHDVXUHG XVLQJ D YDULHW\ RI PHWULFV

VXFK DV WKH .XOEDFN�/HLEOHU GLVWDQFH
3

[ S�[� ORJ
S�[�
T�[�

�

WKH /�� QRUP  
3

[ MS�[�b T�[�M� HWF� /HW ' EH VXFK D
PHWULF� 'HnQLWLRQ ��� GHnQHV LQHTXDOLW\ RI SGIV�

'HnQLWLRQ ��� S�[�� p T�[� LI '�S�[�NT�[�� ! p

'LVFUHWH YDULDEOHV

:H VKDOO XVH WKH VLPSOH FDVH RI XQRUGHUHG� GLVFUHWH YDUL�
DEOHV WR OD\ WKH JURXQGZRUN IRU WKH GHnQLWLRQ RI GLm�
)RU EUHYLW\� ZH VKDOO XVH WKH OHDVW QXPEHU RI YDULDEOHV
WR GHnQH WKH SUREOHP VWDWHPHQW ZLWK WKH LPSOLFLW XQ�
GHUVWDQGLQJ WKDW SUREOHPV GHnQHG LQ WHUPV RI 3 �;�
FDQ HDVLO\ EH H[WHQGHG WR WKRVH LQYROYLQJ 3 �;�< � DQG
VR RQ�

'LmHUHQFH EHWZHHQ GDWD VHWV *LYHQ D VHW RI UHSUH�
VHQWDWLYH LQVWDQFHV� ZH RIWHQ ZLVK WR GHWHUPLQH KRZ DQG
ZKHUH D QHZ VHW RI LQVWDQFHV GLmHUV IURP LW� /HW ; EH DQ
DWWULEXWH LQ WKH GDWD VHW� ZKLFK ZH PRGHO DV D UDQGRP
YDULDEOH� /HW S�;� DQG T�;� EH WKH HVWLPDWHG SGI RI ;
RQ WKH WZR GLmHUHQW GDWD VHWV� 7KH GLm RSHUDWRU UHWXUQV
DOO YDOXHV [� RI ; ZKHUH S�;  [�� � p T�;  [�� DQG
PD[�S�;  [��� T�;  [��� ! q�

3UREOHP 'HnQLWLRQ ��� *LYHQ WZR MRLQW SGIV� S DQG
T� RI Q YDULDEOHV ;�� � � � ;Q� DQG DOO SHUWLQHQW PDUJLQDO�
L]DWLRQV WKHUHRI� nQG DOO N�WXSOHV RI WKH IRUP x;  

>;L�  [�

L�
� � � � � ;LN  [�

LN
@ VXFK WKDW S� x;� � p T� x;�

DQG PD[�S� x;�� T� x;� ! q�

'LmHUHQFH DV D FRUUHODWLRQ LQGLFDWRU 7KH SRVVL�
EOH H[LVWHQFH RI D FRUUHODWLRQ FDQ EH IRXQG E\ DQ DO�
WHUQDWLYH IRUPXODWLRQ RI WKH GLm RSHUDWRU� 7KHUH DUH
VHYHUDO OHYHOV DW ZKLFK WKLV FDQ EH GHWHUPLQHG� $W WKH
KLJKHVW OHYHO� ZH FDQ XVH WKH FRUUHODWLRQ RU WKH PXWXDO
LQIRUPDWLRQ EHWZHHQ ; DQG < � 6LQFH WKHVH DUH JURVV
PHWULFV ZKLFK PLJKW FRQFHDO VXEWOH YDULDWLRQV� ZH QHHG
WR H[DPLQH WKHP DW nQHU OHYHOV� :H GR WKLV E\ XVLQJ
WKH IDFW WKDW WZR UDQGRP YDULDEOHV ; DQG < DUH LQGH�
SHQGHQW LI 3 >;M< @  3 >; @ DQG KHQFH ORRNLQJ IRU FDVHV
ZKHUH WKLV HTXDOLW\ LV YLRODWHG LQ D VXEVWDQWLDO PDQQHU�

3UREOHP 'HnQLWLRQ ��� *LYHQ S�;� DQG S�; M< ��
nQG DOO SDLUV RI YDOXHV RI ; DQG < � �[� \�� ZKHUH
S>;  [@� p S>;  [M<  \@ DQG S>;  [@ ! q�

$Q DOWHUQDWLYH PHFKDQLVP WR IRFXV RQ FDXVDOLW\ LV
DV IROORZV� :LWKLQ D SDUWLFXODU DWWULEXWH� < � ZH DUH
LQWHUHVWHG LQ OHDUQLQJ DERXW SDLUV RI YDOXHV� \�� \� ZKLFK
GLmHU JUHDWO\ LQ WKHLU LQoXHQFH RQ D UHODWHG DWWULEXWH ;�
5XQQLQJ WKLV RQ WKH DGXOW GDWD VHW �00��� SURYLGHV
UXOHV RI WKH IRUP S�  3 >! ��. M3UHVFKRRO@ � p 3 >!
��.M'RFWRUDWH@  S�

� 6LQFH VXFK D UXOH PLJKW ZHOO EH
FRQVLGHUHG REYLRXV� ZKDW ZRXOG EH PRUH LQWHUHVWLQJ LV
WR DVN WKH V\VWHP WR LQIRUP XV ZKHQ WKLV LV QRW WKH FDVH�
DV LV GRQH LQ 6HFWLRQ �

3UREOHP 'HnQLWLRQ ��� *LYHQ S�;� DQG S�; M< ��
nQG DOO WULSOHV �[L� \M � \N�� ZKHUH S>;  [LM<  \M @ � p

S>;  [LM<  \N@ DQG PD[�S>;  [LM<  \M @� S>;  
[LM<  \N@� ! q�

1RLVH UHGXFWLRQ� 'DWD PLQLQJ LV SODJXHG ZLWK WKH
FUHDWLRQ RI WRR PDQ\� RIWHQ LUUHOHYDQW� UHGXQGDQW RU RE�
YLRXV� UXOHV �%087���� $JJORPHUDWLRQ RI YDOXHV �ZLWK
XVHU FRQWUROOHG GULOO GRZQ� LV RQH PHFKDQLVP WR UHGXFH
WKH QXPEHU RI UXOHV� 7KLV FDQ EH GRQH PDQXDOO\ E\
WKH FUHDWLRQ RI GHULYHG DWWULEXWHV H�J�� WKH JURXSLQJ
RI PDQXIDFWXUHUV VXFK DV I&RPSDT� 'HOO� 1(&� � � �J
LQWR D VLQJOH YDOXH� 7LHU �� ,W FDQ DOVR EH GRQH DXWR�
PDWLFDOO\ E\ nQGLQJ PD[LPDO VHWV I\MJ DQG I\NJ IRU
ZKLFK 3 >;  [LM< � I\MJ@ � 3 >;  [LM< � I\NJ@�
UDWKHU WKDQ UHSRUWLQJ DOO MI\MJM d MI\NJM UXOHV RI WKH
IRUP 3 >;  [LM<  \M @� 3 >;  [LM<  \N@�

.QRZOHGJH %DVH FRQVWUXFWLRQ

$ NQRZOHGJH EDVH �NE� LV QHHGHG WR FDSWXUH ZKDW WKH
XVHU LV LQWHUHVWHG LQ� ZKDW WKH XVHU LV QRW LQWHUHVWHG
LQ� ZKDW WKH XVHU NQRZV� ZKDW WKH XVHU EHOLHYHV WR EH
WUXH� :KLOH LW PD\ EH DUJXHG WKDW WKH FRQVWUXFWLRQ RI D
NE LV WHGLRXV� ZH EHOLHYH WKDW LW LV QRW RQHURXV EHFDXVH
�L� LW FDQ EH FRQVWUXFWHG LQFUHPHQWDOO\ �LL� LW LV GRPDLQ

�,Q WKLV FDVH� S�  �� S�  ����� '�S�� S��  ���� E\
'HnQLWLRQ ���� '�S�� S��  � E\ 'HnQLWLRQ ���



VSHFLnF DQG UHDO XVHUV WHQG QRW WR oLW IURP GRPDLQ WR
GRPDLQ �LLL� LW LV SRVVLEOH WR FRQVWUXFW VKRUW�KDQG QR�
WDWLRQV ZKLFK FDQ VSHFLI\ LQWHUHVW�GLVLQWHUHVW�EHOLHIV LQ
D ODUJH QXPEHU RI HYHQWV LQ D FRQFLVH PDQQHU� :KLOH
GLmHUHQW HQWULHV LQ WKH NE WDNH RQ GLmHUHQW IRUPV GH�
SHQGLQJ RQ WKHLU VWUXFWXUH� DW D KLJK OHYHO� DQ HQWU\ LQ
WKH NE LV D EHOLHI VSHFLnHG LQ WHUPV RI DQ HYHQW DQG D
UDQJH RI DFFHSWDEOH SUREDELOLWLHV IRU WKDW HYHQW� (TXLY�
DOHQWO\� VLQFH QRW DOO YDOLG VWDWLVWLFDO SKHQRPHQD DUH RI
LQWHUHVW� WKH NQRZOHGJH EDVH DOVR FRQVLVWV RI SKHQRPHQD
WKDW DUH QRW RI LQWHUHVW� (YHQWV FDQ EH GHQRWHG H[SOLF�
LWO\ RU LPSOLFLWO\� 7KH IROORZLQJ UHSUHVHQW ZD\V LQ ZKLFK
WKH NE FDQ EH SRSXODWHG�

�� ([SOLFLW HYHQWV� 7KHVH DUH W\SLFDOO\ WKH RXWFRPH RI
SUHYLRXV GDWD PLQLQJ VHVVLRQV� (YHU\ RXWSXW RI GLm LV
D SRWHQWLDO FDQGLGDWH IRU LQFOXVLRQ LQ WKH NE� 7R XVH
RXU PDUNHWLQJ H[DPSOH� DQ HQWU\ RI WKH IRUP �>0DQX�
IDFWXUHU 7LHU �M&RXQWU\  86@� ���� ���� ZRXOG DOHUW
WKH XVHU LI WKH PDUNHW VKDUH RI 7LHU � PDQXIDFWXUHUV
LQ WKH 86 IHOO EHORZ ���  ���b ���� 0RUH FRPSOH[
HYHQWV FDQ EH VSHFLnHG YLVXDOO\ H�J�� )LJXUH �� ZKHUH
WKH FRPSOHPHQW RI WKH UHJLRQ ZLWK WKH WKLFN ERUGHU
UHSUHVHQWV XQOLNHO\ PSJ� GLVSODFHPHQW FRPELQDWLRQV�

$OWHUQDWLYHO\� NE HQWULHV FRXOG EH SUHFRQFHLYHG QR�
WLRQV RI WKH IRUP �FRUUHODWLRQ�;�< �� �� p� LQGLFDWLQJ
RXU EHOLHI WKDW ; DQG < DUH LQGHSHQGHQW� $V DQ H[�
DPSOH� ZH ZHUH VXUSULVHG WR nQG D FRUUHODWLRQ� DOEHLW
VPDOO� EHWZHHQ F\OLQGHUV DQG PRGHO�\HDU LQ WKH DXWR
GDWD VHW �00���� $ SORW RI WKH MRLQW GHQVLW\ �)LJ�
XUH � OHG XV WR WKH H[SODQDWLRQ� WKH RLO FULVLV RI WKH
HDUO\ VHYHQWLHV HQFRXUDJHG D JUDGXDO WUHQG WRZDUGV
KLJK PLOHDJH FDUV�

�� ,PSOLFLW HYHQWV� 7KHVH HQFRPSDVV DVVRFLDWLRQ UXOHV
�$,6���� LPSOLFDWLRQ UXOHV �%087���� QHJDWLYH DV�
VRFLDWLRQV DQG H[FHSWLRQ UXOHV �6X]��� �6HFWLRQ ��

�� 'RQ
W FDUH HQWULHV� 7KHVH UHSUHVHQW D VHW RI HYHQWV
WKDW WKH XVHU LV XQLQWHUHVWHG LQ� $V DQ LPSOHPHQ�
WDWLRQ FRQYHQLHQFH� WKHVH FDQ EH VSHFLnHG DW YDULRXV
OHYHOV RI GHWDLO� 6RPH RI WKH VKRUW�KDQG QRWDWLRQV ZH
SURSRVH DUH�

�D� �;�< �� DOO HYHQWV RI WKH IRUP >;  [L� <  \L@

�E� �; M< �� UHSUHVHQWV DOO HYHQWV RI WKH IRUP >;  
[LM<  \L@

�F� �;� eM<� e�� UHSUHVHQWV DOO HYHQWV RI WKH IRUP ;  
[L� � � � M<  \L� � � �@

�G� �FRUUHODWLRQ� ;�< �� UHSUHVHQWV DOO SDLU�ZLVH FRUUH�
ODWLRQV

�� 5HSUHVHQWDWLYH LQVWDQFHV DQG D WULJJHU p� )RU WKH HQ�
WLUH VHW RI GLm RSHUDWLRQV H�J�� �L� '�S�;�NT�;��� �LL�
>;  [� <  \� � � �@� �LLL� ;  [M<  \@� WKH UHSUHVHQ�
WDWLYH VHW LV RQH ZD\ RI VSHFLI\LQJ WKH DVVRFLDWHG SURE�
DELOLWLHV IRU D ODUJH QXPEHU RI HYHQWV� *LYHQ D QHZ
GDWD VHW� DOO VLJQLnFDQW �PHDVXUHG E\ q� HYHQWV WKDW
GLmHU �PHDVXUHG E\ p� IURP WKH FRUUHVSRQGLQJ HYHQWV
FDOFXODWHG RQ WKH UHSUHVHQWDWLYH VHW DUH oDJJHG�

)LJXUH �� 3ORW RI PSJ DQG PRGHO�\HDU LQ DXWR GDWD VHW

'Lm DQG DVVRFLDWLRQ UXOHV

,Q WKLV VHFWLRQ� ZH VKRZ KRZ DVVRFLDWLRQ UXOHV �$,6���
DQG LPSOLFDWLRQ UXOHV �%087��� FDQ EH WKH FDVW LQ WKH
GLm IUDPHZRUN DV VKRUW�KDQG LQVWDQWLDWLRQV RI WKH NE
ZLWK LPSOLFLW UXOHV�

/HW WKHUH EH 1 LWHPV ;�� � � � ;Q ZKLFK FDQ EH WUHDWHG
DV UDQGRP YDULDEOHV ZLWK RXWFRPHV I<�1J GHSHQGLQJ
RQ ZKHWKHU RU QRW WKH\ RFFXU LQ D WUDQVDFWLRQ� $
WUDQVDFWLRQ LV D UDQGRP YDULDEOH ZLWK �Q RXWFRPHV LQ
; � I;�  <�;�  1J d � � � I;Q  <�;Q  1J�
7KH DVVRFLDWLRQ UXOHV SUREOHP LV W\SLFDOO\ VWDWHG DV
ZDQWLQJ WR nQG DOO UXOHV RI WKH IRUP 3 >;�M;�@ !
FRQnGHQFH A 3 >;�@ ! VXSSRUW � 7KLV LV HTXLYDOHQW WR
SRSXODWLQJ WKH NE ZLWK WKH LPSOLFLW EHOLHIV WKDW FRP�
SULVH WKH �HYHQW� SUREDELOLW\� WULJJHU� WULSOH RI WKH IRUP
>;���  <� � � �;��Q�  < M;���  <� � � �;��Q�  < @� ��
FRQnGHQFH DQG [ � p \ LV GHnQHG DV LQ 'HnQLWLRQ ����
7KH XVHU LV QRWLnHG RI HYHQWV ZKRVH HVWLPDWHG SURED�
ELOLW\ LV GLmHUHQW IURP � E\ PRUH WKDQ FRQnGHQFH� 7KH
UROH RI VXSSRUW LV WR HQVXUH UREXVW SUREDELOLW\ HVWLPD�
WLRQ�

&DVWLQJ WKH QRWLRQ RI LQWHUHVW GHnQHG LQ �%087���
LQ WKH GLm IUDPHZRUN DVVXPHV DQ LPSOLFLW NQRZOHGJH
EDVH FRQWDLQLQJ HYHQWV RI WKH IRUP >;L� � ;L� � � �;LQ�

@
ZLWK DQ DVVRFLDWHG SUREDELOLW\ RI
3 >;L� @ d 3 >;L� @ � � � 3 >;LQ�

@� 7KLV H[SUHVVHV RXU EHOLHI
WKDW ZH DVVXPH WKH HYHQWV ;LM  < WR EH LQGHSHQGHQW
DQG ZLVK WR EH QRWLnHG LI WKH FRQWUDU\ LV GLVFRYHUHG�

6LPLODUO\� WKHLU QRWLRQ RI ?FRQYLFWLRQ� DVVXPHV DQ LP�
SOLFLW NQRZOHGJH EDVH RI WKH IRUP >;���  <� � � �;��Q�  
< M;���  <� � � �;��Q�  < @ DQG DQ DVVRFLDWHG SUREDELO�
LW\ RI 3 >;���  < @ � � � 3 >;��Q�  < @� ,Q RWKHU ZRUGV�
WKH RFFXUUHQFH RI >;���  <� � � �;��Q�  < @ VLJQLnFDQWO\
DOWHUV WKH SUREDELOLW\ RI WKH HYHQW >;���  <� � � �;��Q�  
< @�

7R XVH DQ H[DPSOH IURP �%087���� WKH\ nQG WKDW
WKH FRQYLFWLRQ RI 9LHWQDP YHWHUDQ � PRUH WKDQ nYH
\HDUV ROG LV �� ,Q RXU IUDPHZRUN� XVLQJ 'HnQLWLRQ ����
'�3 > 9LHWQDP YHW M OHVV WKDQ nYH \HDUV ROG@� 3 > 9LHWQDP
YHW@�  ��



&RQWLQXRXV YDULDEOHV

7KH WUHDWPHQW RI FRQWLQXRXV YDULDEOHV GLmHUV IURP GLV�
FUHWH YDULDEOHV �6HFWLRQ � LQ WKDW WKH LQnQLWH � YDOXHV
WKDW WKH YDULDEOH FDQ WDNH RQ DQG WKH RUGHULQJ DPRQJ
WKHP ERWK UHTXLUHV DQG HQFRXUDJHV XV WR JURXS YDOXHV
LQ RUGHU WR nQG UHJLRQV WKDW VDWLVI\ WKH q UHTXLUHPHQW�
&RQVLGHU D VLQJOH DWWULEXWH ; IRU ZKLFK SGIV S DQG T
KDYH EHHQ HVWLPDWHG IURP WZR GDWD VHWV� 7KH GLm RSHU�
DWRU UHWXUQV DOO UDQJHV >[M � [N@ RI ; ZKHUH �L� M � L �
NS�[L�� p T�[L� DQG PD[�

3L N

L M S�[L��
3L N

L M T�[L�� ! q�
,Q RUGHU WR UHGXFH WKH QXPEHU RI VXFK UDQJHV IRXQG�
ZH UHTXLUH WKH UDQJHV WR EH PD[LPDOO\ GLmHUHQW �'Hn�
QLWLRQ �����

'HnQLWLRQ ��� /HW ; EH D FRQWLQXRXV�YDOXHG UDQGRP
YDULDEOH DQG S�;� EH DQ HVWLPDWH RI WKH SGI RI ;� HYDO�
XDWHG DW Q ORFDWLRQV� I[�� [�� � � � [Q;J ZKHUH [L � [L���
$ UHJLRQ� >[L� [M @� LV VDLG WR EH PD[LPDOO\ GLmHUHQW LI
�L� M � L � N S�[L� � p T�[L� DQG S�[Mb��  p T�[Mb��
DQG S�[N���  p T�[N����

)LJXUH �� 7KUHVKROGHG SGI RI PSJ DQG GLVSODFHPHQW LQ
DXWR GDWD VHW

0XOWL�GLPHQVLRQDO DQDO\VLV LV PRWLYDWHG E\ WKH IDFW
WKDW SDWWHUQV WKDW GR QRW H[LVW LQ IHZHU GLPHQVLRQV DUH
WKURZQ LQWR VKDUS UHOLHI LQ KLJKHU GLPHQVLRQV� +RZ�
HYHU� LW LV FRPSOLFDWHG E\ WKH LQDELOLW\ WR LPSRVH D
OLQHDU RUGHULQJ RQ WKH HYHQW VSDFH DQG KHQFH D VLP�
SOH HTXLYDOHQW RI 'HnQLWLRQ ���� ,Q WKLV FDVH� GHnQLWLRQ
RI PD[LPDO VXEVHWV RI HYHQWV FDQ EH GRQH E\ XVHU LQWHU�
YHQWLRQ �VXSSRUWHG ZLWK DSSURSULDWH YLVXDOL]DWLRQV� RU
OLNHOLKRRG�EDVHG GHnQLWLRQV DV LQ )LJXUH �� 7KH nJXUH
VKRZV WKH VPDOOHVW UHJLRQ WKDW HQFRPSDVVHV VRPH VSHFL�
nHG IUDFWLRQ RI WKH LQVWDQFHV� ��� LQ WKLV FDVH� 9LVXDOO\
GHnQLQJ VXFK D UHJLRQ HQDEOHV
�� FUHDWLRQ RI D SUREDELOLVWLF TXHU\� 'DWDEDVHV QHHG WR
EH DEOH WR VXSSRUW VXFK ?UHJLRQV RI LQWHUHVW� TXHULHV HI�
nFLHQWO\�

�5HFDOO WKDW WR HQDEOH QXPHULFDO LQWHJUDWLRQ� ; KDV EHHQ
nQHO\ GLVFUHWL]HG LQWR Q; YDOXHV IRU VRPH ODUJH Q; �

�� SUREDELOLVWLF LQWHJULW\ FRQVWUDLQWV� 'DWDEDVHV QHHG WR
H[WHQG WKHLU QRWLRQ RI LQWHJULW\ FRQVWUDLQWV WR EH DEOH
WR LGHQWLI\ QRW MXVW WKDW ZKLFK LV LPSRVVLEOH �H�J�� DJH
� � � EXW ZKDW LV LPSUREDEOH� )RU H[DPSOH� WKH SODFH�
PHQW RI WKH FRPSOHPHQW RI WKH ��� UHJLRQ RI )LJXUH �
LQ WKH NQRZOHGJH EDVH DOORZV WKH LGHQWLnFDWLRQ RI WKH
XQH[SHFWHG� ,Q WKLV FDVH� DQ 2OGVPRELOH &XWODVV ZLWK D
��� FX� LQ� HQJLQH DQG D PLOHDJH RI �� VWDQGV RXW DV D
GLHVHO FDU� 1RWH WKDW WKHUH LV QR VLQJOH DWWULEXWH YDOXH
LQ ZKLFK WKLV GLHVHO FDU VWDQGV RXW IURP WKH UHVW�

,PSOHPHQWDWLRQ 'HWDLO� &RPSXWDWLRQDO FRQYH�
QLHQFHV DUH SRVVLEOH� E\ UHVWULFWLQJ WKH DSSOLFDWLRQ RI GLm
WR WKH SDUHPHWHUV� ZKHQ FRQWLQXRXV UDQGRP YDULDEOHV
DUH PRGHOOHG XVLQJ SDUDPHWULF IRUPV H�J�� *DXVVLDQV�

'LmHUHQFH EHWZHHQ FOXVWHUV

&OXVWHULQJ DOJRULWKPV �&6��� FDQ EHQHnW IURP WKH DS�
SOLFDWLRQ RI GLm LQ WKH IROORZLQJ ZD\V�

�� GHWHUPLQH ZKHWKHU WKH FOXVWHU WKDW EHVW GHVFULEHV D
QHZ GDWD VHW LV VXEVWDQWLDOO\ GLmHUHQW IURP WKDW IRU
DQ ROG GDWD VHW�

�� FOXVWHULQJ LV D FRPSXWDWLRQDOO\ LQWHQVLYH VHDUFK SUR�
FHVV� RIWHQ LPSOHPHQWHG DV VHYHUDO VHTXHQWLDO VHDUFKHV
ZLWK GLmHUHQW LQLWLDO FRQGLWLRQV� +HQFH� LW LV
DPHQDEOH WR DQ LQFUHPHQWDO�DQ\WLPH �6:��E� DS�
SURDFK� ZKHUH WKH UHVXOWV RI RQH VHDUFK DUH SUHVHQWHG
ZKLOH RWKHU VHDUFKHV DUH RXWVWDQGLQJ� 'Lm LV XVHG WR
DOHUW WKH XVHU WR WKH GLVFRYHU\ RI D VLJQLnFDQWO\ EHW�
WHU�GLmHUHQW FOXVWHU�

7KH GLmHUHQFH EHWZHHQ FOXVWHUV LV PHDVXUHG� DW YDUL�
RXV OHYHOV� LQ WKH IROORZLQJ ZD\V

�� /HW S��-� EH WKH SGI UHSUHVHQWLQJ RXU EHOLHI WKDW GDWD
VHW � LV EHVW GHVFULEHG E\ -  M FODVVHV� '�S�NS��
PHDVXUHV ZKHWKHU GDWD VHWV � DQG � DUH EHVW GHVFULEHG
E\ WKH VDPH QXPEHU RI FODVVHV�

�� /HW /�  
3

L ,

L �
ORJ�3 >;LM&�@� EH WKH ORJ�OLNHOLKRRG RI

D VHW RI , LQVWDQFHV I;LJ� JLYHQ D FOXVWHU &�� &OXVWHUV
&� DQG &� GLmHU LQ WKHLU DELOLW\ WR GHVFULEH WKH GDWD
LI /� � p /��

�� /HW x; EH D SRLQW LQ WKH .�GLPHQVLRQDO VSDFH EH�
LQJ FOXVWHUHG� 'HnQH S�� x;� M� DV WKH SUREDELOLW\ WKDW
x; LV DVVLJQHG WR FODVV M LQ FOXVWHU &�� 7ZR FOXV�
WHUV� &� DQG &�� DUH FRQVLGHUHG GLmHUHQW �&� � p &��
LI '�S�NS�� ! p� +RZHYHU� D FRPSOLFDWLRQ WKDW
ZH KDYH JORVVHG RYHU LV WKDW FODVV M� RI FOXVWHU �
PD\ DFWXDOO\ EH PRVW OLNH FODVV M� RI FOXVWHU �� /HW
{ � I�� � � � -J � I�� � � � -J EH D SHUPXWDWLRQ� /HW
S{
�
� x;  M�  S�� x;  {�M��� 7DNLQJ FODVV QXPEHU

SHUPXWDWLRQV LQWR DFFRXQW� &�  p &� LI WKHUH H[LVWV
VRPH SHUPXWDWLRQ { VXFK WKDW '�S�NS{� � � p� )URP D
SUDFWLFDO VWDQGSRLQW� LW LV RIWHQ HDVLHU WR PHDVXUH WKH
GLmHUHQFHV LQ WKH SDUDPHWHUV RI WKH IXQFWLRQDO IRUPV
UDWKHU WKDQ SGIV�



5DQNLQJ 'LmHUHQFHV

:KHQ DSSOLHG WR WZR GDWD VHWV WKDW VKDUH WKH VDPH
PHWD GDWD� ?GLm� UHWXUQV D KLJK�OHYHO GHVFULSWLRQ RI KRZ
DQG ZKHUH WKH GDWD VHWV GLmHU� :H GR WKLV E\ UDQN�
LQJ FRPELQDWLRQV RI DWWULEXWHV LQ WHUPV RI WKH GLVWDQFH
EHWZHHQ WKH SGIV HVWLPDWHG IRU WKRVH DWWULEXWHV IURP
WKH WZR GLmHUHQW GDWD VHWV� 7KH SUREOHP FDQ EH VWDWHG
DV� JLYHQ SGIV S�;L� DQG T�;L� IRU Q YDULDEOHV ;L� nQG
WKH N ODUJHVW GLmHUHQFHV '�S�;L�NT�;L�� DQG WKH FRU�
UHVSRQGLQJ DWWULEXWHV� 6LPLODUO\ IRU MRLQW SGIV RI � RU
PRUH YDULDEOHV� &RPSDULQJ 0DOHV YHUVXV )HPDOHV LQ
WKH DGXOW GDWD VHW �00��� VKRZHG WKDW WKH SDLU�ZLVH
DWWULEXWH FRPELQDWLRQ LQ ZKLFK WKH GDWD VHWV GLmHUHG
WKH PRVW ZDV RFFXSWDWLRQ DQG PDULWDO�VWDWXV� 'ULOOLQJ
GRZQ LQWR WKLV SDLU �)LJXUH �� VKRZV D ODUJH IUDFWLRQ RI
IHPDOH XQPDUULHG FOHULFDO ZRUNHUV DQG D ODUJH IUDFWLRQ
RI PDOH PDUULHG FUDIWVPHQ� 9DULRXV PHWULFV FRXOG EH
SURSRVHG WR PHDVXUH WKH GLmHUHQFHV EHWZHHQ WKH SGIV�
2XU H[SHULPHQWV ZLWK WKH ./�'LVWDQFH DQG /�� QRUP
�GHWDLOV RPLWWHG� LQGLFDWH WKDW WKH UDQNLQJ LV QRW YHU\
VHQVLWLYH WR WKH FKRLFH RI PHWULF

)LJXUH �� 9LVXDO 'LmHUHQFH EHWZHHQ 0DOHV�WRS� DQG )H�
PDOHV �ERWWRP� DGXOW GDWD VHW

&RQFOXVLRQ DQG )XWXUH :RUN

:H KDYH SURSRVHG GLm DV D IXQGDPHQWDO GDWD PLQLQJ
SULPLWLYH WKDW FDSWXUHV WKH XVHU
V EHOLHIV LQ WHUPV RI
HYHQWV� DVVRFLDWHG SUREDELOLWLHV DQG WULJJHUV� 7KHVH DUH
GHnQHG E\ D VHW RI UHSUHVHQWDWLYH LQVWDQFHV DQG�RU LP�
SOLFLWO\ RU H[SOLFLWO\ XVHU�VSHFLnHG UXOHV� :H KDYH VKRZQ

KRZ LW FDQ EH GHSOR\HG LQ D YDULHW\ RI VHWWLQJV� LQFOXG�
LQJ VSHFLnFDWLRQ RI SUREDELOLVWLF LQWHJULW\ FRQVWUDLQWV
RQ FRQWLQXRXV DQG GLVFUHWH DWWULEXWHV� DVVRFLDWLRQ UXOHV
DQG FOXVWHULQJ� :H KDYH VKRZQ KRZ RQH FDQ YLVXDOO\
FRPSDUH WZR GDWD VHWV WR nQG KRZ WKH\ PRVW GLmHU�
DV VSHFLnHG E\ D FRPELQDWLRQ RI DWWULEXWHV DORQJ ZKLFK
WKH PD[LPXP GLmHUHQFH LV REVHUYHG� 'Lm UHSUHVHQWV
RXU EHOLHI WKDW WKH NQRZOHGJH GLVFRYHU\ SURFHVV FDQ EH�
DQG RXJKW WR EH� LQWHJUDWHG WLJKWO\ ZLWK WKH NQRZOHGJH
PDLQWHQDQFH DQG UHSUHVHQWDWLRQ SURFHVV� 7KH GHVLJQ
RI EHQFKPDUNV DQG DOJRULWKPV VKRXOG UHoHFW WKH UHDO�
LW\ WKDW WKH .'' SURFHVV� OLNH GDWD DFTXLVLWLRQ� LV DQ
RQJRLQJ� QRW D RQH�WLPH RSHUDWLRQ�

'Lm WKURZV RSHQ D ZLGH YDULHW\ RI LVVXHV WKDW QHHG WR
EH DGGUHVVHG IRU LWV HpFLHQW LPSOHPHQWDWLRQ� :H KDYH
LGHQWLnHG WZR NH\ ZD\V LQ ZKLFK WKH GDWDEDVH QHHGV WR
VXSSRUW GDWD PLQLQJ� 2QH LV WKH VSHFLnFDWLRQ RI SURE�
DELOLVWLF LQWHJULW\ FRQVWUDLQWV� 7KH RWKHU LV TXHU\ E\ LQ�
WHUHVW �H�J�� LGHQWLI\LQJ RXWOLHUV YLD FRQnGHQFH WKUHVK�
ROGV DV LQ )LJXUH ���

5HIHUHQFHV
5� $JUDZDO� 7� ,PLOHQVNL� DQG $� 6ZDPL� 0LQLQJ DVVR�
FLDWLRQ UXOHV EHWZHHQ VHWV RI LWHPV LQ ODUJH GDWDEDVHV�
,Q 3URF� $&0 6,*02' ,QWO� &RQI� RQ 0DQDJHPHQW
RI 'DWD� SS� ���^���� �����

6� %ULQ� 5� 0RWZDQL� -� 8OOPDQ� DQG 6� 7VXU� '\�
QDPLF LWHPVHW FRXQWLQJ DQG LPSOLFDWLRQ UXOHV IRU PDU�
NHW GDWD� ,Q 3URF� $&0 6,*02' ,QWO� &RQI� RQ 0DQ�
DJHPHQW RI 'DWD� SS� ���^���� �����

3HWHU &KHHVHPDQ DQG -RKQ :� 6WXW]� %D\HVLDQ
FODVVLnFDWLRQ �$XWRFODVV�� 7KHRU\ DQG UHVXOWV� ,Q
8� 0� )D\\DG HW DO� HG�� $GYDQFHV LQ .QRZOHGJH 'LV�
FRYHU\ DQG 'DWD 0LQLQJ� $$$, 3UHVV� �����

8� )D\\DG� *� 3LDWHVN\�6KDSLUR� DQG 3� 6P\WK� 7KH
.'' SURFHVV IRU H[WUDFWLQJ XVHIXO NQRZOHGJH IURP YRO�
XPHV RI GDWD� &$&0� ���������^��� �����

0� .DPEHU� -� +DQ� DQG -� &KLDQJ� 0HWDUXOH�
JXLGHG PLQLQJ RI PXOWL�GLPHQVLRQDO DVVRFLDWLRQ UXOH�
VXVLQJ GDWD FXEHV� ,Q �UG &RQI� .QRZOHGJH 'LVFRYHU\
DQG 'DWD 0LQLQJ� SS� ���^���� �����

0� .OHPHWWLQHQ� +� 0DQQLOD� 3� 5RQNDLQHQ� DQG
3� 7RLYRQHQ� )LQGLQJ LQWHUHVWLQJ UXOHV IURP ODUJH VHWV
RI GLVFRYHUHG DVVRFLDWLRQ UXOHV� ,Q &,.0� SS� ���^����
�����

&� -� 0HU] DQG 3�0� 0XUSK\� 8&, 5HSRVLWRU\�
ZZZ�LFV�XFL�HGX�POHDUQ�0/5HSRVLWRU\�KWPO�

%ULDQ 6LOYHUPDQ� 'HQVLW\ (VWLPDWLRQ IRU 6WDWLVWLFV DQG
'DWD $QDO\VLV� &KDSPDQ +DOO� �����

(� 6X]XNL� $XWRQRPRXV GLVFRYHU\ RI UHOLDEOH H[FHSWLRQ
UXOHV� ,Q �UG ,QWO� &RQI� RQ .QRZOHGJH 'LVFRYHU\ DQG
'DWD 0LQLQJ� SS� ���^���� �����

3� 6P\WK DQG '� :ROSHUW� $Q\WLPH H[SORUDWRU\ GDWD
DQDO\VLV IRU PDVVLYH GDWD VHWV� ,Q �UG ,QWO� &RQI� RQ
.QRZOHGJH 'LVFRYHU\ DQG 'DWD 0LQLQJ� SS� ��^���
�����


