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Abstract

We proposea generalapproachto safereinforcementearn-
ing control basedon Lyapune design methods. In our
approacha Lyapune function—aspecialform of domain
knowledge—isusedto formulatethe actionchoicesavailable
to a reinforcementiearningagent. A learningagentchoos-
ing amongtheseactionsprovably enjoys performanceguar
anteesand satisfiessafety constraintf variouskinds. We
demonstratehe generalapproachby applyingit to several
illustrative pendulumcontrol problems.

Intr oduction

Recently practitionersof artificial intelligencehave paidin-
creasingattentionto issuesof safety particularlyfor learn-
ing systemsvhichmaycometo behaein waysnotexpected
by the systemdesigner(Singhet al. 1994; Weld and Et-
zioni 1994; Schneiderl997; Neuneierand Mihatsch1999;
Gordon2000; Perkinsand Barto 2001b;Barto and Perkins
2001). In problemswheresafetyis not a concernor is eas-
ily achieved, reinforcementearning(RL) techniqueshave
generatedmpressie solutionsto difficult, large-scalecon-
trol problems. Examplesinclude such diverse problems
asplaying backgammor{Tesaurol994), elevator dispatch-
ing (Critesand Barto 1998), option pricing (Tsitsiklis and
VanRoy 1999),andjob-shopscheduling(ZzhangandDiet-
terich1996).However, thereareobstacleso applyingRL to
problemswhereit is importantto ensurereasonableystem
performanceand/orrespectsafety constraintsat all times.
Most RL algorithmsoffer no guaranteesn the quality of
control during learning,which canbe costly if learningis
doneon-line. Further althoughonedoesnotexpectastrictly
optimalsolutionfrom anRL algorithm,a solutionproduced
by an RL algorithm may not even sharebasic, qualitative
propertiesof an optimal solution. For example,an optimal
solutionto a stochastishortespathproblembringsary ini-
tial systemstateto a final, goal state. However, an inter-
mediateor evenfinal solutionproducedby anRL algorithm
may not bring every initial stateto agoalstate.
Safecontroldesignhasalwaysbeena concernin control
engineeringwhereoneof thefundamentatheoreticakools
employed is Lyapuna analysis (Vincent and Grantham
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1997).Lyapunw analysisalonedoesnot generallysolve an
optimal control problem. However, Lyapuna methodsare
usedquite successfullyfor verifying qualitatve properties
of controldesigns suchasstability or limiting behaior. In
this paper we investigatehe useof Lyapunw-basedneth-
odsto ensurdghatanRL agentsbehavior satisfieqjualitatve
propertiegelatingto goal-achi#gementandsafety The pre-
cisepropertiesve seekto establisharedescribedn the next
section.

We assumano knowledgeof theinternalsof the RL agent.
It is modeledasa black box that non-deterministicallyse-
lects control actionsin a mannerunknownn to us. The ad-
vantageof this assumptioris generality Our approachis
consistentwith virtually any choice of RL algorithm and
appliesequally well during and after learning. Sincewe
avoid assumptionsegardingthe internalsof the agent,we
mustestablistsafetyguaranteessing“external” factorsin-
dependenof theagents behavior. Thegenerabpproactwe
proposeis to usedomainknowledgein the form of a Lya-
punov functionto designthe actionchoicesavailableto the
agent.An appropriatelydesignedsetof actionsrestrictsthe
agents behavior so that, regardlessof preciselywhich ac-
tionsit choosesgesirableperformancendsafetyobjectives
areguaranteedo be satisfied.

Mark ov DecisionProcessesnd Qualitati ve
Properties

We model the agents ernvironmentas a Markov decision
process(MDP), evolving on a stateset.S. The environ-
mentstartsin statesg, which is determinedaccordingto a
startstatedistribution Sp. At thetimest = 0,1,2,... the
agentchoosesan action, a;, from a setof allowed actions,
A(s¢). Theimmediatecostincurred,c;, andthenext stateof
theervironment,s; 1, aredeterminedtochasticallyaccord-
ing to ajoint distribution dependingon the state-actiorpair
(s¢,a). SomeMDPs have goal stateswhich correspondo
aterminationof the control problem. If a problemhasgoal
states,we assumethey are modeledas absorbingstates—
i.e., only oneactionis available,which incursno costand
leaves the stateof the MDP unchanged. The set of goal
stateds denoted?. If thereareno goalstatesthenG = 0.
A (stochasticpolicy m mapseachstates € S to adis-
tribution overthe availableactions,A(s). Theexpecteddis-
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wherethe expectationis with respecto the startstatedistri-
bution, the stochastid¢ransitionsof the ervironment,andthe
stochastiactionsselectionf the policy. Thefactory is a
discountratein the range[0,1]. The RL agents taskis to
find a policy thatminimizesexpecteddiscountedeturn.

Now, supposesomecontrolleractson an MDP, resulting
in a sequencef states{ s, s1, s2, .. .}. Suchasequencés
calledatrajectory andtherearemary qualitatve questions
we may askconcerninghe trajectorieshatmay occur Let
T C S beasetof states.We definea numberof properties
thatmaybe of interest:

Property 1 (Reach) The agent brings the ervironmentto
setT (for certain/with probability 1). Thatis, there exists
t > 0 sudthats; € T (for certain/withprobability 1).

Sometimesve wantto know whetherthe agentkeepsthe
MDP in asubsebf statespacef it startsthere.

Property 2 (Remain)For all t € {0,1,2,...}, s; € T (for
certain/withprobability 1).

Combiningthetwo previouspropertiess theideathatthe
agentis guaranteedb bringthe MDP to a partof statespace
andkeepit there.

Property 3 (Reach and remain) Thee exists © €
{0,1,2,...} sudhthatforall t > 7, s; € T (for certain/with
probability 1).

For someMDPsit is impossibleto maintainthe statein
agivensetT. A lesserequiremenis thatthe MDP spend
aninfinite amountof time in T—alwaysreturningto 7' if it
leaves. We only have needfor the probability 1 versionof
this property

Property 4 (Infinite time spent)Wth probability 1, for in-
finitelymanyt € {0,1,2,...},s; € T.

Questionssuchastheseareoftenaddresseth the model
checking literature. Indeed, Gordon (2000) has demon-
stratedthe relevanceof modelcheckingtechniquedor ver
ifying learning systems. Whether model checkingtech-
nigues,which are mostsuccessfufor finite-statesystems,
arerelevant for the infinite-/continuous-stateroblemswe
areworking onis uncertain.

Thefinal propertywe describds corvergenceopr stability.
For this we definea distance-td¥ functiondr : S — RT.
At theleast thisfunctionshouldsatisfydr(s) = 0fors € T
anddr(s) >0fors ¢ T.

Property 5 (Asymptotic approach) (For certain/with
probability 1), lim;_, o, d7(s¢) = 0.

This last propertyis often studiedin controltheory; typi-
cally takingT" to containa singlestate.Our situationdiffers
from theusualcontroltheorysettingbecausef thepresence
of thelearningagentactingonthe system.Neverthelessywe
areableto usecontrol-theoretidechniquego establishthe
asymptoticapproactandotherproperties.

Lyapunov Theory

Lyapuno methodsoriginatedin the study of the stability
of systemsof differential equations.The centraltaskis to
identify a Lyapuna functionfor the system—ofterthought
of asageneralize@negy function. Shoving thatthesystem
continuouslydissipateshisenegy (i.e., thatthetime deriva-
tive of the Lyapunw function is negative) until the system
reachespointof minimalenegy establishethatthesystem
is stable. Sometimesa Lyapuna function may correspond
to somereal, physicalnotionof enegy. For example by an-
alyzinghow themechanicaénegy of africtionally-damped
pendulumsystemchangesver time, onecanestablishthat
the pendulumwill always asymptoticallyapproacha sta-
tionary, downward-hangingosition(VincentandGrantham
1997). Sometimeghe Lyapunw functionis moreabstract,
asin, for example,the positionerror functionsusedto an-
alyze point-to-pointor trajectory-trackingcontrol of robot
arms(see.e.g.,Craig1989).

Lyapuna methodsareusedin controltheoryto validatea
given controllerandto guidethe designprocess.The vast
majority of the applicationsare still for systemsof (con-
trol) differentialequations However, the basicideaof Lya-
punos hasbeenextendedto quite generalsettings,includ-
ing environmentswith generaktatesetsevolving in discrete
time (Meyn and Tweedie1993). We must further extend
theseapproachedecauseof the RL agentin the control
loop, which non-deterministicallydrives the ervironment.
LetT C S andletL : S — R beafunctionthatis positive
onT¢ =S —T. Weuses' to denotea stateresultingwhen
thesystemis in states andanactiona € A(s) is taken. Let
A > 0 andp > 0 befixedrealnumbers.

Theorem1 If for all statess ¢ T andall actionsa € A(s),
s' € T or L(s) — L(s") > A holds(for certain/withprob-
ability 1) thenthe ervironmententess T' (for certain/with
probability 1). For start state sy, this happensat time no
later thant = [L(so)/A] (for certain/withprobability 1).

To paraphrasdf on every time stepthe ervironmenteither
entersT or endsup in a stateat leastA lower on the Lya-
punov function L, regardlessof the RL agents choice of
action,thenthe ervironmentis boundto enterT'.

Proof sketch: (for the “for certain” case)Supposethe
ervironmentstartsin statesq andtheagenttakesa sequence
of k = [L(so)/A] actionswithouttheervironmententering
T. Thenateachsuccessie time step,the ervironmentmust
entera stateatleastA lower on L thanat the previoustime
step. After k time steps,we musthave L(s;) < L(sg) —
kA = L(so) — [L(s0)/ATA < L(sg) — L(sg) = 0. But L
is positive for all statesnotin T, sos; € T, contradicting
theassumptiorthatthe ervironmentdoesnot enter?". [

Whendescentannotbe guaranteedhaving somechance
of descents sufficientaslongasL canbeboundedabove:
Theorem2 If sup,q L(s) = U € R, andif for all states
s ¢ T andactionsa € A(s), with probability at leastp,
s' € T or L(s) — L(s") > A, thenwith probability 1 the
ervironmenentes T

Proof sketch: Letk = [U/A]. Since0 < L(s) < U for
all s ¢ T, thereis at leastprobability p* thatthe environ-
mententersT” duringary block of & consecutretime steps,
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Figurel: A singlelink pendulum.

regardlesof the stateof the environmentat the startof that
time. Thisis becausehereis at leastprobability p of a de-
scentof A or moreon eachtime step,andk suchdescents
ensureenteringT” from s ¢ T. The probability that the
ervironmentdoesnot enterT during the first k& stepsis no
morethanl — p*. Theprobabilitythattheervironmentdoes
not enterT" during the first 2k time stepsis no morethan
(1 — p*)2, andsoon. The probability thatthe ervironment
neverentersT is no morethanlim;_, (1 — p¥)? = 0.0
The basicapproachwe proposes to identify a candidate
Lyapuna functionfor a givencontrolproblemandthende-
sign or restrict the action choicesof the RL agentso that
oneof thetheoremsabove applies. In turn, thesetheorems
allow usto establishthe propertiesdescribedn the previ-
oussection. In the remainderof the paperwe studythree
pendulumcontrolproblemsanddemonstrat¢he useof Lya-
punov functionsin designingactionsandestablishinghese
propertieswith respecto relevantsubset®f the statespace.

Deterministic Pendulum Swing-Up and
Balance

Pendulumcontrol problemshave beena mainstayof con-
trol researcHor mary years,in partbecausgendulumdy-

namicsare simply statedyet highly non-linear Many re-
searcher$ave discussedhe role of mechanicalenegy in

controlling pendulum-typesystemgqsee,e.g., Spong1995;
Boonel1997a,1997b;DeJong2000; and Perkinsand Barto
2001a,2001b). The standardasksare eitherto swing the
pendulums end point abose someheight (swing-up)or to

swingthe pendulumup andbalancet in a vertical position
(swing-upandbalance).In eithertask,the goal stateshave
greatertotal mechanicaénegy thanthe startstate whichis

typically the hanging-davn, restposition. Thus, any con-
troller that solves oneof thesetasksmustsomehav impart
a certainamountof enegy to the system.We first demon-
strateour approachon a deterministicpoendulumswing-up
andbalanceask.

Dynamicsand Controllers

Figurel depictsthe pendulum . Thestateof thependulums
specifiedoy anangularposition,#, andanangularvelocity,

6. Theangularacceleratiorof the pendulumis givenby
6=sinb+u,

where the sine term is due to gravity and » is a control
torque. This equationassumeghe pendulumis of length
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one, massone, and gravity is of unit strength. Taking ad-
vantageof symmetry we choseto normalized to the range
[—m, 7]. We alsoartificially restricted to therange[—6, 6].

This wasimportantonly for the worst-behsed, nave RL

experimentsjn which agentssometimeglevelopedcontrol
policies that drove the pendulums velocity to +o0. We
assumehe control torqueis boundedin absolutevalue by
Umaz = 0.2250. With this torquelimit, the pendulumcan-
not be directly drivento the balancedosition. Instead the
solutioninvolvesswingingthe pendulumbackandforth re-
peatedlypumpingenepy into it until thereis enoughenegy
to swing upright. Note thatthis coordinatesystemputsthe
upright,zerovelocity stateat the origin.

Most RL algorithmsare designedor discretetime con-
trol. To bridge the gap betweenthe RL algorithmsand
the continuoustime dynamicsof the pendulum,we define
a numberof continuoustime control laws for the pendu-
lum. Eachcontrollaw choosesa control torquebasedon
the stateof the pendulum.The discretetime actionsof the
RL agentin our experimentscorrespondo committingcon-
trol of the pendulumto a specificcontrol law for a specific
periodof time. Discretetime control of continuoussystems
is often donein this manner(for otherexamplessee,e.g.,
HuberandGrupen1998;Branicky etal. 2000). We usetwo
constant-torqueontrollaws:

CL1(8,6) = +tmaq,
CL2(6,6) = —tmas-

A third controllaw is a saturatindinearquadraticegula-
tor (LQR) desigrfor alinearapproximatiorof thependulum
dynamicscenteredattheorigin. SeeVincentandGrantham
(1997)for details. For a region of statespacesurrounding
the origin, this controlleris sufficient to pull the pendulum
in to theorigin andholdit there.

CL3(8,0) = max(—tmaz, )
min(Umgg, —2.4142 6 — 2.1974 6))

In otherwords, CL3 is the function —2.4142 6 — 2.1972 6
clippedto remainin the range[—umaz, +tmaz|- Thecon-
stants2.4142and2.1972comefrom numericalsolutionof a
matrix equatiorthatis partof the LQR designprocessthey
have no specialmeaningoy themseles.

Noneof thesecontrollawsrely onLyapuna analysisand
nonealonecanbring the pendulumto an upright, balanced
state(theorigin) from all initial statesWe now developtwo
controllershasedn a Lyapunw analysisof the pendulum.

The mechanicaknepgy of the pendulumis ME(6,6) =
1+cos()+ 362. At theorigin, themechanicaénegy of the
pendulumis precisely2. For ary otherstatewith ME = 2,
if u is takento be zero,the pendulumwill naturally swing
up and asymptoticallyapproachthe origin. So, the pendu-
lum swing-upand balanceproblemcan be reducedto the
problemof achieving ary statewith amechanicaknengy of
2.

Thetime derivative of the pendulums mechanicaknegy
is ME(6,8) = —sin() 6 + 6 6§ = 6 u. Soanaturalchoice
of controllerto increasethe pendulums enegy to 2 from
someinitial statewould be to chooseu of magnitudeu,,,q,



andwith signmatchingé. It turnsout thatthis choicehas
potentialdifficultieswherethe controltorqueof +u,,,,, can
be at equilibriumwith the effectsof gravity (Perkins2002).
However, a modificationof this rule canavoid the equilib-

rium point problem. We call this stratgyy MEA for “modi-

fied enegy ascent. Parameterizedby w, this rule supplies
a controltorqueof magnitudew in the directionof § “most
of thetime! If that choicewould be dangerouslycloseto

equilibriumwith gravity, though,it switchegto lowertorque
of magnitudew/2.

sgn@)w if 0] > ¢
or (0 <6 < éandd ¢ P1)
L or(—é< < 0andd ¢ P2)
MEA (w, 8,0) = Lsgrif)w if (0 <6 < éandd € P1)
or (—é < <0andf € P2)
sgn(@)w if 8 =0.

wheresgnz) = {+1ifz > 0and—1if z < 0}, € > 0
is a constantand P1 and P2 aresetsof statessurrounding
equilibrium points of w with gravity. In particular letting
0., = arcsin(w), thenPl = [-7m+ 6, —€,—7 + 6, + €) U
[0y —€,—0y +€) andP2 = (0, —€,0, + €] U (7 — 0, —
€,m — 0, + €. Wetake é = 0.1 ande = 1 (arcsin(w) —
arcsin(3w)). We useMEA to definetwo final controllaws:

CL4(6,8) = MEA (tmaz, 6, 6),
CL5(9,0) = MEA(tmaz, 8, 0).

Theorem 3 (Perkins 2002) If the pendulumis contmolled
continuoushyby CL4 or CL5 fromanyinitial state thenthe
medanicalenegy of the pendulunincreasesnonotonically
andwithoutbound.Further, for anyinitial state if the pen-
dulumis contmolled by either CL4 or CL5 for a period of
timed, themedanicalenegy of the pendulurmwill increase
by someminimalamountA. TheamountA differs for CL4
and CL5 and depend=n 6, but it doesnot dependon the
initial stateof thependulum.

The pendulumcanbebroughtto the uprightbalancego-
sition by using either CL4 or CL5 to increasethe pendu-
lum’s enepgy to 2, andthenletting v = 0 asthe pendulum
swingsup andasymptoticallyapproacheghe origin. But is
thisthe optimalstratgy? In the next sectionwe formulatea
minimum-timeswing-upandbalancetask,andwe find that
neitherCL4 nor CL5 alone producetime-optimal control.
An RL controllerthatlearnsto switch betweernthe two can
producefasterswing-up. Allowing switchingamongother
controllersenablesvenfasterswing-up.

Experiments

We performedfour learningexperimentsin the determinis-
tic pendulumdomain.In eachexperimentthe RL agenthad
differentactionsto chooserom—i.e., differentsetsof con-
trol laws with which it could control the pendulum. In all
casesthetaskwasto getthe pendulumo asmallsetof goal
statesnearthe origin, G1 = {(6,6) : ||(6,0)|]> < 0.01},
in minimumtime. However, in thefirst threeexperiments,
we usedthefactthatfrom ary statewith mechanicaénegy
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2, takingu = 0 uniformly resultsin atrajectoryasymptoti-
cally approachinghe origin (andthusenteringG1). In the
first threeexperimentswve thereforedefineda surrogategoal
setG2 = {(0,6) : ME(6,0) = 2}.

In all experimentswe usedthe Sarsak) algorithm with
A = 0.8 tolearncontrolpolicies. Theactionvaluefunctions
were representedising separateCMAC function approxi-
matorsfor eachaction. EachCMAC coveredthe rangeof
states—7m < § < v and—6 < # < 6. EachCMAC had
10 layers,and eachlayer divided both dimensionsnto 24
bins,for atotal of 576tiles perlayer. Offsetswererandom.
The learningrate for the kt* updateof atile’s weight was
1/vk. SeeSuttonand Barto (1998)for detailsand refer
encesn SarsaandCMACs. We performed25 independent
runsof 20,000learningtrials in which the RL agentschose
actionsrandomlywith probability 0.1 and otherwisechose
an action with maximal estimatedaction value; ties were
brokenrandomly After eachlearningtrial we performeda
testtrial, in whichtherewasno learningandno exploration,
to evaluatethe currentpolicy. All trials startedfrom state
(0,60) = (m,0). Trialswereterminatedf they exceede®00
time stepswhich is approximately50 timesthe durationre-
quiredto achieze G1 in ary of theformulations.

In the first experiment, the agenthad two actionsto
choosefrom, correspondindo control laws CL4 and CL5.
When an agentchoosesan action, it meansthat the pen-
dulumis controlledaccordingto the correspondingontrol
law for 1 secondor until the pendulumentersthe goal set,
whichever happendirst. For actionsthatdo notdirectly re-
sultin a goal state,the costis 1. For actionsthatcausethe
pendulumto enterG2 the costis the time from the startof
the actionuntil the pendulumreaches72 plusa “terminal”
costequalto the time it takesthe pendulumto free swing
(underu = 0) to the setG1. Thus,an optimal policy re-
flectsminimumtime controlto the setG1. By Theorem3,
bothof theactionsfor theagentin experimentl eithercause
the pendulumto enter G2 or increasethe mechanicalen-
ey by at leastsomeamountA > 0. Defining L(6,0) =
2 — ME(#, 6), we seethat underthis action setthe condi-
tionsof Theoreml aresatisfied. This meanghatthe agent
is guaranteedo reachG2, andby extension,G1 on every
trial (Propertyl with 7' = G'1). We alsoknow thatthe pen-
dulum staysin G1 forever asit asymptoticallyapproaches
the origin, satisfyingProperty3 with 7" = G'1 and Prop-
erty 5with T = {(0,0)}. Further the pendulumis guar
anteedto remainin thesetT = {(6,6) : ME(6,6) < 2},
whichcanbeviewedasasortof safetyconstraint. Theagent
cannotpumpan arbitrarily large amountof enegy into the
pendulum,which in reality might resultin damageto the
equipmenbr dangerousastmotions.We seethatmary re-
assuringyualitative propertiescanbe establishedor the RL
agentby virtue of the actionswe have designedor it.

In experiment2, the RL agentchosefrom four actions,
correspondingo controllaws CL1, CL2, CL4,andCL5. In
experiment3, therewerejust two actions,correspondingo
controllaws CL1 andCL2. For both of theseexperiments
the goal setwas G2 andthe costsfor actionsthe sameas
in experimentl. In thesetwo experimentsthe pendulumis
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Figure2: Meantime to G1 duringtesttrials with &+ 1 stan-
darddeviationlines. Top row: experimentsl and2. Bottom
row: experiments3 and4.

guaranteetb remainin thesetT = {(6,6) : ME(6,0) < 2}

(Property2) by virtue of the definition of G2. However,

noneof the otherpropertiesenjoyedby the agentin experi-
ment1 hold. In experiment4, the agenthadthreeactionsto

chooserom, correspondindo controllaws CL1, CL2, and
CL3. In this casewe used(G1 asthe goal set. The costfor

taking an actionwasthe negative of the time spentoutside
G1 (e.g.,simply —1 if theactiondoesnottake thependulum
into G1). Therewasno terminalcostin this case.

We have describedhe experimentsn this orderbecause
this order representglecreasinglependencen Lyapunw
domain knowledge. In experimentl, the agentis con-
strainedo makethependulumascendnmechanicaénegy
andusesthe G2 goalset. In experiment2, theagenthasac-
tions basedon the Lyapunw-designeccontrollersCL4 and
CL5, andusesgoal setG2. But theagentis not constrained
to ascendon mechanicaknengy. In experiment3, we drop
the actionsbasedon the Lyapunw-designedcontrol laws,
andin experiment4 we drop the G2 goal set. (We also
add CL3 becausset is virtually impossibleto hit the small
goal set, G1, by switching betweenCL1 and CL2 in dis-
cretetime.) Experiment4 might be consideredhe standard
formulationof the control problemfor RL.

Resultsand Discussion

Figure 2 displaysthe meantotal cost(i.e., time to G1) of
testtrials in the four experiments,alongwith lines depict-
ing +1 standarddeviation. Eachdatapoint correspondso
a block of tentrial trials averagedogether;trials thattime
outareremovedfrom theseaveragesThecurvesareplotted
on the samescaleto facilitate qualitatve comparison.The
horizontalaxis shawvs thetrial number goingup to 1,0000f
the 20,000total trials. Most striking is the low-variability,
good initial performanceand rapid learningof the “safe”
RL agentin experimentl. This contrastssharplywith the
resultsin experiment4, which shov a moretypical profile
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Expl Exp2 Exp3 Exp4
% of first 10 Learn 100 100 100 88.4
reachingG1l Test 100 96.0 82.4 50.4

TimetoG1l Learn 25.4+1 35844 62.1+12 240468
first 10 Test 25441 36.1+4 77.7+31 272488

TimetoG1 Learn 21.2+.05 21.0+.08 21.44+.08 22.4+.1

last1000 Test 21.04+.06 19.94+.1 19.5+.1 18.7+.2
Longest Learn 34.6 80.9 171 timeout
trial Test 35.2 timeout timeout timeout

Figure3: Summarystatisticsfor experimentsl—4.

for RL systemssolving dynamicalcontrol tasks.In experi-
ments2 and3, we seeintermediatebehavior. Figure3 gives
more detailedstatisticssummarizingthe experiments. The
tablereportsthe percentagef thefirst tentrials which make
it to G1 beforetiming out at 900time stepsthe meantotal
trial costfor thefirsttentrials (omittingtrialsthattimedout),
the samefor thelast1000trials, andthe worsttrials seenin

thedifferentexperimentakonfigurationsThemeansareac-
companiedby 95% confidenceantervals. The resultsshov

that the greaterthe relianceon Lyapuna domain knowl-

edgethebettertheinitial andworst-cas@erformancef the
agent.Importantly, only in experimentl, for whichtheoreti-
calguaranteesnreachinghegoalwereestablisheddid the
RL agentreachto goalon every learningandtesttrial.

The performancefiguresfor the final 1000 trials reveal
significantimprovementdrom initial performancen all ex-
periments. In the end, all the RL agentsare also outper
forming the simple policy of using CL4 or CL5 to pump
enegy into the pendulumuntil it reachesz2 andthenlet-
ting thependulumswingupright. Using CL4 is the betterof
the two, but still incursa total costof 24.83. The numbers
alsoreveal a down-sideto using Lyapunw domainknowl-
edge. The constraintto descendn the Lyapunw function
limits the ability of the agentin experimentl to minimize
thetime to G1. The agentsn experiments2 and3 do bet-
ter becauséhey arenot constrainedn thisway. Recallthat
thetime derivative of the pendulums mechanicaknegy is
ME(6, ) = 0 u. In experimentl, theagentalwayschooses
au thatmatched) in sign, thus constantlyincreasingme-
chanicalenegy. However notethatwhen@ is closeto zero,
mechanicaknegy necessarilyncreasesnly slowly. Every
time the pendulumchangedirection,§ mustpassthrough
zero,andat thesetimesthe agentin experimentl doesnot
make muchprogressowardsreachingG2. It turnsoutthat
a betterpolicy in thelong runis to accelerateagainsty and
turn the pendulumaroundrapidly. This way, the pendulum
spendanoretime in stateswheref is far from zero,mean-
ing that enegy can be addedto the systemmaore quickly.
The agentin experimentl is able to achiese this to some
degree by switchingfrom CL4 to thelower-torqueCL5, al-
lowing morerapidturn-around But this doesnot matchthe
freedomaffordedin experiments2 and3. The agentin ex-
periment4 gainsyetanothermdwantagelt is notconstrained



to choosingu = 0 oncethe pendulumhasreached>2 and
beforeit hasreached>1. The agentis ableto continueac-
celeratinghe penduluntowardsuprightandthendecelerate
it asit approachesgsultingin evenfastertrajectorieso G1.

StochasticSwing-Up and Balancel

We now examineapplyingthe ideasof the previoussection
to astochasticontrolproblem.Stochasticontrolproblems
are more challengingthantheir deterministiccounterparts.
Absoluteguarantee®n systembehavior are generallynot
possible andthe randomnes# the systembehavior gener
ally necessitategreatercomputationakffort and/orlonger
learningtimes.In this sectionwe assumeapendulumwhose
dynamicsare modeledby the stochasticcontrol differential
equation

df = sin(8)dt + u(1 + 0.1dW) ,

wherethe W denotesa standardWiener processand the
other variablesare as before. Intuitively, this meansthat
theintendedcontrolinputw is continuouslymultiplicatively
disturbedby Gaussiamoisewith meanl andstandardievi-

ation 0.1. This could model,for example,a pendulumsys-
temin which thepower supplyto the motorvariesrandomly
overtime.

Experiments

In experimentsb through8 we usedthe sameactiondefini-
tions, goal sets,costs learningalgorithms,etc. asin exper
iments1 through4. In short,the only differencein experi-
ments5 through8 is the stochastiadynamicsof the pendu-
lum. In thismodel,nocontrollercanguarantegettingto the
G'1 or G2 goalsets.It is alwayspossiblehattherandondis-
turbancesvould“conspire”againsthecontrollerandthwart
ary progressNote, however, thatwhenuw is uniformly zero
thenoisetermvanishesThedynamicghenmatchthedeter
ministic case.This meanghatin ary statewith mechanical
enegy of 2, zerocontrolinput allows the pendulumto nat-
urally swing up to the origin. Further althoughcontrolling
the pendulumby CL4 and CL5 doesnot guaranteéncreas-
ing the pendulums enengy, it is possibleto shav thatwith
someprobability p > 0, atleastA enegy is imparted,re-
gardlessof the startingstate. Intuitively, this is becausea
A increasas guaranteedinderthe deterministicdynamics,
andthe noiseis smoothand matcheshe deterministicdy-
namicsin expectedvalue. So, thereis someprobability of
anoutcomethatis closeto the deterministicoutcome. Re-
callingthedefinitionL(6,8) = 2—ME(#6, ), we obsenethe
actionsdefinedfor experiment5 (correspondingo CL4 and
CL5) satisfyTheorem2, ensuringthatthe RL agentreaches
G2 with probabilityoneon every trial. In turn, this ensures
thatthe trajectoriesafterward reachG1 andasymptotically
reachthe origin. Thusthe RL agentin experiment5 enjoys
the samePropertiesl, 3, and5 asthe agentin experiment
1, butin the probability 1 senseratherthanfor certain.The
agentsin experimentsb, 6, and 7, which usegoal setG2,
areguaranteetb remainin thesetof stateswvith mechanical
enegy nomorethan2 (Property2 with T' = { M E < 2}).
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Figure4: Meantime to G1 duringtesttrials with £+ 1 stan-
darddeviationlines. Toprow: experiments and6. Bottom
row: experiments7 and8.

Resultsand Discussion

Figure4 shows the meancostsof the first 1,000testtrials

in experimentsb through8, and Figure 5 gives summary
statistics.A control disturbancewith 0.1 standardeviation

seemdairly large. About 32% of the time onewould ex-

pecta deviation of morethan 10% in the intendedcontrol

input, and about5% of the time, a deviation of morethan
20%. However, the resultsof theseexperimentsare quite
similar to thoseof experimentsl through4. Onedifference
isthat,in thepresensetof experimentsfewertesttrialstime

out. For deterministiccontrol problemsijt is notuncommon
to obsere an RL agenttemporarilylearninga policy that
causeghe systemto cycle endlesslyalonga closedloop in

statespace.This resultsin testtrials timing out. Whenthe
systemis stochastichowever, it is harderfor suchcyclesto

occutr Randomdisturbancesendto pusha trajectoryinto

a differentpart of statespacewherelearninghasbeensuc-
cessful. (Similarly, randomexploratory actionsare part of

thereasortimeoutsarelessfrequentin learningtrials.) This

may explain the reducednumberof testtrial timeoutsearly
in learning,comparedvith the previous setof experiments.
Anotherdifferenceis that, for the stochastigppendulum the
policy of usingCL4 to getto G2 performsbetterthanit does
onthedeterministigpendulum.Onthestochastipendulum,
it incursan averagetotal costof 21.2. The agentin exper

iment5 improved on this performancaminimally, if at all.

It may be that, within the constraintsof ascendingon me-
chanicalenegy andtakingu = 0 afterreachingG2, that
CL4 performsnearoptimally. The agentsn experimentss,

7, and 8 were ableto achieve significantly fasterswing-up
comparedo CL4.

StochasticSwing-Up and Balance?2

In this sectionwe presentour third setof pendulumexper
iments. We assumependulumdynamicsdescribedby the



Exp5 Exp6 Exp7 Exp8
% of first 10 Learn 100 100 100 88.0
reachingG1l Test 100 100 96.8 71.6

TimetoG1 Learn 25.54+1 35.5+4 59.0+10 236475
first 10 Test 25.34+1 41.4418 85.2+42 269485

TimetoG1 Learn21.54+.04 21.14+.03 21.74+.03 22.54+.07

last1000 Test 21.0+.05 20.2+.04 20.3+.05 19.0+.06
Longest Learn 37.1 78.3 206 timeout
trial Test  40.7 706 timeout timeout

Figure5: Summarystatisticsfor experimentss—8.

systemof stochasticontroldifferentialequations:
df = ddt + 0.1dW ,

df = sin(6)dt + udt .

This describesa mean-zercstandarddeviation one distur
banceto the positionvariable. For this problemwe define
no goalset.However, weletT = {(4,6) : ||8]| < 0.5}, and
declarethattheagentincursunit costpertime aslong asthe
pendulumis notin T, andincursno costwhile the pendu-
lumisin T. ThesetT corresponds$o arangeof positions
roughly 30 degreesor lessfrom upright.

We defineseveralnew controllaws for this problem.One
is justthe zerotorquecontrol law:

CL6(8,6) = 0.

We definethreemore control laws thatrely on CL4 (the
strongeMEA controller)to increasghependulumsenegy
to 2 whenit is outsideof T', but apply different, constant
controltorquesinsideT'.

. CL4(@9,0) if (6,0) ¢ T andME(9,6) < 2

CL7(,0)=< 0 if (6,6) ¢ T andME(9,6) > 2
~Umaz 1 (6,0) €T

CL8(0, ) = CL4(@9,6) if (6,6) ¢ T andME(6,6) < 2

720 otherwise

. CL4(9,6) if (6,0) ¢ T andME(6,0) < 2

CL9(®,0) =<0 if (6,0) ¢ T andME(9,6) > 2
+Umaz I (6,0) €T

Experiments

We performedtwo experiments. In experiment9, the RL
agentchosefrom actionscorrespondingo CL7, CL8, and
CL9. Eachof thesecontrollersactsto bring the pendulumé
enegy upto 2 in ary stateoutsideT’. Becausea pendulum
with that much enegy naturally swingsupright, the agent
in experiment9 canbe guaranteedwith probability 1, be-
causeof the positiondisturbance}o reachT” from ary ini-
tial state(Propertyl). The positiondisturbanceulesout,
however, thatary controllercould keepthe pendulumin T
indefinitely. So,the bestonecansayaboutthe agentin ex-
periment9 is thatit would returnthe pendulumto 7" anin-
finite numberof times (Property4). In experimentl10, the
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Figure6: Meantrial costswith +1 standardieviationlines.
Left: experiment9. Right: experimentl10.

Exp9 Exp10
Costof first Learn 531+2 76241
10trials Test 529+3 778+5
Costoflast Learn 399+ 3 47945
100trials Test 393+3 470+6
Costliest Learn 559.3 808.9
Trials Test 582.6 900.0

Figure7: Summarystatisticsfor experiments9 and10.

agentchosefrom actionscorrespondingo CL1, CL2, and
CL6—i.e.,~Umaz, 0, and+u,,4, torques.

We performed25 independentearningruns with 2,000
learningand 2,000testtrials in eachrun. Sincethereis no
goal set, eachtrial wasrun for a full 900 time steps. We
alsoinstituteda discountrateof v = 0.95. Agentschose
arandomactionon a giventime stepwith probability 0.02.
We usedthe samelearningalgorithm, Sarsal) with A =
0.8, andCMACsasin all previousexperiments.

Resultsand Discussion

Figures6 and 7 summarizethe resultsof the experiments.
The agentwith the Lyapunw-basedactionshasbetterini-
tial and final performancethan the agentwith the naie,
constant-torquections. It is possiblethat the naive agent
would catchup eventually; the performancecurve shavs a
slight downward trend. However, the learningseemsuite
slow, andeventhis performanceaesultsfrom severalhours
of hand-tuninghelearningparametersin bothexperiments
the agentsoutperformall individual controllaws. The best
singlecontrol law for the taskis CL8, which incursan av-
eragecost of 514 per trial. In neitherexperimentis per
formancesignificantly variable acrossruns. However, we
noteagainthegoodinitial performanceuppliedby the Lya-
punov constraintandtheexcellentworst-casgerformance.
Surprisingly in someof the testtrials in experiment10 the
pendulumnever enteredI’, resultingin a total costof 900
for thetrial. This wasnotacommonoccurrencebut it did
happeratotal of 18timesin 14 of the 25 independentuns.
Thelatestoccurrencavasin the 174thtrial of run 14—after
156,600 = 174 x 900 learningsteps soit wasnotsimply a
resultof early, uninformedbehavior.



Conclusions

We have describeda generalapproacho constructingsafe
RL agentsbasedon Lyapunw analysis. Using Lyapunw
methods,we can ensurean agentachieres goal states,or
causeshe ervironmentto remainin, avoid, or asymptot-
ically approachcertainsubsetsof statespace. Compared
with the typical RL methodology our approachputs more
effort onthe systemdesignerOnemustidentify acandidate
Lyapunw functionandthendesignactionsthatdescendip-
propriatelywhile allowing coststo be optimized. In cases
wheresafetyis not soimportant the extra designeffort may
notbeworthwhile. However, therearemary domainsvhere
performanceguaranteearecritical andLyapuna andother
analytic designmethodsare commonplace.We have used
simplependuluncontrolproblemso demonstrateurideas.
However, Lyapuno methodsfind mary importantapplica-
tions in, for example, robotics, naval and aerospaceon-
trol andnavigationproblemsjndustrialprocessontrol,and
multi-agentcoordination.Analytical methodsareusefulfor
thetheoreticalguaranteethey provide, but do not by them-
selvesusuallyresultin optimal controllers. RL techniques
are capableof optimizing the quality of control, and we
believe thereare mary opportunitiesfor control combining
Lyapuna methodswith RL.
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