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Abstract . L
Table 1: An Example of Risk Sensitivity

I_Decis_ion-theoretic pIannin_g with risk-sensitive plargfmbjeg-' Probabiity] Reward | EXPECted | Urity Eép_e_cled
tives is important for building autonomous agents or deaisi Reward tility
support agents for real-world applications. However, ting Choiceq| 0% [$10.000.000 oo 105 5ol ~0-050| ¢ 505
of research has been largely ignored in the artificial iigefice 50% |$ 0 —1.000

and operations research communities since planning veka ri Choice 2| 100% |$ 4,500,000 $4,500,000 —0.260| —0.260

sensitive planning objectives is much more complex than-pla
ning with risk-neutral planning objectives. To remedy thiis
uation, we develop conditions that guarantee the existande

finiteness of the expected utilities of the total plan-exiecure- for which many human decision makers prefer Choice 2 over

ward for risk-sensitive planning with totally observabl@ov Choice 1 even though its expected total reward is lower. They
decision process models. In case of Markov decision process ~ are risk-averse and thus accept a reduction in expectddedeta
models with both positive and negative rewards our resol h ward for a reduction in variance. Utility theory (von Neuman
for stationary policies only, but we conjecture that they ba & Morgenstern 1944) suggests that this behavior is rational
generalized to hold for all policies. because human decision makers maximize the expectey utilit
of the total reward. Utility functions map total rewards et
I ntroduction corresponding finite utilities and capture the risk attsicf

human decision makers (Pratt 1964). They are strictly mono-
tonically increasing in the total reward. Linear utilityrfcr
tions characterize risk-neutral human decision makerdewh
non-linear utility functions characterize risk-senstiluman
decision makers. In particular, concave utility functiaftear-
acterize risk-averse human decision makers (“insurantce ho
ers”), and convex utility functions characterize riskidag
human decision makers (“lottery players”). For example, if
K arisk-averse human decision maker has the concave exponen-
ers sufficiently into account, for example, their risk atties in tial utility function U (w) = —0.9999997" and thus associates
planning domains with huge wins or losses of money, equip- the utilities shown in Table 1 with the total rewards of thetw
ment or human life. This means that they are not well suited CN0ices, then Choice 2 maximizes their expected utility and
for real-world planning domains such as space applications Should thus be chosen by them. On the other hifR plan-
(Zilbersteinet al. 2002), environmental applications (Blythe ~Ners choose Choice 1, and the human decision maker would
1997), and business applications (Goodwin, Akkiraju, & wu (hus be extremely unhappy with them with 50 percent proba-
2002). In this paper, we provide a first step towards a compre- Pillty-

hensive foundation of risk-sensitive planning. In partacu

we develop sets of conditions that guarantee the existemte a Mar kov Decision Process M odels

finiteness of the expected utilities when maximizing the ex-
pected utility (MEU) of the total reward for risk-sensitive plan-
ning with totally observable Markov decision process medel
and non-linear utility functions.

Decision-theoretic planning is important since real-dap-
plications need to cope with uncertainty. Many decision-
theoretic planners use totally observable Markov decigion

cess (MDP) models from operations research (Puterman 1994)
to represent planning problems under uncertainty. However
most of them minimize the expected total plan-execution cos
or, synonymously, maximize the expected total rewsER).
This planning objective and similar simplistic planningext
tives often do not take the preferences of human decision mal

We study decision-theoretic planners that use MDPs to repre
sent probabilistic planning problems. Formally, an MDP is a
4-tuple (S, A, P,r) of a state spacé, an action spacel, a
set of transition probabilitie®, and a set of finite (immediate)
. . . rewardsr. If an agent executes actiane A in states € S,

Rls_k_ Attitudesand U_t”lty _Theory_ ) then it incurs reward (s, a, s’') and transitions to staté € S
Human decision makers are typically risk-sensitive and thu  ith probability P(s'|s,a). An MDP is called finite if its state
do not maximize the expected total reward in planning do- gpace and action space are both finite. We assume through-
mains with huge wins or losses. Table 1 shows an example gyt this paper that the MDPs are finite since decision-thiore
Copyright© 2004, American Association for Artificial Intelligence  Pplanners typically use finite MDPs.
(www.aaai.org). All rights reserved. The number of time steps that a decision-theoretic planner



plans for is called its (planning) horizon. A history at tistep

t is the sequencé; = (so,aq, - - ,St—1,a:—1, S¢) Of states
and actions from the initial state to the current state. EBtet
all histories at time stepis H; = (S x A)! x S. A trajectory

is an element off, for infinite horizons andH+ for finite
horizons, wherd” > 1 denotes the last time step of the finite
horizon.

Decision-theoretic planners determine a decision rule for
every time step within the horizon. A decision rule deter-
mines which action the agent should execute in its current
state. A deterministic history-dependent (HD) decisiole ru
at time stept is a mappingd; : H; — A. A randomized
history-dependent (HR) decision rule at time stép a map-
pingd, : H, — P(A), whereP(A) is the set of probability
distributions overA. Markovian decision rules are history-

dependent decision rules whose actions depend only on the
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Figure 1: Example 1

maximal expected utilities exist and are finite because xhe e
pected utilities are bounded under all policies.

For planning problems with infinite horizons, the expected
utility of the total reward starting from € .S under policyr

T-1
v (s) = %LmoovgyT(s) = Tlgnoo E>T |:U (t;)rt)] @

current state rather than the complete history at the curren 1he expected utilities exist iff the limit converges on the e

time step. A deterministic Markovian (MD) decision rule
at time stept is a mappingd; : S — A. A randomized
Markovian (MR) decision rule at time stepis a mapping

di :+ S — P(A). A policy 7 is a sequence of decision rules
d., one for every time stepwithin the horizon. We us@l®

to denote the set of all policies whose decision rules all be-
long to the same class, wheké € {HR,HD,MR,MD}. The

set of all possible policie$ is the same a§lHR. Decision-
theoretic planners typically determine stationary pekci A
Markovian policyr € II is stationary ifd; = d for all time
stepst, and we writerr(s) = d(s). We uselISP to denote
the set of all deterministic stationary (SD) policies difieR

to denote the set of all randomized stationary (SR) policies
The state transitions resulting from stationary policiesde-
termined by Markov chains. A state of a Markov chain and
thus also a state of an MDP under a stationary policy is called
recurrent iff the expected number of time steps between vis-
iting the state is finite. A recurrent class is a maximal set of
states that are recurrent and reachable from each otheseThe
concepts play an important role in the proofs of our results.

Planning Objectives

MEU planners determine policies that maximize the expected
utility of the total reward for a given utility functiod. One
difference between th®IER and MEU objective is that the
MEU objective can result in planning problems that are not
decomposable, which makes it impossible to use the divide-
and-conquer principle (such as dynamic programming) te effi
ciently find policies that maximize the expected utility.€Fb-
fore, we need to re-examine the basic properties of deeision
theoretic planning when switching from thER to the MEU
objective.

For planning problems with finite horizors the expected
utility of the total reward starting from € S underr € 1T is

=)

where the expectatiof®™ is taken over all possible trajecto-
ries. The expected utilities exist (= are well-defined) unde
all policies and are bounded because the number of trajec-
tories is finite for finite MDPs.MEU planners then need to
determine the maximal expected utilities of the total revar
v, r(s) = sup,.c vi,r(s) and a policy that achieves them. The

VEp(s) = B5T [U (

tended real line, that is, the limit results in a finite number
positive infinity or negative infinityMEU planners then need
to determine the maximal expected utilities of the total re-
ward v (s) = sup,.c vir(s) and a policy that achieves them.
To simplify our terminology, we refer to the expected utili-
tiesvfj(s) for all s € S as the values under policy € II
and to the maximal expected utilitieg; (s) for all s € S as
the optimal values. A policy is optimal if its values equal
the optimal values for all states. A policy i-optimal if

it is optimal and it is in the class of policieE*, where
K € {HR,HD,MR,MD, SR SD}.

Discussion of Assumptions

So far, we have motivated why decision-theoretic planners
should maximize the values for non-linear utility functon
The kinds of MDPs that decision-theoretic planners typycal
use tend to have goal states that need to get reached (Boutili
Dean, & Hanks 1999). The MDP in Figure 1 gives an ex-
ample. Its transitions are labeled with their rewards feéd

by their probabilities. The rewards of the two actions inesta

s! are negative because they correspond to the costs of the
actions. State? is the goal state, in which only one action
can be executed, namely an action with zero reward whose
execution leaves the state unchanged. The optimal value of
a state then corresponds to the largest expected utilitiieof t
plan-execution cost for reaching the goal state from thergiv
state. To achieve generality, however, we do not make any
assumptions in this paper about the structure of the MDPs or
their rewards. For example, we do not make any assumptions
about how the structure of the MDPs and their rewards encode
the goal states. Neither do we make any assumptions about
whether all of the rewards are positive, negative or zero. We
avoid such assumptions because MDPs can mix positive re-
wards (which model, for example, rewards for reaching a goal
state) and negative rewards (which model, for examplepm@cti
costs).

The results of this paper would be trivial if we used dis-
counting, that is, assumed that a reward obtained at some
time step is worth only a fraction of the same reward ob-
tained one time step earlier. Discounting is a way of mod-
eling interest on investments. In our case, there is tyfyical
no way to invest resources and thus no reason to use dis-
counting. This is fortunate because discounting makeg-it di
ficult to find optimal policies for theMEU objective even



+1/1.0 2, but they are guaranteed to strictly dominate the values of

Q.@ the states under policy, only if the optimal values are finite.
This example also shows that the optimal values are not guar-
—~1/1.0 anteed to be finite even if all policies reach a goal state with
probability one. Furthermore, the optimal values of bo#test
Figure 2: Example 2 are, for example, finite for the utility functioll (w) = w and

thus any policy that achieves the optimal values is indeed th
best one for this utility function, which shows that the desh
though it guarantees that the expected utilities exist and a can exist for some utility functions but not others, depagdi
finite (White 1987). For example, all optimal policies can on whether the optimal values are finite for the given MDP.
be non-stationary for th&1EU objective if the utility func-
tion is exponential and discounting is used (Chung & Sobel Existing Results

1987), which makes it very difficult to find an optimal pol- . .
icy. On the other hand, there always exists an SD-optimal 1he easiest way to guarantee that the optimal values exist an
policy for the MEU obijective if the utility function is ex- are finite is to impose conditions that guarantee that thesgal

: ; Lo A . of all states exist for all policies and are finite. We firstiesw
B e 1008 anSth condiions tht have been obained primariy for MDP
advantage to not using discounting for tMEU objective. with Ilnear_ and ?pr_’”?’“t'a' ut|I!t_y functions. We then usede
This advantage does not exist for thiER objective because results to identify similar conditions for more general MOP
there always exists an SD-optimal policy for th=R objec- . - .
tive whether discounting is used or not (Puterman 1994). Linear Utility Functions
Linear utility functions characterize risk-neutral hunderci-

Existence and Finiteness Conditions sion makers. In this case, thEU objective is the same as

In this paper, we study conditions that guarantee that the va ]Ehe M.ER objective. We omit the subscript for linear utility
ues of all states exist and are finite for ti&U objective. unctions.

It is important that the optimal values exist sinb&EU Positive MDPs MDPs for which Condition 1 holds are
planners determine a policy that achieves the optimal galue called positive (Puterman 1994). The values exist for posi-
There are cases where the optimal values do not exist, as thetive MDPs under all policies sinceZ.(s) is monotonic inT.
MDP in Figure 2 illustrates. An agent that starts in stalte Thus, the optimal values exist as well. They are finit€adin-
receives the following sequence of rewards for its only pol- dition 2 holds (Puterman 1994). In fact, the optimal values

icy: +1,—1,+1,—1,..., and consequently the following se-  are finite even ifI is replaced witHISP in Condition 2, since
guence of total rewardsi1,0,+1,0,..., which oscillates. there exists an SD-optimal policy for théER objective (Put-
Thus, the limit in Formula (1) does not exist for any utility —erman 1994). Note that the values of all recurrent statesrund
function under this policy, and the optimal value of state a policy are zero iCondition 2 holds.

dcglals not exist either. A similar argument holds for stétas Condition 1: Foralls,s’ € S and alla € A, r(s,a,s) > 0.
well.

It is also important that the optimal values be finite. There Condition 2: Forallz € Iland alls € S, v™(s) is finite.
are cases where the optimal values are not finite. The MDP in Negative MDPs  MDPs for which Condition 3 holds are

Figure 1 illustrates such a case and the problem that it poses ., |jied neqati i i
- . gative (Puterman 1994). Similar to positive MDPs,
gslivl Eg t%':qgersa'cggr? t'\c/)l 2': ailasamo %ﬁCpOI'C;Z Prgflge the values exist for negative MDPs under all policies and thu
9 P ' policy ma 9 the optimal values exist as well. The optimal values aredfinit

bottom action to state!. The values of both states are the . i~ : :
e o - o e if Condition 4 holds (Puterman 1994). Again, the optimal val-
same under both policies and utility functib{w) = —0.5*, ues are finite even ifl is replaced witHI°P in Condition 4

namel ) . : , S
y since there exists an SD-optimal policy for thi&R objective
0 0 (Puterman 1994).
T (s!) = —05Vt g5 == 1= —
vi'(s7) ; [ 0-5 0-5 ] ; o Condition 3: Foralls,s’ € Sandalla € A, r(s,a,s’) <O0.
. oy o e <, Condition 4: There existsr € II such that for alls € S,
o (sh) =30 [05 P05 = =32 = —ox, v™(s) are finite.

=t = General MDPs In general, MDPs can have both positive

andv}! (s?) = vj?(s*) = —1. Thus, the optimal value of state  and negative (as well as zero) rewards. We define the pos-

s! exists but is negative infinity. All trajectories have ideat itive part of a real number to ber™ = max(r,0) and its
probabilities under both policies, but the total reward tng negative part to be~ = min(r,0). We then obtain the pos-
also the utility of each trajectory is larger under poligythan itive part of an MDP by replacing every reward of the MDP

under policyrs. Thus, policyr; should be preferred over pol-  with its positive part. We use*™(s) to denote the values of
icy o for all utility functions. Policyr, of this example shows the positive part of an MDP under poliey € 1I. We define
that a policy that achieves the optimal values and thus is op- the negative part of an MDP and the value¥ (s) in an anal-
timal according to our definition is not always the best one. ogous way. The values exist under all policie€dndition 5
The problem is that the values of the states under palicgre holds (Feinberg 2002). Thus, the optimal values exist ak wel
guaranteed to dominate the values of the states under policy if Condition 5 holds. They are finite i€ondition 5 andCon-



+2/1.0

~1/1.0

Figure 3: Example 3

dition 6 hold (Feinberg 2002). Again, the optimal values are
finite even ifII is replaced witHISP in Condition 5 andCon-
dition 6, since there exists an SD-optimal policy for &R
objective (Puterman 1994).

Condition 5: Forallr € ITand alls € S, v (s) is finite.

Condition 6: There existsr € II such that for alls € S,
v~ (s) is finite.

Condition 7 is the weakest condition that we use in this
paper. It is more general th&ondition 1, Condition 3, and
Condition 5, since, for exampleZondition 1 implies that for
allT e ITand alls € S, v="(s) = 0. The values exist under
all policies andv™(s) = v*7(s) + v~ "(s) for all s € S and
all = € II if Condition 7 holds (Puterman 1994). Thus, the
optimal values exist as well fondition 7 holds, but they are
not guaranteed to be finite (Puterman 1994).

Condition 7: For allm € I and alls € S, at least one of
vT7(s) andv~7(s) is finite.

The MDPs in Figures 2 and 3 illustra€ondition 7. The
MDP in Figure 2 does not satisf¢ondition 7. The val-
ues of its states do not exist under its only policyas we
have argued earlier. It is easy to see thaf(s!) = +oo
andv~"(s') = —oo, which violatesCondition 7 and illus-
trates thaCondition 7 indeed rules out MDPs whose values
do not exist under all policies. The MDP in Figure 3 is an-
other MDP that does not satisBondition 7. The values of its
states, however, exist under its only policy For example, an
agent that starts in staté receives the following sequence of
rewards: +2,—1,+2,—1,..., and consequently the follow-
ing sequence of total rewards:2, +1, +3,+2,+4,+3, ...,
which converges toward positive infinity. Thus, the limit in
Formula (1) exists under’, and the value of state' thus
exists as well under’. However, it is easy to see that
vt (s') = 400 andv~™ (s') = —oo, which violatesCon-
dition 7 and demonstrates th@bndition 7 is not a necessary
condition for the values to exist under all policies.

Exponential Utility Functions

Exponential utility functions are the most widely used non-
linear utility functions (Corner & Corner 1995). They are of
the form Usxp(w) = ™, where: = signln~y. If v > 1,
then the exponential utility function is convex and chagact
izes risk-seeking human decision makers) K ~ < 1, then
the utility function is concave and characterizes riskregéiu-
man decision makers. We use the subsarigt instead ofU/

for exponential utility functions and uséEU.,,, instead of
MEU to refer to the planning objective.

Positive MDPs The values exist for positive MDPs under
all policies sincev, +(s) is monotonic in7". Thus, the op-
timal values exist as well. They are finite(if< v < 1 or

if v > 1 andCondition 8 holds (Cavazos-Cadena & Montes-

de-Oca 2000). Again, the optimal values are finite evdn if
is replaced witHISP in Condition 8 since there exists an SD-
optimal policy for theMEU.,, objective (Cavazos-Cadena &
Montes-de-Oca 2000).

Condition 8: Forallr e ITand alls € S, v™,

exp

Negative MDPs The values exist for negative MDPs under
all policies sincevy, , +(s) is monotonic inT". Thus, the op-
timal values exist as well. They are finite 4f > 1 or if

0 < v < 1 andCondition 9 holds Avila-Godoy 1999).
Again, the optimal values are finite everiifis replaced with
I1°P in Condition 9 since there exists an SD-optimal policy
for the MEU., objective QAvila-Godoy 1999).

Condition 9: There existsr € II such that for alls € S,
v (8) s finite.

(s) is finite.

Some Useful Lemmata

The following lemmata are key to proving Theorem 4, The-
orem 6, Theorem 9, and Theorem 10. Because of the space
limit, we state these lemmata and the following theoremb-wit
out proof. Lemma 1 describes the behavior of the agent after
entering a recurrent class, and Lemma 2 describes its havi
before entering a recurrent class. The idea of splittingdra
tories according to whether the agent is in a recurrent étass
key to the proofs of the results in following sections.

Lemma 1 states that one can only receive all non-negative
rewards, all non-positive rewards or all zero rewards if one
enters a recurrent class a@dndition 7 holds.

Lemmal. Assume thaCondition 7 holds. Consider an arbi-
trary = € TISRand an arbitrarys € S that is recurrent under
m. Let A, (s) C A denote the set of actions whose probability
is positive under the probability distribution(s).

a. Ifv™(s) = 400, thenforalla € A, (s) and alls’ € S with

P(s'|s,a) > 0,r(s,a,s") > 0.

b. If v™(s) = —oco, thenforalla € A, (s) and alls’ € S with

P(s'|s,a) > 0,r(s,a,s") <0.

c. If v™(s) = 0, then for alla € A,(s) and all s’ € S with

P(s'|s,a) > 0,7(s,a,s") =0.

Lemma 2 concerns the well-known geometric rate of state
evolution (Kemeny & Snell 1960) and its corollaries. We use
this lemma, together with the fact that the rewards accuraula
at a linear rate, to show that the limit in (1) converges on the
extended real line under various conditions.

Lemma?2. Forall = € IISR let R™ denote the set of recurrent

states undetr. Then for alls € S, there existd) < p < 1

such that for allt > 0,

a. there exists > 0 such thatP*™(s; ¢ R™) < ap',

b. there exist® > 0 such thatP*™ (s, ¢ R™,s;41 € R™) <
bpt, and

c. for any recurrent classR7, there exists: > 0 such that

P57 (sy ¢ R™, 5441 € RT) < ¢pt,
where P#™ is a shorthand for the probability under condi-
tional onsg = s.

The MDP in Figure 4 illustrates Lemma 2. Stateis the
only recurrent state under its only policyzf > 0. For this
policy = and allt > 0, Pslv’f(st # s2) = (1 — p)* (which
illustrates Lemma 2a) anﬂsl“(st #5285, =5%) =p(1—
p)t (which illustrates Lemma 2b and Lemma 2c).
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Exponential Utility Functions
and General MDPs

We discuss convex and concave exponential utility funstion
separately for MDPs with both positive and negative rewards
We usev /7 (s) to denote the values of the positive part of an
MDP with exponential utility functions under policy € II

andvl’* (s) to denote its optimal values. We define the values

exp
v (s) andv .’ (s) in an analogous way.

exp exp

Convex Exponential Utility Functions

Theorem 4 shows that the values exist for convex exponential

utility functions under all SR policies i€ondition 10 holds.
Condition 10 is analogous t&ondition 7, and Lemma 3 re-
lates them.

Condition 10: For allw € II and alls € S, at least one of
v1T (s) andv~"(s) is finite.

exp
Lemma3. If v > 1, Condition 10 impliesCondition 7.

Theorem 4. Assume tha€ondition 10 holds andy > 1. For
all 7 € IISRand all s € S, vT(s) exists.

exp

However, it is still an open problem whether there exists an
SD-optimal policy for MDPs with both positive and negative
rewards for theMEU,,,, objective. Therefore, it is currently
unknown whether the optimal values exist.

Assume tha€Condition 10 holds and the optimal values ex-
ist. The optimal values are finite if for atl € IT and alls € S,
vl (s) is finite. This is so becauggondition 8 implies that

exp
(s) is finite. Furthermore, for alt € IT and

foralls € S, vi®
T—1
Uexp Z rj'
t=1

exp
alls e S,
T—1
Uexp ( Z rt):| < E®T
Taking the limit asl” approaches infinity shows theff, ,(s) <
v (s) < 4oo. Thereforep?, ,(s) < vik (s) < 4oo0.

The MDP in Figure 4 illustrates Theorem 4. Its probabilities
and rewards are parameterized, where 0. We will show
that the values of both states under its only policgxist for
all parameter values i€ondition 10 holds andy > 1. As-
sume that the premise is true. We distinguish two casesreith
v~ (s1) is finite orv =7 (s!) is negative infinity.

If v="(s!) is finite, thenv="(s?) is finite as well. If
v~ ™(s?) is finite, then it is zero since staté is recurrent. If
v~ (s?) is zero, therb > 0, that is, eithe > 0 or b = 0. If
b > 0, thenvy, (s') = v7,,(s*) = +oo, that s, the values of
both states exist. f = 0 (Case X), then7,(s?) = 1 and

exp

_ gem _ 4
Vixp,r(s) = E = Vgp, 1 (8)-

e}

vEp(sh) =>4V p(1 - p)
t=0

If v%(1 — p) < 1, then the above sum can be simplified to

™ 1y p,ya
veols) = Ty

otherwise it is positive infinity. Thus, in either case, tladues
of both states exist.

If v=7(s!) is negative infinity, them =" (s?) is negative in-
finity as well. If v=™(s2) is negative infinity, the < 0 and
v5p(s?) = 0. We distinguish two cases: either < 0 or
a > 0. If a <0, then the total rewards of all trajectories are
negative infinity and thus7, ,(s') = 0, that is, the values of
both states exist. B > 0, theny*(1—p) < 1 becaus€ondi-
tion 10 requires thav 7 (s') be finite if =" (s') is negative
infinity and the positive part of the MDP satisfies the condi-
tions of Case X above. If the agent enters stdtat time step
t + 1, then it receives rewar@dfrom then on. Thus,

T—-1
Vipr(st) = Y ATV (1 )t T (1 - p)T
t=0
NP il o Ul V)
L—~*=*(1-p)

Sincey > 1 andy%(1 — p) < 1, it holds that

+ R -p)".

vgxp(sl) = ’Ih—I»I;o v;,rxp,T (81) =0.

Thus, in all casesCondition 10 indeed guarantees that the
values of both states exist for the MDP in Figure 4.

Concave Exponential Utility Functions

The results and proofs for concave exponential utility func
tions are analogous to the ones for convex exponentiatyutili
functions.

Condition 11: For allm € IT and alls € S, at least one of
vt (s) andv T (s) is finite.

Lemmab. If 0 < v < 1, Condition 11 impliesCondition 7.

Theorem 6. Assume thaCondition 11 holds and) < v < 1.
Forall m € IT1SRand alls € S, v7 (s) exists.

exp

Assume tha€Condition 11 holds and the optimal values ex-
ist. The optimal values are finite if there exist& I such that
forall s € S, v 5 (s) is finite. This is so because for this

and alls € S,

t=0

T—1
Ve 7 (8) = B |Uaxp [ 5 74

> EST | U - =v " s
> exp [ X 7y = Vo1 ()
=0 Py

Taking the limit asl” approaches infinity shows the, ,(s) >
Vi (8) = il (s) > —oc.

General Utility Functions

We now consider non-linear utility functions that are more
general than exponential utility functions. Such utilityn€-
tions are necessary to model risk attitudes that change with
the total reward.

Positive and Negative MDPs

The values exist for positive and negative MDPs under ait pol
cies sinca]; 1-(s) is monotonic irl". Thus, the optimal values
exist as well. Theorem 7 gives a condition under which the op-
timal values are finite for positive MDPs, and Theorem 8 gives
a condition under which they are finite for negative MDPs.

Theorem 7. Assume tha€ondition 1 and Condition 8 hold
for somey > 1. If the utility functionU satisfiesU (w) =
O(y") asw — +oo, thenfor allr € Il and all s € S, vfj(s)
anduy; (s) are finite.



Theorem 8. Assume tha€ondition 3 and Condition 9 hold
for somer € II and somey with 0 < v < 1. If the utility
functionU satisfiesU (w) = O(y¥) asw — —oo, then for
thisw and all s € S, v{;(s) andvy; (s) are finite.

General MDPs

The following sections suggest conditions that constrain
MDPs with both positive and negative rewards and the util-
ity functions to ensure that the values exist. The first part
gives conditions that constrain the MDPs but not the utility
functions. The second part gives conditions that constren
utility functions but require the MDPs to satisfy onyon-
dition 7. The last part, finally, gives conditions that mediate
between the two extremes.

Bounded Total Rewards We first consider the case where
the total reward is bounded. We ugE™ to denote the set
of trajectories starting from € S under policyr € II. We

definew(h) = S (k) for h € HS™, v, (s) = max_w(h)
= S
andvl;,(s) = hg}}gw w(h). The total rewardw(h) exists if

Condition 7 holds. The optimal values exist and are finite if
Condition 7 holds and for alk € S,

SUP Viax (8) < 400 and

inf vhin(s) > —oo.

These conditions are, for example, satisfied for acyclic MDP
if plan execution ends in absorbing states but are satisfied f
some cyclic MDPs as well. Unfortunately, it can be difficult
to check the conditions directly. However, the optimal eslu
also exist and are finite if for all € S,

sup vihny (5) < 400 and

up infn Ui (8) > —o0.
™

kS

In fact, the optimal values also exist eveiilifis replaced with
ISP in this condition, which allows one to check the condition
with a dynamic programming procedure.

Bounded Utility Functions We now consider the case
where the utility functions are bounded. In this cagey(s)

is bounded ag” approaches infinity but the limit might not
exist since the values can oscillate. Theorem 9 provides a
condition that guarantees that the values exist undeastati
ary policies.

Theorem 9. Assume that Condition 7 holds. If

lim U(w) = U~ and lim Uw) = UT withUu*t # U~
being finite, then for allr € IISRand all s € S, v (s) exists
and is finite.

Linearly Bounded Utility Functions Finally, we consider
the case where the utility functions are bounded by lineae-fu
tions. Theorem 10 shows that the values exist under conditio
that are, in part, similar to those for thdER objective.

Theorem 10. AssumeCondition 7 holds. IfU(w) = O(w)
asw — oo, then for allr € ITSRand alls € S, v7(s) exists.

Conclusionsand Future Wor k

only a first step towards a comprehensive foundation of risk-
sensitive planning. In future work, we will study the existe

of optimal ande-optimal policies, the structure of such poli-
cies, and basic computational procedures for obtainingthe
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