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Abstract 
This paper introduces a new approach for com- 
puting the exact aspect graph of curved objects 
observed under orthographic projection. Curves 
corresponding to various visual events partition 
the Gaussian sphere into regions where the image 
structure is stable. A catalogue of these events 
for piecewise-smooth objects is available from sin- 
gularity theory. For a solid bounded by rational 
parametric patches and their intersection curves, 
it is shown that each visual event is characterized 
by a system of n polynomials in n + 1 variables 
whose solutions can be found by numerical curve 
tracing methods. Combining these methods with 
ray tracing, it is possible to characterize the stable 
image structure within each region. Results from 
a preliminary implementation are presented. 

Introduction 
Recognizing a polyhedron from its monocular im- 
age using an object-centered representation is a non- 
trivial, but feasible task [14, 211, because most observ- 
able image features are the projections of object fea- 
tures: The image contours are the projections of edges, 
while their junctions are the projections of vertices, 
plus the occasional t-junctions that occur when a face 
partially occludes an edge. 

In contrast, most features observable in the image 
of a curved object are viewpoint-dependent and can- 
not be traced back to particular object features: The 
image contours of a smooth object are the projections 
of limb points, i.e., regular surface points where the 
viewing direction is tangent to the surface; they join 
at t-junctions, and may also terminate at cusp points 
having the additional property that the viewing direc- 
tion is an asymptotic direction of the tangent plane 
WI l 
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These simple remarks suggest investigating viewer- 
centered representations for recognizing curved objects 
from their monocular image contours. This paper is a 
first step in this direction, and it addresses the problem 
of constructing the aspect graph representation [19] of 
complex curved objects. Combining this qualitative, 
viewer-centered representation with more quantitative, 
object-centered representations [25] to obtain efficient 
control structures of the recognition process is the long- 
term goal of our research, and we will return to these 
issues in the conclusion. 

Informally, the aspect graph of an object enumer- 
ates all possible configurations of its image features as 
a function of viewpoint. Formally, it is known from 
singularity theory [l, 171 that image structure is in 
general stable with respect to viewpoint: perturbing 
the camera position in a small ball around the orig- 
inal viewpoint will not change the contour topology. 
However, from some viewpoints, almost any infinites- 
imal change will alter this topology. It follows that 
the range of all possible viewpoints can be partitioned 
into maximal regions where the structure of the con- 
tours, or aspect, is stable. The change in the aspect 
at the boundary between the regions is named a vi- 
sual event. The maximal regions and their boundaries 
can be organized into an aspect graph, whose nodes 
represent the regions with their associated aspects and 
whose arcs correspond to the visual event boundaries 
between adjacent regions. 

Since their introduction by Koenderink and Van 
Doorn [19] more than ten years ago, aspect graphs 
have been the object of very active research. We be- 
lieve that viewer-centered representations like aspect 
graphs are crucial for curved objects, but, ironically, 
most of the past research in this field has focussed on 
polyhedra, maybe because the contour generators of 
these objects, being viewpoint-independent, are rela- 
tively simple. Indeed, approximate aspect graphs of 
polyhedra have been successfully used in recognition 
tasks [lo, 13, 151, while several algorithms have re- 
cently been proposed for computing the exact aspect 
graph of these objects (see, for example, [9, 23, 31, 331). 

That the necessary theoretical tools for building ex- 
act aspect graphs of curved objects were firmly estab- 
lished results from singularity and catastrophe theories 
[l, 171 was already recognized by Koenderink and Van 

From: AAAI-90 Proceedings. Copyright ©1990, AAAI (www.aaai.org). All rights reserved. 



Doorn [19], and has, since then, been reaffirmed by 
others [4,27]. However, algorithms implementing these 
tools have, until very recently, remained elusive. This 
paper is the second in a series on the construction of 
exact aspect graphs of piecewise-smooth objects, based 
on the catalogue of possible visual events established 
by Rieger [27]. P reviously, we had considered solids of 
revolution whose generating curve is algebraic [20] (see 
also [6] for a different approach to the same problem). 
Here, we present an algorithm for computing the as- 
pect graph of solids bounded by rational parametric 
patches and their intersection curves, observed under 
orthographic projection. To the best of our knowledge, 
this is the first algorithm ever proposed for computing 
the exact aspect graph of a piecewise-smooth, curved 
object which is not a solid of revolution. 

Mathematicals details, omitted here for the sake of 
conciseness, can be found in [26]. 

a. 

b. 

C. 
. 

Figure 1: Local singularities of the visual map: (a) 
swallowtail; (b) beak-to-beak; (c) lip. 

Approach 
A rational parametric patch has ratios 
as coordinates, i.e., it is defined by: 

of polynomials 

x(u, v) = 
1 . . 

c dij ui vj 
c U’dX$j, (u, v) E I x J, 
ki 

i,j 
(1) 

where the dij’s are scalar coefficients, the -j’s are vec- 
tors of coefficients, and I, J are intervals of !I& This 
representation includes nearly all geometric models 
used in computer aided geometric design and com- 
puter vision, such as polyhedra, CSG models, bicubic 
patches, generalized cylinders, and superquadrics [25]. 
In addition, Sederberg and his colleagues [ll, 281 have 
shown that elimination theory can be used to compute 
the polynomial implicit equation of a rational patch 
and construct an exact representation for the intersec- 
tion curve of two patches in the form of a polynomial 
implicit equation I(u, v) = 0 in the parameter space of 
one of the patches. 

So, the edges of a solid bounded by rational paramet- 
ric patches and their intersection curves can be charac- 
terized by a polynomial equation. As remarked earlier, 
the limbs are characterized by the fact that the viewing 
direction v is tangent to the surface, i.e., n(u, v).v = 0, 
where n is the surface normal. Once again, this can be 
rewritten as a polynomial equation in u and v, and it 
follows that all image contours can be characterized by 
implicit polynomial equations. More generally, it will 
be shown in the next sections that visual events can be 
represented by systems of polynomial equations, and 
this will allow us to use global numerical techniques 
such as continuation [22] g characterize these events. 
The proposed procedure for constructing an aspect 
graph is: 

o Characterize the curves on the unit sphere which 
correspond to the visual events of the transparent ob- 
ject. 

o Build a graph of the regions delineated by these 
curves and characterize within each region the corre- 
sponding aspect of the transparent object. 

e Remove hidden curve branches of the opaque ob- 
ject from the aspects and merge adjacent regions with 
identical opaque aspects. 

As will be shown in a moment, each step of this 
algorithm corresponds de facto to characterizing the 
topology of curves defined in high dimension spaces 
by systems of polynomial equations. This is the key 
to the success of our algorithm, because it gives us 
access to the arsenal of computational tools available 
for characterizing algebraic curves. In principle, this 
can be done by using symbolic methods such as cylin- 
drical algebraic decomposition [5]. However, it is well 
known that these algorithms suffer from “intermedi- 
ate expression swell,” i.e., the time and space required 
for the computation of intermediate expressions may 
become so large as to make the desired-computations 
impossible [2].-Instead, we propose using the numerical 
method of continuation [22] and combining it with a 
new numerical curve tracing algorithm and ray tracing 
techniques [16, 351. 

A catalogue of visual events 
From singularity and catastrophe theories [l], it is 
known that, from most viewpoints, image contours are 
piecewise-smooth curves whose only singularities are 
cusps and t-junctions. They are stable with respect to 
the viewing direction: perturbing the camera position 
in a small ball around the original viewpoint will not 
change their topology. From some viewpoints, how- 
ever, almost any perturbation of the viewing direction 
will alter the contour topology. 

A catalogue of these “visual events” , or “singulari- 
ties”, has been established by Kergosien [17] for trans- 
parent generic smooth surfaces observed under ortho- 
graphic projection. It has been extended by Rieger 
to piecewise-smooth [27] surfaces, so it applies to both 
edge and limb projections. As shown in [l], each visual 
event in this catalogue occurs when the viewing direc- 
tion has a high order contact with the observed surface 
along certain characteristic curves.l When contact oc- 
curs at a single point on the surface, the singularity is 

‘Recently, Rieger’s catalogue has been extended to 
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Figure 2: Multilocal singularities of the visual map: 
triple point ; (b) tangent crossing; (c) cusp crossing. 

(4 

said to be local; when it occurs at different points, it 
is said to be multilocal. 

In the next two sections, we study the characteris- 
tic curves associated with local and-multilocal events 
in more detail. For rational parametric patches, it is 
shown that both types of events are characterized by 
systems of n polyno-nial equations in n + 1 unknowns. 

Local singularities 

Let us first consider edge projections. Their local vi- 
sual events are cusps [27, 321, where the viewing direc- 
tion is tangent to the edge. In this case, the character- 
istic curve is the edge itself, and the viewing direction 
corresponding to each edge point is its tangent [26]. 

From catastrophe theory, it is known that occluding 
contours may exhibit three types of local singularities: 
swallowtails, beak-to-beak, and lip transitions [17], as 
shown in figures 1,5,6,7. During a swallowtail transi- 
tion, a smooth image contour forms a singularity and 
then breaks off into two cusps and a t-junction. In a 
beak-to-beak transition, two distinct portions of the 
occluding contour meet at a point in the image; after 
meeting, the contour splits and forms two cusps; the 
interconnectivity of the limbs changes. Finally, a lip 
transition occurs when, out of nowhere, a closed curve 
is formed with the introduction of two cusps. 

As shown by Am .ol’d [l], swallowtails occur on flec- 
nodal curves, while both beak-to-beak and lip transi- 
tions occur on parabolic curves; in all cases,-the cor- 
responding viewing directions are given by asymptotic 
directions along these curves. Flecnodal points are in- 
flections of asymptotic curves, while parabolic points 
are zeros of the Gaussian curvature [34]. Implicit equa- 
tions for both types of curves are given in [26]; the cor- 
responding viewing directions are computed by solving 
the asymptotic direction equation [34]. 

some non-generic surfaces, namely developable surfaces, by 
Sripradisvarakul and Jain [30]. Further research is needed 
to ascertain if new characteristic curves are necessary to 
characterize the additional visual events of these surfaces. 

Multilocal singularities 
We have just seen that local singularities can be char- 
acterized by one equation in two unknowns which is the 
implicit equation of a surface curve. Let us now turn to 
multilocal singularities, which occur when two or more 
surface points project onto the same contour point. 
As shown by Kergosien [17] and Rieger [27], there are 
three types of multilocal visual events (figure 2). Three 
contour segments can intersect at a triple point. For 
an opaque object, only two branches are seen on one 
side of the transition while three branches are visible 
on the other side. Secondly, a tangent crossing occurs 
when two contours meet at a point and share a com- 
mon tangent. Finally, a cusp crossing occurs when the 
projection of an occluding contour cusp meets another 
contour. 

Multilocal events are not characterized by a single 
surface curve, but instead by curves in high dimension 
spaces, or equivalently by families of surface curves. 
For example, a triple point is formed when three sur- 
face points are aligned and, in addition, the surface 
normals at the three points are all orthogonal to the 
common line supporting these points. By sweeping this 
line while maintaining three-point contact, a family of 
three curves is drawn on the surface. 

The equations for the multilocal singularities are de- 
rived in [26]. The most complex singularity is the triple 
point, defined by five equations in six unknowns. Tan- 
gent crossings and cusp crossings are each character- 
ized by three equations in four unknowns. The viewing 
direction corresponding to a multilocal event is given 
by x2 - x1, where x1 and x2 are two of the points 
forming the singularity. 

Tracing the visual events 
We saw in the previous section that any visual event of 
a solid bounded by smooth surface patches and their 
intersection curves is a curve I’ defined in !P1 by a 
system of n equations in n + 1 variables: 

qzo, Zl, “‘, Zn) = 0 
. . . (2) 
pn( x0, a, l -*1 xn) =o 

As shown in [26], these equations are polynomials in 
the partial derivatives of the considered patches. By 
clearing if necessary the appropriate denominators, it 
is obvious in the case of rational parametric patches 
that each of the Pi’s is a polynomial in the patches’ 
parametric coordinates. 

The curve I’ can therefore be defined implicitly by 
a system of algebraic equations. To characterize its 
topology, it is possible, in principle, to use the sym- 
bolic method of cylindrical algebraic decomposition [5]. 
This may, however, prove impossible in practice [2]. 
Alternatively, the curve can be traced numerically, us- 
ing a prediction-correction scheme [7]. The main diffi- 
culties are finding a sample point on each real compo- 
nent of the curve to initiate the marching and dealing 
with the curve singularities where the tangent is not 
defined [3]. 

We propose a new algorithm to overcome these diffi- 
culties. It is divided into four steps: (1) first compute 
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Figure 3: The parabolic and flecnodal curves on the 
surface of an SHGC. 

all extremal points in some direction, sav 00; this in- 
cludes all singular points; (2) compute all-intersections 
of the curve with the hyperplanes orthogonal to the zo 
axis at the extremal points; (3) for each interval of the 
~0 axis delimited by these hyperplanes, intersect the 
curve and the hyperplane passing through the mid- 
point of the interval; (4) march numerically from these 
intersections to the adjacent hyperplanes. 

As shown in [26], steps (1) to (3) involve solving sys- 
tems of polynomial equations. This is done by using 
the global numerical method of continuation [22] for 
solving systems of n polynomial equations in n vari- 
ables. Continuation is itself a form of curve tracing, 
and it can find all solutions (counting their multiplic- 
ities) of systems having up to a few thousand roots 
[aal. 
’ Step (4) is similar to the marching step in [3, 71, and 
it only involves the inversion of a linear system: Since 
the mid-point of each interval corresponds to branches 
of the curve where the tangent’s component along the 
~0 axis is never zero, a Tailor expansion of the curve 
in the ~0 direction can be used to guide the march- 
ing. This step ends when the bounds of the interval 
are reached. At this time, the current branch is con- 
nected to the extremal points found earlier, producing 
a graph representation of the curve in terms of smooth 
branihes joined at singularities (an s-graph in Arnon’s 
terminology [2]). 

Note that, for each interval, a sample noint is ob- 
tained for each branch of the curve within this interval. 
In addition, marching through singularities is trivially 
avoided by marching only within intervals where the 
curve is extrema-free and therefore not singular. The 
algorithm is detailed in [26]. 

The remaining steps of the algorithm 
We have shown how to trace the curves which corre- 
spond to the visual events on the object’s surface. At 
each point, it is possible to compute the correspond- 
ing viewing direction and therefore to trace the corre- 
sponding visual event on the viewing sphere. We now 
sketch the remaining steps of the aspect graph con- 
struction: building a-graph of stable view regions, con- 
structing the correspondin .g transparent aspects, and 
merging adjacent identical opaque aspects. 

Figure 4: The curves on the unit sphere that correspond 
to the local events of an SHGC. Three sample directions 
(marked ‘S’, ‘B’, and ‘L’) are used to characterize the local 
events in the next three figures. 

To compute the graph of regions, we need to find 
all intersections of the visual event curves on the unit 
sphere. This can be done, once again, by solving a set 
of polynomial equations. Then, the intersections and - - 
extremal points can be sorted, as before, along some 
direction-and sample points for each smooth branch 
can be constructed: A sample point for the region de- 
limited bv two consecutive branches on one interval is 
simply obtained as the mid-point of the branches’ sam- 
ple points. The output of this step is a set of regions, 
curves, and intersection points, plus their connectivity 
information. 

In addition, the sample point associated with each 
region is a representative viewing direction for this re- 
nion. The contours associated with this view can once 
again be computed by curve tracing since they are the 
projections of edges, defined by I(u, V) = 0, and limbs, 
defined bv n*v = 0. It follows that each aspect can be 
represented by an s-graph of smooth curve branches 
separated by the contour singularities, i.e., cusps and 
t-junctions. 

It is known that, for a stable view, the visibility of 
contours only changes at cusps and t-junctions 
follows that the visibility . of contours does not 

[Is]. It 
change 

along a given branch ofthe s-graph, and it can be d<- 
termined by ray tracing [35] at the sample point of each 
branch. As shown in [16], ray tracing rational paramet- 
ric patches amounts to solving a system of polynomi- 
&,-which can be done by using continuation.- Once 
the visibility of the contour branches has been deter- 
mined, it is-a simple matter to eliminate the invisible 
branches and merge identical adjacent aspects. 

Implementation and results 
The curve tracing algorithm has been implemented and 
used, among other things, to compute the intersection 
curves and the silhouette of algebraic surfaces. As a 
first step in the implementation of the aspect graph 
algorithm, local visual events of a straight homoge- 
neous generalized cylinder (SHGC, see [24, 291) have 
been computed. SHGC’s are obtained by scaling a 
(not necessarily circular) reference cross-section along 
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a straight axis. They are a convenient choice for exper- 
imentation since they can be represented by rational 
parametric patches [25], and proven methods are avail- 
able for computing and drawing their contours [24]. In 
the examples presented in this section, we have used 
an SHGC whose scaling function is a cubic curve and 
whose reference cross-section is a complex non-convex 
curve. 

Figure 3 shows a line-drawing of this object and 
the corresponding parabolic lines and flecnodal curves. 
This line-drawing has been computed by the methods 
described in [24]. The flecnodal and parabolic curves 
have been computed by the curve tracing algorithm 
described earlier. Figure 4 shows the corresponding 
curves on the unit sphere. Note that some of these 
curves are not closed, and therefore do not delimit re- 
gions on the unit sphere. This should be expected 
since the SHGC’s surface has a finite extent and the 
multilocal events have not been traced. 

Finally, figures 5,6, and 7 show examples of swallow- 
tail, beak-to-beak, and lip transitions in the neighbor- 
hood of sample directions lying on visual event curves 
of the unit sphere. These directions and the adjacent 
stable views are shown as arrows and dots, and marked 
‘S’, ‘B’, and ‘L’ in figure 4. In order to show the con- 
tour structure (e.g., cusps and t-junctions), the hidden 
lines have not been removed in these three figures. 

Discussion and future research 
We have presented a new algorithm for computing the 
exact aspect graph of curved objects and demonstrated 
a preliminary implementation. This algorithm is quite 
general since, as noted before, rational patches and 
their intersection curves subsume most representations 
used in computer aided geometric design and computer 
vision. Unlike possible alternative approaches based 
on cylindrical algebraic decomposition [2, 51, our al- 
gorithm is also practical, combining well-established 
numerical techniques such as continuation [22] and ray 
tracing [16, 351 with a new curve tracing technique 
which respects curve singularities. 

Our immediate goal is to complete the implementa- 
tion of the aspect graph algorithm. As noted in the 
introduction, future research will be dedicated to ac- 
tually using the aspect graph representation in recog- 
nition tasks. In [25], we have demonstrated the re- 
covery of the position and orientation of curved three- 
dimensional objects from monocular contours by us- 
ing a purely quantitative process that fits an object- 
centered representation to image contours. What is 
missing is a control structure for guiding this process. 
We believe that the qualitative, viewer-centered aspect 
graph representation can be used to guide the search 
for matching image and model features and yield effi- 
cient control structures analogous to the interpretation 
trees used in the polyhedral world [8, 12, 141. 

Acknowledgements: We thank Kevin Bowyer, John 
F. Canny, Martial HCbert, Seth Hutchinson, and 
Brigitte Ponce for useful discussions and comments. 

b. 

Figure 5: A swallowtail transition: A smooth contour 
(a) acquires a discontinuity (b) which splits into one t- 
junction and two cusps (c). This local event corresponds 
to the viewing direction marked ‘S’ in figure 4. 

Figure 6: A beak-to-beak transition: Two disjoint pieces 
of contour (a) join at the transition (b), then split again in 
the other direction (c). This local event corresponds to the 
viewing direction marked ‘B’ in figure 4. 

Figure 7: A lip transition: A contour appears out of 
nowhere. This local event corresponds to the viewing di- 
rection marked ‘L’ in figure 4. 
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