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Abstract* 

There are still very few systems performing a Similarity 
Based Learning and using a First Order Logic (FOL) 
representation. This limitation comes from the intrinsic 
complexity of the learning processes in FOL and from the 
difficulty to deal with numerical knowledge in this 
representation. In this paper, we show that major 
learning processes, namely generalization and clustering, 
can be solved in a homogeneous way by using a 
similarity measure. As this measure is defined, the 
similarity computation comes down to a problem of 
solving a set of equations in several unknowns. The 
representation language used to express our examples is a 
subset of FOL allowing to express both quantitative 
knowledge and a relevance scale on the predicates. 

Learning in FQL 
A learning tool is the result of a trade-off between the 
capacity of the knowledge representation language used and 
the efficiency of the learning algorithm dealing with this 
language (Levesque & Brachman 1985). From this point 
of view, Valued Propositional Logic (VPL) is an 
interesting choice: some efficient statistical and/or logical 
learning methods can deal with this representation and it 
allows to take into account numerical knowledge. 
Therefore, this paradigm is currently used in the main 
families of systems such as ID3 (Quinlan 1983), AQll 
(Michalski & Larson 1983) in classification, CLUSTER/2 
(Michalski & Stepp 1983), COBWEB (Fisher 1987) in 
Conceptual Clustering, and also in Data Analysis (Diday 
1989). However, for a large set of domains, VPL is not 
sufficient to express the learning set. This problem occurs 
when the examples contain a variable number of entities 
(or objects) and when the relational structure between these 
objects changes from an example to the other. For 
instance, as shown by (Kodratoff et al. 1991), the 
representation of a molecule is yet a critical problem. 

In ethanol (figure l), how to represent the two 
carbons in the frame of VPL? It could be possible to create 
two specific attributes CARBl and CARB2 then to learn 
some rules with these attributes. But if we apply the 
learned knowledge to another molecule composed of any 
number of carbons, the system will be unable to recognize 
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which atoms of this new molecule play the role of CARBl 
and CARB2. The user will have to label correctly and 
always in the same way the different atoms. Now, when 
several objects appear in an example, the most difficult 
task is indeed to find the correct labeling. 
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FOL-based representations allow to overcome this 
problem since they can deal with complex domains in 
which the relational structure of the described objects 
changes from an example to the other. They have been 
introduced a long time ago (Winston 1970) and are 
currently used in several systems such as GOLEM 
(Muggleton 1990), ITOU (Rouveirol 199 1) or FOIL 
(Quinlan 1990). However, the number of systems 
developed on this paradigm stays far less than those using 
VPL. Two reasons explain this point: first, the use of 
FOL generally involves a large increase of the computation 
complexity; second, in its classical definition, FOL does 
not allow to deal efficiently with numerical values, which 
is a limit in many real world problems. Various languages 
derived from FOL allowing to suppress this last flaw have 
been proposed in learning field such as APC (Michalski 
1983) or the “Hordes” (Diday 1989) in Data Analysis. But, 
very few solutions about the way to process these 
representation languages have been provided. 

and clustering 
From a set of examples, the processes of generalization and 
clustering used in machine learning involve very similar 
problems. Generalization consists in pointing out the 
common parts of the examples, and clustering in gathering 
together the examples having the most common parts. Due 
to this resemblance, it is interesting to study if both 
processes are solvable in a similar way. 

In VPL representation, the generalization of two 
formulas (without domain theory) is not a difficult 
problem because the matching between the attributes is 
unique. In FOL the problem is intrinsically more complex 
since there are generally numerous ways to match the 
literals. The algorithms performing all the possible 
matching such as LGG (Plotkin 197 1) are unusable in real 
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world problems since they lead to very large 
generalizations. Therefore, some bias are necessary to bind 
this size. A solution used in the Structural Matching 
algorithm (Kodratoff, Ganascia 1986), (Vrain 1990), is to 
compute a distance between each pair of entities occurring 
in the predicates then to define a matching of the entities 
which globally optimizes this distance. The literals kept in 
the generalization formula are only those corresponding to 
these matching. However, the distances currently defined in 
the literature stay incomplete. For instance, in the system 
QGUST (Vrain 1990), the algorithm does not deal with 
numerical values. In (Esposito 1991), since the matching 
algorithm does not take into account the overall relational 
structure between entities, the first matching between 
entities are done in a somewhat arbitrary order. 

One classical way to cluster a set of examples is to 
define a numerical distance (subsequently used by a 
clustering algorithm) expressing the resemblance degree 
between the examples. This solution is used in Data 
Analysis (Diday & al. 1985), (Nicolas et al. 1991), 
Conceptual Clustering (Gennari et al. 1989), (Decaestecker 
1991) and in Case Based Reasoning. However, the 
distances used are not applicable in FQL-based 
representation since they do not take into account the 
relations between arguments. Some works have been done 
in this direction in pattern recognition and graph clustering 
(Segen 1990), but the used representation languages are 
often too specific to be usable in a general knowledge 
representation framework. In practice, the problem of 
clustering in FOL comes down to the previous one of 
generalization: to compute a global distance between two 
examples, we must know the partial distance between the 
different entities occurring within these examples. 

Therefore, both generalization and clustering problem 
in FOL can be solved in the same way: by computing a 
distance between the entities which occur in the examples. 
Once this distance is computed, the problems of 
generalizing and clustering in FGL come down to those 
existing in VPL, because the problem of multiple 
matching is solved. In this paper, first, we provide the 
representation language used to express the examples. 
Then, we explain the method used to evaluate this distance 
(we will use a similarity measure), which takes into 
account all the knowledge expressed within the examples. 

The representation language used in our approach is based 
on a subset of the FOL without negation nor functional 
symbols. The atom (or positive literal) is the ground 
structure of our representation. An atom is built with a 
predicate of arity n (with n20), whose different arguments 
are typed. We distinguish two categories of arguments: the 
entities (or objects) and the values. The entities are 
symbols whose meaning depends on their occurrences 
inside the predicates. The values have their own semantic 
and must belong to a data type. We associate to our 
language the following semantic. The predicates qualify the 

properties of an entity, or the relations between several 
entities; the values quantify these properties and relations. 
An example is a conjunction of instantiated atoms : 

EX: Size (A, large) & Red (B) & Distance (A, B, small) 
‘A is an entity whose property Size is large and B is an 

entity whose property Color is red; The relation Distance 
between them has a small value” 

In addition, to each predicate can be associated a weight 
expressed as an integer. This number allows to express a 
relevance scale between the predicates of the application 
domain. Finally, we assume that for each data type T 
(integer, nominal, taxonomy, etc), there exists a function 
V-SIMT : T x T + [O..l] allowing to evaluate the degree 
of “similarity” between any pair of values of the type T. 

icates 

In order to evaluate a similarity between any pair of 
entities (Xi, Xj) belonging to 2 examples, a simple 
method, used by (Vrain 1990) and (Bisson 1990), consists 
in comparing the atoms in which these entities appear. In 
this aim, we establish for each entity Xi the list of its 
occurrences in the example (denoted Occ (Xi)). Each item 
of this list is composed by a pair (predicate-name, 
position-of-Xi). We must take into account the position of 
the entities in the predicates since the relations are often 
oriented : for instance, in the relation FATHER (x, y) the 
two entities do not have the same meaning. To evaluate 
the similarity between two entities we compute the ratio 
between the length of the intersection of their occurrence 
lists by the longest list brought into play. The result is in 
the interval [O.. l] and can be a resemblance percentage. 

SIM(Xi,Xj)= Lgth (Occ (Xi) A Occ (Xj)) 
MAX (Lgth (Occ (Xi)), (Lgth (Qcc (Xj)))) 

The examples El and E2 below contain four entities 
PAUL, YVES, JOHN and ANN. The values “male” and 
“female” belong to a type SET-OF, and the numbers to a 
type INTEGER. Let us evaluate the similarities: 

El : aul, yves) & sex (yves, male) 
& age (yves, 22) & french (pad) 

E2 : father Qohn, ann) & sex (arm, female) 
& age (ann, 12) 8r american Q&n) 

However, with respect to the representation language 
previously defined, this approach is too crude since some 
information is not used. We can point out three kinds of 
deficiencies in this method of similarity computation. 
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The first deficiency of this method is that it does not 
take into account the weight of the predicates. This point 
can be easily solved by associating to each item of the list 
of occurrences a value corresponding to the weight of the 
predicate. Thus, we no longer work with the number of 
occurrences but with the sum of the weight of these 
occurrences (denoted I;-WGT). Practically, the role played 
by the weight is quite simple: a predicate P with a weight 
of W is taken into account in the computation as if each of 
the occurrences of P appears W times in the example. 

The second deficiency of this method is about the use 
of the values. In the previous example, when we compare 
the entities YVES and ANN for the predicate AGE, we 
would like that the similarity value reflects not only the 
fact that the predicate AGE appears in both examples, but 
also reflects the “proximity” between the values 12 and 22. 
In this way, the similarity between YVES and ANN for 
AGE should provide a value corresponding to the predicate 
weight multiplied by the similarity between the values 12 
and 22. This similarity is computed with the help of the 
function V-SIM associated to the type involved (for 
instance: integer in the interval [O..lOO]). This is coherent 
with the semantic given to our representation language in 
which values help to quantify the predicates. 

The third deficiency of this kind of similarity 
computation is more fundamental. By limiting the 
similarity to common predicates only, the comparison 
between PAUL and JOHN concerns only the following 
aspect: “Both of them have a child, and the one is French 
and the other is American”. In this way, we do not use all 
the information expressed in the examples, namely, the 
fact that the children have different ages and that PAUL has 
a son and JOHN a daughter. In other words, in order to be 
thorough and complete, the similarity computation 
between PAUL and JOHN must take into account the 
resemblances existing between the entities YVES and 
ANN to which PAUL and JOHN are connected by the 
predicate “father”. Intuitively, the closer YVES and ANN 
are, the closer PAUL and JOHN are too. 

More generally, the fact that two entities have been 
connected by the user with the help of a relational predicate 
means they are semantically dependent. Therefore, for a 
given pair of entities (Xi, Xj), the similarity computation 
for this one should take into account the similarities of the 
other related pairs. Moreover, this dependence relation must 
be transitive and its strength must decrease in accordance 
with the number of predicates present in the connecting 
path. For instance, if A is connected to B and B is 
connected to C then A influences C, but this influence 
must be lower than the one of B on C. 

5 Similarities as a system of equations 
From the previous critics, we define a new measure 
(denoted T-SIM) computing the similarity between two 
entities X and Y for a given common occurrence. To each 
occurrence corresponds a pair of atoms in which X and Y 
appear at the same position R. First, we compute the mean 
of the similarities between the values. Then, we compute 

the mean of the similarities between the entities; for X and 
Y the similarity is 1 since, from the viewpoint of the 
studied predicate, they are similar. Finally, the similarity 
for the occurrence equals the product of the two means by 
the weight (or relevance) of the predicate involved. If they 
are no entities and/or no values in the atoms, the 
corresponding terms in T-SIM are equal to 1. 

Let the two general atoms Tk and T’k: 
Tk = P (Al, . . . . Ai, . . . , An, Vl, . . . , Vj, . . . , Vm) 
T’k = P (Bl, . . . . Bi, . . . , Bn, Ul, . . . , Uj, . . . , Urn) 

where : P is the predicate symbol of the atoms 
Ai and Bi express the entities (n20) 
Vj and Uj express the typed values. (m20) 

dist (Ai, Bi) = 1 when i=R (corresponds to X and Y) 
dist (Ai, Bi = SIM (Ai, Bi) when i#R 
dist (Uj, Vj) = V-SIMT (Uj, Vj) (see section 3). 

As we can easily notice, this method computes the 
similarity of a pair of occurrences by using the similarity 
of connected entities. From this point of view, the 
similarity computation, as defined above, can be rewritten 
as the problem of solving a system of equations in several 
unknowns. Here, we define the function V-SIMT in the 
following way for the values of AGE and SEX: 

V-SIMage (Vl ,V2) = [ 99 - I Vl - V2 I ] / 99 
V-SIMsex (Vl,V2) = If Vl=V2 Then 1 Else 0 

Therefore, here are the values of T-SIM found for the 
common occurrences of FATHER, AGE and SEX. There 
is no T-SIM for the pairs (Paul, arm) and (yves, john) since 
there is no common occurrences between these entities. 

The final similarity between two any entities X and Y 
corresponds to the sum of the T-SIM evaluated for each 
common occurrence divided, as previously (section 4), by 
the total weights of the predicates brought to play by the 
entities. Let us call “CO” the total number of common 
occurrences between two entities. The similarity value 
belongs to the interval [O . . 11 because the denominator 
always expresses the greatest possible value of similarity. 

co 
T-SIM (Ti, T’i, Ri) 

SIM(X,Y) = i=O 
MAX (Z-WGT (&c(X)), I;-WGT @cc(Y))) 
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In our example, by defining the variables A=SIM (Paul, 
john) and B=SIM (yves, arm), the similarity computation 
is equivalent to the system of equations: 

A =[(W+B/2)1/2 
B = [ (A/2 + l/2) + (g/10) + (0) ] / 3 

which corresponds to the matrix : 

A=38% 
* B=53% 

Obviously, the found similarity values reflect the choices 
performed during the definition of the representation 
language, the writing of the examples and especially the 
definition of the algorithm. However, the important point 
is that the scale of similarity pointed out by the method 
must be stable and coherent with respect to the semantic of 
the language and the description of the problem. 

On the one hand, in this similarity measure, some parts 
of the computation are defined in the algorithm itself. 
Namely, the way the relations between entities are handled 
and the information propagated. On the other hand, both 
processes of value comparison and weight scaling of the 
predicates can be set in accordance to the problem to solve. 
Thanks to this point, we obtain a method in which some 
domain independent behaviors can be pointed out (this is 
fundamental for user’s understanding), and nevertheless, 
which stays adaptable to the studied domain. 

Bringing the similarity computation to the problem of 
solving a system of equations is interesting because this 
topic has been extensively studied and many algorithms 
exist to compute the solution in an optimal way (Golub & 
Van Loan 1983). In our problem, the system of equations 
has always the following aspect: 

1 k12 k13 . . . kln 
k21 1 k23 
k31 k32 1 . 
. . . . . . 
knl 1 

The characteristic matrix M is unsymmetrical and square 
and its order N is equal to the number of entities that could 
be matched (at least one common occurrence) in the two 
studied examples. The variables Xi express the similarity 
of any pair of entities. The most interesting point is that 
we can easily demonstrate that the matrix M and MT are 
diagonally dominant and then strictly positive (the 
determinants of the matrix are never zero). Thereby, the 
corresponding system of equations can always be solved. 

6 Jaeobis’ method 
Unfortunately, it is not always possible to use the “direct 
method” to compute the similarities between entities. If 
one entity at least has two identical occurrences in one 

example (it appears in the same predicate at the same 
position) then it is necessary to introduce in the system of 
equations some non-linear terms. Here is an example : 

E3 : father (paul, yves) & father (paul, ericz) & ..* 

E4 : father Cjohn, arm) 8z sex (arm, female) & . . . 

If we use the similarity previously defined to compute 
T-SIM for (Paul, john) in the predicate “Father”, we take 
into account the average similarity between SIM (yves, 
arm) and SIM (eric, ann). To be coherent, we must 
compare ANN with the most similar son of PAUL, 
namely YVES or ERIC. During the computation of T- 
SIM for (paul, john) we must perform a matching choice 
guided by the values of SIM (yves, ann) and SIM (eric, 
arm). Thus, for the predicate FATHER, we have the 
following T-SIM similarity between PAUL and JOHN : 

T-SIM = 1/2(l+Best-Match[SIM(yves,ann),SIM(eric,ann)]) 

The function Best-Match can be in this case the 
function MAX-OF. By introducing this function, it 
becomes impossible to express the characteristic matrix of 
the system of equations. Therefore, to solve our equations, 
we are going to use an iterative method inspired from the 
classical Jacobi’s method (Golub $ Van Loan 1983). 
Jacobi’s method is divided into two steps. In the first step, 
we initialize the process by roughly evaluating the values 
of the unknown variables. In the second step, we refine 
iteratively the value of each variable of the system, by 
using the values estimated during the previous phase. This 
second step is performed until the variation of the 
successive values falls under a predefmed threshold. 

In our similarity problem, the method is quite similar. 
During iteration 0 (denoted SIM-0), we initialize the 
similarity value of each pair of entities by counting the 
common occurrences of predicates as defined in section 4. 
During the nth iteration (denoted SIM-n), we compute the 
similarity between a given pair of entities, as defined in 
section 5, by taking into account the similarity computed 
during the previous iteration for the other pairs. 

In this way, each step of the process refines the results 
previously computed by propagating the informations 
along the connected paths. Given a pair of entities 
appearing in two examples, let us examine this 
propagation process. During the initialization step (SIM-0) 
we just take into account the predicates in which both 
entities directly occur. During the first iteration (SIM-I), 
we take into account these predicates again, their typed 
values, but also the similarities between the connected 
entities which were computed during SIM-0. During the 
second iteration (SIM-2), we perform the same operations, 
but the connected entities have already been taken into 
account their own connected entities at the previous step. 
In this way, at each iteration, we gain a level in the 
analysis of the relations between entities. Therefore, the 
total number of iterations to perform equals the longest 
path that exists in the examples between two entities. 
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Nevertheless, since we do not try to have precise values 
but just to obtain a scale of similarity between the entities, 
it is not necessary to perform many iterations. 
Experimentally, we observe that two or three iterations are 
generally enough to have a good estimation of the 
similarity between two entities. That is due to the fact that 
the further the information comes from, the smaller its role 
in the similarity computation. We can demonstrate that the 
decreasing rate follows a geometrical law. 

However, the convergence of this algorithm is not 
totally ensured. For each iteration, once the matching 
choice has been done, the similarity computation can be 
expressed as previously in the form of a characteristic 
matrix. But, if we are sure that this matrix can be inverted, 
we are not sure that the sequence of matrix built in the 
course of the iterations is converging to a solution because 
the matching choices performed can be different from one 
iteration to the next. However, this problem seems more 
theoretical than practical since an instability in the 
matching occurs when the entities involved are very close. 
In this case, the errors done on the similarities are low. 

We are going to illustrate our iterative algorithm. Two 
examples El and E2 are described with four predicates: 
triangle, square, color and left. The values used in the 
predicate color belong to an ordered type described below. 

El: 
triangle(a), color(a,white), 
squaMO,color(b,grey), left(a,b) 

E2 : 
square(c),color(c,dark),triangle(d) 
color(d,black),left(c,d) 

@ The predicate Triangle, Square, Color have a weight=l; 
Left has a weight=3 

e The items of Color are: (white, light, grey, dark, black) 
The similarity between two ordered values Vl and V2 
is defined as depending of the position of both values in 
the declaration of the type and of its cardinal (Card). 

SIM-ord (Vl,V2) = (Card-l) - hS (Vl) - POS (V2)l 
w-w 

During the initialization SIM-0, the system looks for the 
common predicates between the entities (section 4). Let us 
detail now the iteration SIM-1 for the pair of entities (a,c). 
The simikuity is null for the Triangle and Square because 
“a” and “c” do not verify simultaneously these properties. 
For Color, the similarity depends on the distance between 
“white” and “dark” (here 0.25). The predicate Left expresses 
a relation between two entities; for the pair (a,c) the 
similarity is by definition equal to 1, and for the pair (b,d) 
we use the previous computed value (they have Color and 
Left in common, therefore SIM-0 (b,d) = 0.80). The final 
similarity for Left corresponds to the mean between these 
two values multiplied by the weight of Left, we obtain 

2.70. The process is the same for SIM-2 and SIM-3. As 
we can see, the values found are converging. 

7 Complexity of the computation 
In AI, it is often difficult to characterize precisely the real 
complexity of an algorithm since it depends both on the 
quantity of the inputs and on their internal structures. Here, 
the problem is complex since our data have any structure. 
Therefore, we are going to estimate the complexity of the 
similarity computation by using “average numbers” which 
is mathematically incorrect, but has the advantage of 
providing a rough idea of the real cost. 

Let E be the number of example to compare. 
Let ME be the average number of pairs of 
matchable entities. (Which means pairs of 
entities having at least one common occurrence). 
Let P be the average number of common 
predicates between two entities. 
Let I be the average number of common 
occurrences between the entities. 
Let A be the average arity of the predicates. 

In Jacobi’s method, each iteration consists in computing 
the similarity between all pairs of matchable entities for 
all pairs of examples. Therefore, the computation is 
quadratic both in terms of examples and entities. 

Complexity SIM-0 : 0 (E2.ME.P) 
Complexity SIM-n : 0 (E2.ME.P.Iz.A) 

This may seem expensive. However, when this method is 
used in a learning tool, numerous bias depending on the 
studied domain allow to decrease this complexity. A first 
bias concerns the computing method itself. As previously 
seen, when entities belonging to a pair of examples do not 
have several times the same occurrence (I=l), we can use a 
direct mathematic method to solve the system of equations. 
The building cost of the characteristic matrix is about the 
same as the cost of performing one iteration SIM-n. 
However, in practice, this cost is strongly related to the 
quality of the indexing of the data within memory. Once 
the matrix is built, the precise similarities are computed by 
using efficient algorithms and without any iteration. The 
next table shows the complexity of the resolution in 
accordance to the features of the example structures. 
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Some simplifications can be done when the learning 
system works on pre-classified examples. In this case, it is 
useless to compute the similarity between examples 
belonging to two different classes. If we have C uniformly 
distributed classes, the terms E2 falls down to (E/C)2. 
Typing the entities or more generally introducing some 
constraints on the possible matching between the entities 
is also a very eecient way to decrease the complexity of 
the terms ?vlE and I. In this way, typing allows sometimes 
to come down from the Jacobi’s method to the direct 
method. The weight scale defined on the predicates can also 
be used to prune the search space. For instance, we could 
decide that the similarity between two entities will be 
computed if and only if the total weight of the predicates 
involved in their occurrences is above a given threshold. 

Condusion 
In this paper, we have proposed a general method to 
compute a distance between the different entities of a pair 
of examples. The representation language adopted to 
describe these examples is based on a subset of first order 
logic: it allows to express both relational and quantitative 
information and to take into account a relevance scale on 
the predicates. As defined, the similarity measure could be 
expressed as a system of equations in several unknowns, 
which can always be solved by a direct or by an iterative 
method. Finally, this measure can guide accurately and 
homogeneously some learning processes such as 
Generalization, Conceptual Clustering or Case-Based 
Reasoning. This method is used in the learning system 
KBG (Bisson 1991, 1992). With this system, we have 
verified on several domains (Electronic design, Vision, etc) 
that the behavior of the similarity function is coherent. 

At present, several improvements of the method seem 
interesting to study, such as the extension of the 
representation language in order to deal with negation. 
Deeper studies about the different kind of bias allowing to 
decrease the complexity of the similarity computation is 
also an interesting direction to pursue. 
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