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ABSTRACT: Approximating a general formula 
from above and below by Horn formulas (its Horn 
envelope and Horn core, respectively) was proposed 
in [SIC] as a form of “‘knowledge compilation,” sup- 
porting rapid approximate reasoning; on the nega- 
tive side, this scheme is static in that it supports 
no updates, and has certain complexity drawbacks 
pointed out in [KPS]. On the other hand, the many 
frameworks and schemes proposed in the literature 
for theory update and revision are plagued by serious 
complexity-theoretic impediments, even in the Horn 
case, as was pointed out in [EGZ?] and the present 
paper. More fundamentally, these schemes are not 
inductive, in that they lose in a single update any 
positive properties of the represented sets of formu- 
las (small size, Horn, etc.). In this paper we propose 
a new scheme, incremental recompilation, combin- 
ing Horn approximation and model-based updates; 
this scheme is inductive and very efficient, free of the 
problems facing its constituents. A set of formulas is 
represented by an upper and lower Horn approxima- 
tion. To update, we replace the upper Horn formula 
by the Horn envelope of its minimum-change update, 
and similarly the lower one by the Horn core of its 
update; the key fact is that Horn envelopes and cores 
are easy to compute when the underlying formula is 
the result of a minimum-change update of a Horn 
formula by a clause. We conjecture that eficient al- 
gorithms are possible for more complex updates. 

1. INTRODUCTION 

Starting with the ideas of Levesque, in recent years 
there has been increasing interest in computational 
models for rapid approximate reasoning, starting 
from a “vivid” representation of knowledge [Le]. 
One important proposal in this regard has been the 
knowledge compilation idea of [SK], whereby a propo- 
sitional formula is represented by its optimal up- 
per (relaxed) and lower (strict) approximations by 
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Horn formulas -the corresponding Horn formulas 
are called in the present paper the Horn envelope and 
the Horn core of the original formula. The key idea 
of course is that, since these approximate theories 
are Horn, one can use them for rapid (linear-time) 
approximate reasoning. 

Despite the computational advantages and at- 
tractiveness of this idea, some obstacles to its imple- 
mentation have been pointed out. First, although 
the Horn envelope of a formula is unique, the Horn 
core is not; that is, there may be exponentially many 
most relaxed Horn formulas implying the given one. 
As was proved in [KPS], selecting the one with the 
largest set of models, or one that is approximately 
optimal in this respect (within any bounded ratio), 
is NP-complete. Another disadvantage is tha.t the 
Horn envelope may have to be exponentially larger, 
as a Boolean formula, than the given formula. What 
is more alarming is that, even if the Horn envelope is 
small, it may take exponential time to produce. Even 
if we are given the set of models of the original for- 
mula, there is no known output-polynomial algorithm 
for producing all clauses of the Horn envelope. An al- 
gorithm is output-polynomial if it runs in time that is 
polynomial in both the size of its input and its output; 
this novel and little-studied concept of tractability 
(and, unfortunately, related concepts of intructabil- 
ity), have proved very relevant to various aspects of 
AI. In fact, it was shown in [KPS] that generating 
the Horn envelope from the models of a formula is 
what we call in the present paper TRANSVERSAL- 
hard -suggesting that it is unlikely to have an 
output-polynomial algorithm. These negative com- 
plexity results for knowledge compilation (admit- 
tedly, quite mild when compared with the serious 
obstacles to other approa.ches to knowledge represen- 
tation and common-sense reasoning, see for example 
[EG 1, EG2]) are summarized in Theorem 1. 

Our knowledge about the world changes dynam- 
ically -and the world itself changes as well. The 
knowledge compilation idea has no provisions for in- 
corporating such belief revisions or updates. There 
are, of course, in the literature many formalisms for 
updating knowledge bases and databases with in- 
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complete information [Da, Sa, Bo, We, Gi, FUV, 
Wil, Fo]; see [Wi2] and [EG2] for two systematic 
surveys. As was established in [EG2], all these sys- 
tems are plagued with tremendous complexity ob- 
stacles -even making the next inference, which is 
known as the counterfuctual problem, is complete at 
some high level of the polynomial hierarchy for all of 
them. We point out in this paper (Theorem 2) some 
serious problems associated with computing the up- 
dated formula in the two formula-based frameworks 
even in the Horn case. The only ray of hope from 
[EG2] -namely that when the formula is Horn, the 
update is small, and the approach is any one of the 
model-based ones, then counterfactuals are easy- is 
tarnished by our observation that, in all these cases, 
the updated formula is not Horn (this is part (iii) of 
Theorem 2); hence, such an update scheme would fail 
to be inductive, retaining its positive computational 
properties in the face of an update. 

To summarize, knowledge compilation of arbi- 
trary formulas is not easy to do. And all known 
approaches to the update problem encounter serious 
complexity obstacles, or result in loss of the Horn 
property. What hope is there then for a system that 
supports both rapid approximate reasoning and up- 
dates? 

Quite surprisingly, combining these two ideas, 
both shackled as they are by complexity-theoretic ob- 
stacles, seems to remove the obstacles from both, thus 
solving the combined problem, at least in some inter- 
esting and heretofore intractable cases. In particular 
we propose the following scheme: Suppose that for- 
mula I’ is represented by its Horn envelope l? and its 
Horn core r (to start the process, we incur a one-time 
computational cost for computing these bounds; al- 
ternatively, we may insist that we start with a Horn 
formula). Suppose now that we update our formula 
by 4, a “simple enough” formula (how “simple” it has 
to be for our scheme to be efficient is an important 
issue which we have only partially explored; we know 
how to handle a single Horn clause, as well as several 
other special cases). We represent the updated for- 

mula by the two formulas r + 4 and I+ 4, where ‘+’ 
stands for an appropriate model-based update for- 
malism; that is, by the Horn envelope of the updated 
upper bound and the Horn core of the updated lower 
bound. These are our new F and r. In other words, 
we apply the update to the two approximations, and 
approximate the two results, each in the safe direc- 
tion. And so on, starting from the new approxima- 

tions. The key technical point is that, although up- 
dating Horn formulas, even by Horn clauses, does 
not preserve the Horn property, and finding Horn en- 
velopes and cores is hard in general, it is easy when 
the formula to be approximated is the result of the 
update of a Horn formula by a Horn clause. To our 
knowledge, our proposal, with all its restrictions, is 
the first computationally feasible approach to belief 
revision ahd updates. 

Our proposal exhibits a desirable and intuitively 
expected “minimum-change” behavior, best demon- 
strated in the case in which a Horn formula r is up- 
dated by a Horn clause, say 4 = (x&y -+ z). Suppose 
that I’ can be written as x&y&~z&I”, where I” does 
not involve x, y, or z -otherwise I’+4 = I’&+. Then 
the upper and lower approximations are these: I’ + 4 
is (z&y - z)&l?‘, while I’ + 4 is X&(IJ tf z&I” (or 
y&(x - z)&l?, recall that cores are not unique). No- 
tice the “circumscriptive” nature of the updates (re- 
sulting from the minimum-change update formalisms 
that we are using). 

There is an interesting and satisfying method- 
ological aspect of our work. The main motivation 
and justification for applying the concepts and tech- 
niques of Complexity Theory to any application area 
is that, this way, research is supposed to be redi- 
rected by negative complexity results to the study of 
the right problems, to the adoption of the right ap- 
proaches. For AI, there is an added argument why 
such results are relevant: In attacking computation- 
ally a problem in an application area, one cannot 
in principle exclude the possibility that this problem 
might be totally insusceptible to computational solu- 
tion, that there may be no right approach to be dis- 
covered by a sequence of trials and negative complex- 
ity results. In contrast, a tacit ideological assump- 
tion in AI research is that the right approach must 
exist -because intelligence exists. Although the re- 
cent literature is teeming with complexity-theoretic 
criticism of approaches to various aspects of AI, the 
present work is an unusually clear example of a new 
approach 
theoretic 

that was 
argument 

arrived at by a tight complexity- 
excludi “g almost everything else. 

2. NEGATIVE RESULTS 

Let I’ be a propositional formula. Define [KS] its 
Horn envelope i? to be the strictest Horn formula im- 
plied by r, and its Horn core to be the weakest Horn 
formula implying r. Naturally, one could not hope 
that the Horn envelope and core can be efficiently 
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computed for all Boolean formulas. The reason is 
simple: F is unsatisfiable iff both l? and 13 coincide 
with the false formula. But what if F is given in 
some more convenient form, say in terms of its set 
of models &Y’) (that is, in “full disjunctive form”)? 
A first problem is that F may have exponentially 
many clauses -there is little that can be done in 
this case, we need them all to best approximate our 
formula. But can we hope to output these clauses, 
however many they may be, in time polynomial both 
in the size of input ---p(F)- and of the output -‘;? 
There are systematic ways that output all clauses of 
F, but unfortunately in all known algorithms there 
may be exponential delay between the production of 
two consecutive clauses. There is no known output- 
polynomial algorithm for this problem. 

There are many instances of such enumeration 
problems in the literature, for which no output- 
polynomial algorithm is known (despite the fact that, 
in contrast to NP-complete problems, it is trivial to 
output the first solution). The most famous one is to 
compute all transversals of a hypergruph [EG3]. As 
was pointed out in [EG3], many enumeration prob- 
lems arising in AI, databases, distributed computa- 
tion, and other areas of Computer Science, turn out 
to be what we call in this paper TRANSVERSAL- 
hard, in the sense that, if they are solvable in out- 
put polynomial time, then the transversal problem is 
likewise solvable. 

Theorem 1 [KPS]: Enumerating all clauses of 
the Horn envelope of a given set M of models is 
TRANSVERSAL-hard. As for the Horn core, (i) it 
is not unique, that is, there may be exponentially 
many inequivalent most relaxed Horn formulas not 
satisfied by any model outside M; (ii) selecting the 
Horn core with the maximum number of models (i.e., 
the one that best approximates 44) is NP-complete; 
furthermore (iii) even approximating the maximum 
within any constant ratio is NP-complete. 0 

The computational problems related to updates 
and belief revisions are in fact much harder. Let I’ be 
a set of Boolean formulas, and let 4 be another for- 
mula; 4 will usually be assumed to be of size bounded 
by a small constant Ic. We want to compute a new set 
of formulas r + 4 -intuitively, the result of updating 
l? by 4. There are many formalisms in the literature 
for updating and revising knowledge bases. First, if 
I’&$ is satisfiable, then all (with the single exception 
of [Will) approaches define F++ to be precisely I’&$ 
(we often blur the distinction between a set of for- 
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mulas and their 
is unsat isfi able. 

conjunction). SO, suppose that I’&$ 

1. In the approach introduced by Fagin, Ullman, and 
Vardi [FUV], and later elaborated on by Ginsberg 
[Gil, we take I’ + 4 to be not a single set of formu- 
las, but the set of all maximal subsets of I’ that are 
consistent with 4, with 4 added to each. A variant 
takes the “cross product” of all these formulas. 
2. In a more conservative approach, we take I? + 4 
to be Cp plus the intersection of all these maximal 
sets -this is the “when-in-doubt-throw-it-out,” or 
WIDTIO, approach. 
3-7. The remaining approaches define F + 4 implic- 
itly, by its set of models p(F + 4), given in terms 
of the set of models of F, #‘), and that of 4, ~(4) 
-notice that, since F&4 is unsatisfiable, these two 
sets are disjoint. All five approaches take ,!.QY’ + 4) to 
be the projection of p(F) on p(4), the subset of ~(4) 
that is closest to p(F) -and they differ in their no- 
tions of a “projection” and “closeness.” In Satoh’s 
[Sa] and Dalal’s [Da] models, the projection is the 
subset of ~(4) that achieves minimal distance from 
any model in p(F) (in Dalal’s it is minimum Ham- 
ming distance, in Satoh’s minimal set-theoretic dif- 
ference). In Borgida’s [Bo] and Forbus’s [Fo] mod- 
els, the projection is the subset of ~(4) that achieves 
minimal distance from some model in p(F) (in For- 
bus it is minimum Hamming distance, in Borgida’s 
minimal set-theoretic difference). Finally, Winslett’s 
[Will approach is a variant of Borgida’s, in which the 
“projection” is preferred over the intersection even if 
F&4 is satisfiable. 

In [EG2], Eiter and Gottlob embark on a sys- 
tematic study of the complexity issues involved in the 
various formalisms for updates and revisions. They 
show that telling whether F + 4 + $J in any of these 
approaches (this is known as the counterfactual prob- 
lem) is complete for levels in the polynomial hier- 
archy beyond NP -that is to say, hopelessly com- 
plex. When I’ and 4 are Horn, and 4 is of bounded 
size, [EG2] show their only positive result (for ad- 
verse complexity results, even in extremely simple 
cases, in approaches 1 and 2, see Theorem 2 parts 
(i) and (ii) below): The problem is polynomial in 
the approaches 3-7. This seems at first sight very 
promising, since we are interested in updating Horn 
approximations by bounded formulas. The problem 
is that the updated formulas cease being Horn (part 
(iii)). 

Theorem 2: Computing F + 4, where I’ is a set of 



Horn formulas and 4 is a single Horn clause with at 
most three literals: 

(i) Is TRANSVERSAL-hard in the Fagin-Ullman- 
Vardi-Ginsberg [FUV, Gi] approach. 

(ii) 1s FpNPPognI -complete in the WIDTIO ap- 
proach (that is, as hard as any problem that 
requires for its solution the interactive use of an 
NP oracle log n times). 

(iii) May result in formulas that are not Horn in the 
model-based approaches. 0 

3. INCREMENTAL RECOMPILATION 

We now describe our scheme for representing proposi- 
tional knowledge in a manner that supports rapid ap- 
proximate reasoning and minimum-change updates. 
At time i we represent our knowledge base with two 
Horn formulaslYi and Fi, such that & + Ti. We start 
the process by computing the Horn envelope and core 
of the initial formula r,-,, incurring a start-up com- 
putational cost -alternatively, we may insist that 
we always start with a Horn formula. Notice that 
we are slightly abusing notation, in that Ii and T’i 
may not necessarily be the Horn envelope and core of 
some formula I’a; they are simply convenient upper 
(weak) and lower (strict) bounds of the knowledge 
base being represented. 

When the formula is updated by the formula &, 
the new upper and lower bounds are as follows: 

r- -z+l := Ii + +i. 
Here ‘+’ denotes any one of the update formalisms 
discussed (we address towards the end of this sec- 
tion the issue of selecting the appropriate formalism). 
That is, the new upper bound is the Horn envelope of 
the updated upper bound, and the new lower bound 
is the Horn core of the updated lower bound. 

Obviously, implementing this knowledge repre- 
sentation proposal relies on computing the Horn en- 
velopes and cores of updated Horn formulas. We 
therefore now turn to this computational problem. 

Updating Horn Formulas 

To understand the basic idea, suppose tha.t, we want 
to update a Horn formula r by a clause 4 = (1~ V 

1~). If I’&4 is satisfiable, then the updated formula 
is precisely this conjunction. So, suppose that I’&$ 
is unsatisfiable; that is, I’ = x&y&I” for some Horn 
formula I” not involving 2 and y. Consider now any 

model of r; it is of the form m = llm’, where 11 is 
the truth values of x and y, and m’ is the remaining 
part. The models of 4 that are closest to it (both 
in minimum Hamming distance and in minimal set 
difference, as dictated by all five approaches) are the 
two models Olm’ and 10m’. Taking the union over 
all models of I’, as the fomalisms by Borgida and 
Forbus suggest, we conclude that r + 4, the updated 
formula, is (Z # y&I?. The Horn envelope of this is 
easy: It is just (1~ V ly)&I”, while the Horn core is 
either x&y&I” or y&lx&l? -we can choose either 
one. 

As we mentioned in the introduction, in case of 
a Horn implication, such as 4 = (x&y --+ Z) with l? of 
the form x&y&z&I”, the upper and lower approx- 
imations are these: r + 4 is (x&y +-+ z)&I”, while 
r + 6 is &(y - 45)&r’ or y&(x - z)&I”. The gen- 
eralization to arbitrary Horn formulas is obvious. 

Suppose next that 4 = (AL, xi - v,“=, yi) 
is a general clause update, with n > 1, and r = 
AK, ~~&l\~=~(lyi)&I” -again, this is the inter- 
esting case. A similar calculation shows that the 
Horn envelope of l? + 4 is precisely &+(‘~a V 

l~k)& Ai,j (yi - xjw, whereas the Horn core is 
(AL, xi - yj)&r’, for our choice of j. 

Theorem 3: The Horn envelope and core of the 
update of a. Horn formula l? by a Horn clause (6, in 
any one of the model-based update formalisms, can 
be computed in time 0(ll?l+ 141”). 0 

There is however a serious problem with our 
scheme when the updates are non-Horn: As can be 
seen from the calculation that preceded Theorem 4, 
the Horn envelope of the updated formula fails to 
logically imply th.e update -contrary to the intuitive 
meaning of an “update” or “belief revision,” and 
in violation of the accepted axioms which such for- 
malisms are supposed to satisfy (see, for example, 
[EG2]). It can be shown tl1a.t this does not happen 
not only when 4 is a single Horn clause, but also 
whenever it is any Horn formula. 

Suppose now that 4 has several clauses. In fact, 
suppose that 4 is the conjunction of several negative 
clauses, with no positive literals in them, and that l? 
is of the form xl&. . . &xk&I”, where x1 . . , xk are the 
variables appearing in 4. Consider a model 11 . . . lm’ 
of r; what is the closest in Hamming distance model 
of C#J? The answer is the model that has zeros in those 
variables um.ong x1 . . . xh which correspond to a min- 
imum hit2in.g set of the clauses (considered as sets of 
variables). Therefore, telling whether the Horn en- 
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velope of the updated formula (in the Forbus model) 
implies xi is equivalent to asking whether i is not in- 
volved in any minimum-size hitting set -an coNP- 
complete problem! 

Theorem 4: Computing the Horn envelope of the 
update of a Horn formula by the conjunction of nega- 
tive clauses in the Forbus or Dalal formalisms is NP- 
hard if the update is allowed to be arbitrarily long. 0 

tion 
Notice however that, if we restore our assump- 
that the update is bounded, Theorem 4 is no 

threat. Also, in the other three formalisms, updates 
such as these turn out to be easy. 

We conjecture that the Horn envelope and core 
of a Horn formula updated by any bounded formula 
can be computed in polynomial time in all five model- 
based update formalisms. In our view, this is an im- 
portant and challenging technical problem suggested 
by this work. We know the conjecture is true in 
several special cases -for example, the one whose 
unbounded variant was shown NP-complete in The- 
orem 4- and we have some partial results and ideas 
that might work for the general case. 

Choosing the Right Update Formalism 

Of the five model-based update formalisms, which 
one should we adopt as the update vehicle in our 
representation scheme ? Besides computational effi- 
ciency, there is another important desideratum: The 
property that & k i?i, that is, that the “upper and 
lower bound” indeed imply one another in the desir- 
able direction, must be retained inductively. We can 
show: 

Theorem 5: If I’; k Fi, and the update formalism 
of Winslett is adopted, then &+r k i?i+r. [7 

There are examples, to be included in the full 
paper, which show that the remaining four model- 
based formalisms may lead to situations in which the 
conclusion of Theorem 5 is violated. 

Characteristic Models and 2SAT Approxima- 
t ions 

As it turns out, much of this work can be extended 
in two directions: To the case in which the Horn 
formula is represented by its characteristic models 
[KKS2], and to the one in which we a.pproximate 
from above and below not by a Horn formula but 
by a 2SAT formula (at most two literals per clause). 
Details will be presented in the full paper. 

The Quality of Approximation 

Our approach responds to updates by producing ap- 
proximations of the knowledge base which become, 
with new updates, more and more loose. Naturally, 
its practical applicability rests with the quality of 
these approximations, and their usefulness in reason- 
ing. This important aspect of our proposal should be 
evaluated experimentally; we also plan to apply it to 
situations in AI in which reasoning in a dynamically 
updated world is well-known to be challenging, such 
as reasoning about action. 
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