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Abstract 

What is needed for an analysis of the existing 
approaches to qualitative spatial reasoning and for 
a deeper understanding of the domain of space is 
a unifying theory that explains all of the concepts 
used for the representation of the different aspects 
of space by some primitive but well understood 
relations. In order to provide such primitive 
relations it will be shown that the concepts used in 
the existing approaches can be explained by 
simple order relations between points on some 
low-dimensional structures. One of the properties 
of an order relation is transitivity. It will be shown 
that this property alone is sufficient to explain all 
the inferences described in the various 
approaches to qualitative spatial reasoning. 

Motivation 

Several approaches to qualitative spatial 
reasoning have been developed recently. A major 
problem with these approaches is the lack of 
comparability between them. One difficulty is 
that the approaches deal with different aspects 
of the spatial domain. Each of them provides 
some concepts for spatial relations, but most of the 
concepts differ in a substantial way. An overview 
of the dimensions of qualitative spatial reasoning 
is given in (Freksa & Rohrig 1993). Another 
difficulty in the comparison of the various 
approaches is that most of them use look-up 
tables for the explication of possible inferences 
instead of using the properties of the concepts 
involved. Even though look-up tables may have 
computational advantages, they include only very 
specialised rules that are not likely to be 
compared with properties of concepts from other 
approaches. 

What is needed for an analysis of the existing 
approaches and for a deeper understanding of the 
domain of space is a unifying theory that explains 
all of the concepts used for the representation of 
the different aspects of space by some primitive, 
but well understood, relations. In order to provide 
such primitive relations it will be shown that the 
concepts used in the approaches to qualitative 
spatial reasoning can be explained by simple order 
relations between points on some low-dimensional 
structures. For some of the approaches these low- 
dimensional structures are one-dimensional axes to 
which the spatial scenes are projected. For other 
approaches, those using orientation relations as 
basic spatial concepts, the low-dimensional 
structures are circles around the objects, and other 
objects are projected to those circles. Since it is not 
possible to define a binary order relation on a 
circle, a ternary relation with similar algebraic 
properties will be introduced. This relation is a 
sort of a cyclic order, and will therefore be called 
CYCORD. For the approaches using topological 
relations the low-dimensional structure is a 
system of subsets of space that is partially 
ordered by set inclusion. One of the properties of 
an order relation is transitivity. It will be shown 
that this property alone is sufficient to explain 
all the inferences described in the various 
approaches to qualitative spatial reasoning. 

The Theory 

Although the existing approaches to qualitative 
spatial reasoning differ substantially, they have 
some aspects in common: they deal with objects in 
2, 3, or n-dimensional space, they refer to spatial 
scenes by spatial relations between those objects, 
and they use composition of spatial relations for 
doing inferences. The thesis of this paper is that 
for all approaches, 1) objects can be projected to 
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points on some low-dimensional structures that are 
ordered by an order relation 2) spatial relations 
can be expressed in terms of these order relations, 
3) transitivity can be used to do inferences, and 
4) the inferred facts can be translated back into 
the original terms, ending up in exactly the same 
inferences as are described in the approaches. The 
low-dimensional structures are axes, circles, and, 
for the topological approaches, partially ordered 
systems of subsets of space. There is a limitation 
to this theory: in some approaches, spatial 
relations require a theory of equality of points on 
the low-dimensional structures. For the sake of 
simplicity, and because the introduction is 
straightforward, equality is not included here. 

Order relations 

In this section, the algebraic properties of a 
binary order relation are recalled to provide a 
basis for the definition of a ternary order relation 
on cyclic structures. An order relation is known to 
be asymmetric, non-reflexive, and transitive. 
Now, a relation with similar properties will be 
defined on the points of a circle. There is a 
problem defining a binary order relation on a 
circle, even when committing to a clockwise 
orientation for example; if any point A appears 
on a circle before a point B, then it is also true that 
B appears before A, when starting between A and 
B (cf. Figure 1). This problem can be fixed by 
defining a starting point for each pair of points 
and adding this point as a third argument to the 
order relation. The resulting relation will be 
called CYCORD, which is short for Cyclic 

ob’ects: 
re ation: r’ 

points on a circle 
CYCORD : point X point X point 

Properties 
Asymmetry A-B-C ==> 1 (A-C-B) 
Non-Reflexivity 1 (A-B-A) 
boundedTransitivity A-B-C, A-C-D ==> A-B-D 
Revolving A-B-C ==> B-C-A 

Figure 1: Properties of a cyclic order relation 

ORDer. The interpretation of CYCORD (A, B, C) 
(or A-B-C for short) is that in a clockwise 
direction, B appears before C when starting at A. 
Another valid interpretation of A-B-C is that B is 
between A and C, when committing to a clockwise 
direction. There is no restriction regarding 
additional points between A and B or B and C. 
Still another view of CYCORD is that the circle 
is cut in A, resulting in an open interval from A to 
A on which a normal binary order is defined for 
any two points that are unequal to A. 

Each of the algebraic properties of a binary order 
relation has a correspondence in a property of the 
cyclic order. CYCORD is asymmetric: if B is 
between A and C, then B should not be between C 
and A. CYCORD is non-reflexive: A-B-A holds 
for no A, B; this property ensures that CYCORD 
does not collapse into a binary order. CYCORD is 
transitive, but not in the expected way, which 
would be: if A-B-C and B-C-D, then A-B-D. Even 
though this property seems to hold in Figure 1, it 
does not hold in the general case. This may be 
verified by the same picture in Figure 1: A-C-D 
holds, and C-D-B holds too, but it is not the case 
that A-C-B holds. The problem is that the circle 
must not be traversed more than once, when 
transitivity is applied. Therefore, a property 
called bounded transitivity is imposed here, 
which is a more conservative form of transitivity, 
based on a constant starting point: if A-B-C and 
A-C-D, then A-B-D, in words, if B is before C 
when starting from A, and C is before D when 
starting from the same point A, then also B is 
before D when starting from that point A. This 
property is very intuitive and is valid, because it 
is guaranteed that the circle is not traversed more 
than once. 

There is one additional property that holds for 
CYCORD: since CYCORD is a relation over three 
arbitrary points on a circle, the three points may 
change places in a revolving manner: if B is 
between A and C, then also is C between B and A. 
The revolving property offers some very intuitive 
enhancements to the other properties of CYCORD. 
First, in combination with asymmetry it ensures 
that no two arguments of the CYCORD relation 
may be switched. Second, in combination with 
non-reflexivity it ensures that no two arguments of 
the CYCORD relation are the same. Third, in 
combination with bounded transitivity, it allows 
for other transitivity schemes, where the bound is 
not necessarily the first argument. And fourth, 
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applying the revolving property more than once 
makes the arguments of a CYCORD relation a 
cyclic list. 

Applications 

In this section, the theory will be supported by 
several examples. Approaches to qualitative 
spatial reasoning are divided into three major 
classes, those using orderings, those using 
orientation information, and those using 
topological relations for the description of spatial 
relations between objects. 

Ordering approaches 

In some of the approaches, such as (Jungert 1988), 
(Giisgen 1989), or (Mukerjee & Joe 1991), the 
projection step is done explicitly: objects are 
projected to multiple one-dimensional axes. Since 
there is no interaction between the axes, an 
inference calculus can be applied on each axis 
independently. Projection of objects results in 
intervals on each axis, and spatial relations are 
represented by interval relations. Since intervals 
are defined by their start and end points, it is 
straightforward to translate the interval 
relations to relations between points. For 
example, an A before B becomes a simple end(A) 
c start(B), while B overlaps C becomes a more 
complex formula: start(B) < start(C) and start(C) 
c end(B) and end(B) < end(C), where “start” and 
“end” are functions from intervals to their start 
points and their end points, respectively. Using 
transitivity of “4’ it can be inferred from the two 
facts above, that end(A) < start(C) . The inferred 
fact can be translated back into terms of interval 
relations as A before C. This inference corresponds 
to the one Gusgen stated in his composition table 
(Giisgen 1989). Since there is no loss of 
information, when translating intervals to points 
and interval relations to order relations on points, 
all inferences valid in one formalism have to be 
valid in the other one. 

Orientation approaches 

Some of the approaches, such as (Frank 1991) and 
(HernBndez 1992), use sector models for a 
description of orientation relations between 
objects. In these approaches, objects are considered 
to be points, and each object induces several sectors 
around it which are each bounded by two globally 
oriented lines (cf. Figure 2). Information about a 

point being on either side of a straight line can be 
reduced to an order relation on a one-dimensional 
axis perpendicular to that line, where the point 
and the line itself are projected to points on that 
axis. Since each orientation relation in the 
approaches corresponds to one sector, it can 
without loss of information be translated to order 
relations on each of the axes perpendicular the 
bounds of that sector. 

1 2 

Figure 2: Representation of orientations in (Hernrindez 
1992) 

For example, in the sector model of (HernZindez 
1992), A front B becomes A < B on the axis 
perpendicular to bound 1, and B c A on the axis 
perpendicular to bound 2. In the same manner, B 
front C becomes B < C on the axis perpendicular to 
bound 1, and C < B on the axis perpendicular to 
bound 2. Since a global system of orientations is 
used, the bounds are oriented in the same way in 
every object. Hence, the axes perpendicular to the 
bounds are the same for any bound with the same 
index. Using transitivity, from the facts above we 
can conclude A < C on axis 1, and C < A on axis 2. 
These inferred facts correspond to A front C in 
terms of orientations, which is one type of 
inference included in the composition table in 
(Hernandez 1992). 

Some other approaches, such as (Schlieder 
1992), (Freksa 1992), and (Latecki & Rohrig 1993), 
use locally oriented sector systems for the 
description of orientation relations. Since the 
orientation of the bounds of the sectors is 
determined locally by another object instead by a 
global reference orientation as before, the 
corresponding axes are distinct for most 
orientation relations, and hence, transitivity 
cannot be applied here. Instead of global axes, 
locally defined structures can be used for the 
projection step: on a circle around an object, the 
projection of any other object results in a point on 
that circle. Additional points are induced by each 
object depending on the theory in the 
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corresponding approach. In (Schlieder 1992), for 
example, a complementary view is induced, and 
in (Freksa 1992) and (Latecki & Rohrig 1993), a 
model of four sectors induces four points on the 
circle, one for each bound between the sectors (cf. 
Figure 3). 

Figure 3: In a local sector model with four sectors, an 
object A induces four points on a circle 
around another object B. - 

An orientation relation in these approaches 
corresponds to one sector defined by two objects, i.e. 
a third object is between the corresponding bounds, 
which can be expressed by a CYCORD relation on 
the circle. In Figure 3, for example, Object A 
induces four points AO, Al, A2, and A3 on a circle 
around B, and an orientation relation C right- 
front B w.r.t. A can be translated to A2-CO-A3. 
Accordingly, D right-front B w.r.t. C can be 
translated to C2-DO-C3. Using bounded 
transitivity, one of the properties of CYCORD, 
AO-DO-A2 can be inferred from the two facts 
above, which in the example in Figure 3 
corresponds to D left B w.r.t. A, which in turn is 
short for the disjunction D Zeft-front B w.r.f. A or 
D left-back B w.r.t. A. This type of inference can 
be found in the composition tables of (Freksa 
1992), or can be calculated by the inference rule in 
(Late&i & Rohrig 1993). 

Topological approaches 

Some of the approaches to qualitative spatial 
reasoning are based on topological considerations. 
The basic assumption is that objects are embedded 
in a given space of any dimension. Each object 
separates the space- into disjoint regions. 
(Egenhofer 1989), for example, uses the boundary 
of an object to distinguish its interior, boundary 
and exterior. The same division of space is used by 

(Hernandez 1992), whereas (Cohn et al. 1993) use 
a cling film to establish the convex hull of the 
space occupied by an object. From that they get a 
further subdivision of the space: the interior of an 
object is separated into the space that is properly 
inside the object, and that which is inside the 
convex hull, but not inside the object. 

Spatial relations between objects are represented 
by comparison of the subsets of space induced by 
the objects. While in some of the topological 
approaches the empty or non-empty intersection 
of each pair of subsets is used for the definition of 
spatial -relations, set inclusion is equally well 
suited for the same definitions. Figure 2 shows for 
the relation A disioin t B a comnlete 
transformation from the g-intersection model of 
(Egenhofer 1989) into a representation using set 
inclusion. 

interior(A) c exterior(B) 
boundary(A) c exterior(B) 

interior(B) c exterior(A) 

exterior 1pI -@j -@ 

I 

boundary(B) c exterior(A) 

Figure 4: Representation of the disjoint relation in the 
9-intersection model of (Egenhofer 1989), 
and transformation of a 9-intersection into 
set inclusions 

The set of subsets of space induced by the objects 
together with set inclusion forms a lattice, where 
the empty set is the bottom element, and the 
whole space is the top element. Even though this 
lattice is not a proper one-dimensional structure, it 
is still the case that all spatial relations can be 
expressed by a binary order relation, set inclusion, 
and transitivity is the only property needed to 
explain the inferences in the topological 
approaches. For example, if A disjoint B and B 
includes C, then interior(B) c exterior(A), and 
interior(C) c interior(B) and boundary(C) c 
interior(B), so interior(C) c exterior(A) and 
boundary(C) c exterior(A) can be inferred. These 
facts can be translated back to topological terms 
as A disjoint C , which is one of the inferences in 
(Egenhofer 1989) and in (Hernandez 1992). 
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Comparison of existing approaches 

Even though the various approaches to 
qualitative spatial reasoning deal with different 
aspects of space, all of their spatial concepts can 
be expressed in terms of simple order relations. 
While it is hard to see the differences and the 
common ground of the spatial relations when 
analysing composition tables, the new theory 
offers a way of a direct comparison of spatial 
concepts on the level of the basic structures. 
Existing as well as new approaches can be 
classified by the structure on which of their 
concepts can be expressed in terms of order 
relations. One class of approaches can be 
explained by linear axes, such as, of course, 
approaches using orderings for the definition of 
spatial concepts, but also the orientation 
approaches of (Frank 1991) and (Hernandez 1992). 
Approaches in this class can be compared by 
analysing the axes and the possible interaction 
between the axes. While in the approaches of 
(Jungert 1988) and (Gusgen 1989) the axes are 
totally independent, in the approach of 
(Hernandez 1992), information about order 
relations on two axes may be used to infer 
information about orderings on the other axes: in 
Figure 2, for example, if an object B is to the right 
of bound 1, and is to the left of bound 2, then it is 
also above bound 3 and above bound 4. It is also 
easy to see how different approaches of the same 
class may be combined: by the identification of 
axes. If, for example, it happens to be that one of 
the bounds in the approach of (Hernandez 1992) is 
pointing to the north, then two of the axes are the 
same as in the approach of (Jungert 1988), and so, 
information given in one system can be used by the 
other. Also some differences become obvious: 
although in both approaches, that of (Jungert 
1988) and that of (Frank 1991), the cardinal 
directions north and east are used for the 
definition of spatial concepts, the axes are 
different; while in the first approach the 
distinction whether some object is to the north or 
to the south of another object is made by an axis 
heading exactly to the north, the same distinction 
is done in the latter approach by a sector model 
consisting of two axes, one heading north-west, 
and the other heading north-east. 

In another class of approaches, the basic 
structure for the expression of spatial concepts in 
terms of order relations is a set of circles around 

every object. On this level it can be observed, for 
example, that the concepts in the approach of 
(Latecki & Rohrig 1993) are expressed by the 
same CYCORD relations as the concepts in 
(Freksa 1992), and therefore, a direct translation 
can be given: if, for example, ABC forms a 
positively oriented obtuse angle in (Latecki & 
Rohrig 1993), the information is the same as 
C Zeflt-front AB in (Freksa 1992). 

Still another class of approaches requires a 
system of subsets as their basic structure for the 
expression of spatial concept in terms of set 
inclusion. Since this system is not a spatial 
structure, there will not be any flow of information 
between concepts from this class and concepts of 
either of the other classes. In (Hemandez 1992), 
for example, his concepts projection and 
orientation are disintegrated because they refer to 
basic structures from different classes, namely, 
spatial axes and systems of subsets of space. 

iscussion 

From a knowledge representation theoretic point 
of view, any inference rule can be seen as a 
property of the concepts involved. Since 
composition tables, as they are found in most of 
the approaches to qualitative spatial reasoning, 
are a collection of inference rules, these 
approaches formally describe their spatial 
concepts by a lot of properties. There have been 
attempts to reduce the amount of properties by 
compacting the composition tables using symmetry 
and redundancy (Freksa 1992b). The theory 
described in this article provides a single 
property, transitivity, which is not applied to 
the original spatial concepts in the approaches, 
but is applied to concepts that are a result of a 
transformation from the original concepts. Since 
this transformation can be done without loss of 
information, the properties of the transformed 
concepts can be seen also as properties of the 
original concepts. Describing spatial concepts by a 
single property is not only useful for a comparison 
of the various approaches, but also provides a 
simple mechanism for all of the inferences 
included in the calculi of the approaches. 

While for the description of these inferences a 
single property, transitivity, is sufficient, there 
are two more properties of an order relation, 
asymmetry and non-reflexivity. These properties 
can be used to introduce negation and to infer 

1422 Spatial Reasoning 



negative facts. For example, if A before B in 
(Gusgen 1989), then end(A) < start(B), and since 
start(X) < end(X) holds for any interval X, using 
transitivity we can infer start(A) < end(B). Now, 
asymmetry can be used to infer 1 end(B) < 
start(A), which corresponds to not B before A in 
terms of the original concepts. For another 
example, in (Hernandez 1992) non-reflexivity can 
be used to infer 1 A<A on any axis. This negative 
fact can be used in the back transformation step to 
conclude not A front A, not A right A, and so on, for 
every orientation relation used in Hernandez’ 
theory. These negative facts can be very useful in 
large spatial data bases, and are necessary for 
natural language understanding. 
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