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Abstract 

Partially observable Markov decision processes (POMDPs) 
are an appealing tool for modeling planning problems un- 
der uncertainty. They incorporate stochastic action and sen- 
sor descriptions and easily capture goal oriented and pro- 
cess oriented tasks. Unfortunately, POMDPs are very diffi- 
cult to solve. Exact methods cannot handle problems with 
much more than 10 states, so approximate methods must be 
used. In this paper, we describe a simple variable-grid so- 
lution method which yields good results on relatively large 
problems with modest computational effort. 

Introduction 
Markov decision processes (MDPs) (Bellman 1962) pro- 
vide a mathematically elegant model of planning problems 
where actions have stochastic effects and tasks can be pro- 
cess oriented or have a more complex, graded notion of goal 
state. Partially observable MDPs (POMDPs) enhance this 
model, allowing for noisy and imperfect sensing, as well. 
Unfortunately, solving POMDPs, i.e., obtaining the optimal 
prescription for action choice at each information state, is 
a computationally daunting task, feasible only in extremely 
small domains. For example, the Witness algorithm (Kael- 
bling, Littman, & Cassandra 1996), one of the best exact so- 
lution algorithms, can handle problems with about 10 states, 
and is not a realistic alternative in larger domains (Littman, 
Cassandra, & Kaelbling 1995a). 

Consequently, attempts have been made to come up with 
methods for obtaining approximately optimal policies (e.g., 
(Lovejoy 1991a; Littman, Cassandra, & Kaelbling 1995a; 
Parr & Russell 1995)). It is hoped that a combination of 
good approximation algorithms, structured problems, and 
clever encodings will lead to acceptable solutions for real- 
istic POMDPs. In this paper, we describe a variable grid al- 
gorithm for obtaining approximate solutions to POMDPs in 
the infinite horizon case, which shows some promise. 

It is well known (Sondik 1978) that an optimal policy 
for a POMDP with n states can be obtained by solving the 
belief-space MDP whose state space consists of all proba- 
bility distributions over the state space of the POMDP, i.e., 
an n-dimensional simplex. Grid approximations attempt to 
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solve the belief-space MDP directly by placing a discrete, 
finite grid on this n-dimensional space and restricting their 
calculations to the points of this grid. The computational 
effort required for approximating the value function on a k 
point grid is roughly equivalent to that of solving a k state 
MDP. Fixed grid approximations (e.g., (Lovejoy 1991 a)) 
construct a grid based on the size of the state space alone. 
Hence, they are (almost) problem independent. Grid con- 
struction is simple and fast, and the regularity of the grid 
facilitates simple value interpolation algorithms. Variable 
grid methods use a problem dependent grid that may change 
during the solution process. They allow us to concentrate 
our effort where it is most needed and to obtain good ap- 
proximations with a much smaller grid. However, interpo- 
lation is harder to perform, and some variable grid construc- 
tion methods (e.g., (Cheng 1988)) are quite complex, requir- 
ing considerable computation time and space. 

In this paper, we describe a simple variable grid method 
that performs well on a number of test problems from 
(Littman, Cassandra, & Kaelbling 1995a). Our experience 
indicates that this method requires modest computational ef- 
fort; thus, we believe that it is a realistic alternative for solv- 
ing large POMDPs. Our approach is motivated by the fol- 
lowing hypothesis: (1) Variable grids can lead to consider- 
able efficiency, allowing us to gain more information where 
it is needed most while minimizing grid size. (2) Rough 
solutions provide heuristic information that can be used to 
construct better grids, suggesting an iterative approach. In 
addition, we observe that computationally feasible variable 
grid methods call for a simple grid construction method. 

Roughly, our algorithm operates as follows: 
(Step 1) Use the underlying MDP to generate an initial grid 
and an initial estimate of the value function. 
(Step 2) Use current estimate to generate new grid points. 
(Step 3) Use the new grid to estimate the value function. 
(Step 4) If desirable/feasible, go back to step 2. 
The final estimate of the value function is used to gener- 
ate a policy. In our experiments with an 89 state POMDP 
described in (Littman, Cassandra, & Kaelbling 1995a), we 
were able to obtain very good results using a 337 point 
grid. In contrast, the coarsest grid required by the fixed grid 
method of (Lovejoy 199 la) contains 3916 points. 

This paper is organized as follows: Section 2 discusses 
related grid-based methods; Section 3 describes our algo- 
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rithm; Section 4 presents our experimental results; And 
Section 5 concludes the paper. We assume familiarity 
with MDPs and POMDPs. For good introductions, consult 
(Kaelbling, Littman, & Cassandra 1996; Lovejoy 1991b). 

Grid-Based Methods 
Given an n state POMDP, its corresponding belief-space 
MDP has an uncountably large state space, consisting of an 
n dimensional simplex. Hence, it cannot be solved by stan- 
dard MDP solution algorithms. Grid-based solution meth- 
ods attempt to approximate the value function over the en- 
tire state space by estimating it on a finite number of belief 
states, those contained on the chosen grid. There are three 
main dimensions along which grid methods differ: (1) How 
the grid points are generated; (2) How the value function 
(or its gradient) is estimated on the grid; (3) How value es- 
timates on grid points are generalized to the whole space. 
In what follows, we discuss some approximation methods 
that are closely related to our approach, noting how each 
addresses the three questions above. A more complete de- 
scription of approximation methods appears in the full pa- 
per, or see (Lovejoy 1991b; White 1991). 

The QMDP method of (Littman, Cassandra, & Kaelbling 
1995a) can be viewed as a grid based method in which the 
grid consists of the states of the POMDP. The underlying 
MDP is solved, and its value and Q functions are used as 
estimates for the grid points (which correspond to the states 
of the underlying MDP). For a non-grid belief state b and an 
action a, one estimates Q( b, a) using the inner product of the 
vectors b and qa. Here, qa is the vector of Q values for the 
states in the underlying MDP (i.e., the grid points) and the 
action a. This method performs relatively well in a number 
of navigation domains introduced in that paper. However, it 
causes the agent to act as if it will end up in a state of perfect 
information, i.e., a belief state corresponding to one of the 
underlying MDP’s states. Consequently, the agent never ex- 
ecutes an action whose sole effect is to obtain information. 
Our method will relax this assumption by allowing the agent 
to act as if it can end up in some other belief states - those 
that are part of our grid. 

It is known that the optimal value function V, of an MDP 
is the fixed point of the dynamic programming update oper- 
ator H, defined as: 

(Hv)(s) = yEyR(s, a) + x T(s, a, s’) - v(s’). 

S’ES 

Here, v is a value function, A is the set of actions, S is the 
set of states, R is the reward function, and T is the transition 
function. Through repeated applications of H to some ran- 
dom initial value function, we can approach V,. Cheng’s it- 
erative discretizationprocedure (IDP) (Cheng 1988) solves 
POMDPs using an approximate version of his linear support 
algorithm, which is an exact algorithm for performing dy- 
namic programming updates. The linear support algorithm 
creates a set of polygonal regions such that there exists a 
single action whose Q value is maximal on all belief states 
within this region. IDP works as follows: Given a value 
function v, , we apply the operator H’, obtained when we 

terminate the linear support algorithm prior to completion, 
obtaining a new estimate v,+l. This calculation is not grid 
based, and repeating it a number of steps, although an op- 
tion, is not likely to be practical. Instead, Cheng applies a 
discrete approximation step, in which the value is updated 
only for some set of points, rather than the whole space. 
As grid points, he suggests using the set of vertices of the 
regions created by the previous step in which H’ was ap- 
plied; hence, this is a variable grid. A set of gradients to the 
value function, G, is generated for the grid points, and the 
value function on a belief state b is defined as ma+G b . g. 
Cheng’s algorithm alternates one H’ step with one discrete 
approximation step. An error estimate can be obtained, al- 
though it requires some computational effort. 

Lovejoy (199 1 a) develops a fixed-grid method which cal- 
culates upper and lower bounds on the optimal value func- 
tion. Using these bounds, we can get an approximately op- 
timal policy and an error estimate. The method is geared to- 
wards finite horizon problems, but an extension to the infi- 
nite horizon case is considered. Lovejoy does not insist on 
any particular grid for generating the lower bound. How- 
ever, given the grid and using a standard method, he gener- 
ates gradients for the value function at the grid points. As 
hinted above, a set of gradients to the value function at any 
set of points can be used to approximate the value function 
everywhere. Moreover, if the estimate on grid points is a 
lower bound, the value function obtained is a lower bound 
for the entire space. For the upper bound, Lovejoy uses the 
Freudenthal triangulation (Eaves 1984) to construct a par- 
ticular grid which partitions the belief space, the simplex 
of order ISI, into sub-simplices. Using dynamic program- 
ming updates, the value function is estimated on the grid 
points. Lovejoy’s choice of grid allows for an elegant and 
efficient interpolation method which estimates the value of 
arbitrary belief states based on the value of the grid points 
in the smallest sub-simplex containing this state. Because 
the value function is continuous and convex, one can ob- 
tain an upper bound on the optimal value function using this 
method (assuming the estimates at the grid points are upper 
bounds). Lovejoy reports good results on POMDPs with ap- 
proximately 10 states. 

Our method is iterative and uses discrete approximation 
steps like Cheng’s IDP, although much simpler ones. It up- 
dates the value function on grid points using dynamic pro- 
gramming updates, much like Lovejoy’s method for obtain- 
ing upper bounds. In fact, our method yields an upper bound 
on the optimal value function as well. However, because we 
use a variable grid, a simpler, and probably weaker, inter- 
polation method is used to generalize these estimates to the 
whole grid. 

Generating approximating 

Our method works by generating a sequence of grid-based, 
approximate value function for the belief space MDP. Each 
function is generated by assigning values to a number of be- 
lief states - the grid points - which are then interpolated 
to obtain an assignment for all other points. Naturally, the 
interpolated values are not stored explicitly, but calculated 
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when needed. The first function is obtained by choosing the 
states of the underlying MDP as the grid points. Each fol- 
lowing function is generated by adding new points to the 
grid, recalculating their values, and interpolating to non- 
grid states. The decision as to whether or not to add a par- 
ticular belief state to the grid is made online based on: 
(1) the importance of obtaining a better estimate of its value, 
assessed using the current value function and its induced 
policy, and (2) the likelihood of reaching this state. Hence, 
states are added in an informed, gradual manner. It is hoped 
that using this approach, we shall obtain progressively bet- 
ter estimates without adding too many states. 

The basic process we follow is similar to Cheng’s IDP: 
(1) Generate a grid. (2) Use the grid to (implicitly) gener- 
ate a value function. (3) Depending on resource constraints 
(i.e., time and memory) and needs, use the current value 
function to generate a new, finer grid, repeating the process. 
Finally, the last (implicitly defined) value function is used 
to generate a policy, as needed. 

The initial grid generated contains all perfect information 
belief states, which correspond to the states of the underly- 
ing MDP. Their value is estimated as the value of the cor- 
responding states in the underlying MDP. This estimate is 
expanded to the whole space using an interpolation method 
which, at this stage, generates the same value QMDP gener- 
ates. Hence, our initial estimate is identical to that obtained 
by QMDP. 

In order to complete our method’s description, we must 
explain: (1) the method used to add new grid points; (2) the 
interpolation method. We start with the first question. 

Given the current value function, we wish to generate a 
new, finer grid. We add new belief states to the current grid 
by examining combinations of existing belief states (usu- 
ally pairs) and considering whether more information within 
their convex hull would be useful. There are two consid- 
erations: how different the policy is likely to be within the 
region, as opposed to the boundary of the region; and how 
likely are we to reach states within that region. To illustrate 
the first point, consider two arbitrary points bl, 62 in belief 
space and suppose, for the moment, that we are consider- 
ing a one step horizon. If in both states the optimal action is 
a then a is the optimal action on all points on the segment 
connecting bl and b 2. If al is the best action on bi, and a2 is 
the best action on b2, but both IQ(a1, bl) - Q(al, b2) 1 and 

IQ(a2, bd - &(a27 b2) I are very small, both al and a2 are 
close to optimal anywhere between br and b2. In these two 
cases, there is little motivation to explore this region farther. 
If, on the other hand, the above differences are not negligi- 
ble, more attention should be paid to this region. This argu- 
ment is not generally valid: when we consider an horizon 
of 2, we must compare two-stage decision trees instead of 
single actions; and when we consider infinite horizon prob- 
lems, we must compare infinite-stage decision trees. How- 
ever, it provides a useful heuristics. 

The second consideration we employ is that of reachabil- 
ity. Even when the above Q value differences for the bl and 
b2 are not negligible, it may be the case that it is unlikely that 
we reach a belief state which is in between bi and 62. A full 

fledged reachability analysis is likely to be computationally 
costly and may generate a vast number of states (although 
see Section 5 for some results along this line). Instead, we 
use a simpler, local method: we can conclude that it is un- 
likely to reach a state in between 131 and 62 if the messages 
we are likely to receive on each of these states are different. 

Our current implementation uses the above ideas as fol- 
lows. For every pair bl and 62 of grid states, the Q value dif- 
ferences discussed above are calculated based on the current 
value function. If these differences cross some threshold 
value, we consider adding the mixture state b12 = 0.5. bl + 
0.5 . b2. We assess the likelihood of reaching b12 by exam- 
ining the probability of obtaining the same message on both 
bl and b2. ’ If this likelihood is greater then some threshold, 
we add b12 to the set of grid points.2 Naturally, instead of 
examining pairs of states, we could examine triplets, and so 
on, using identical considerations. Indeed, in some experi- 
ments reported here we have done this. 

Having generated a new grid, we must generate a new 
estimate for the value function. This itself is an iterative 
process similar to the standard value iteration algorithm 
(Bellman 1962). The value function is updated on the grid 
points using standard dynamic programming update, as in 
any MDP solution method. This update process is repeated 
until the value function for the grid points stabilizes (i.e., the 
difference between the value functions obtained on two con- 
secutive iterations is smaller than some fixed parameter). 

Typically, the update operation will require estimating 
the value function on non-grid points. In addition, once 
the value for grid points is set, we must be able to gener- 
ate a value function on the whole belief space if we wish 
to be able to assign actions in arbitrary belief states. We 
considered two methods for assigning values to non-grid 
points. The first method used the value of the nearest neigh- 
bor (based on kth -norm distance in belief space, for k = 
1,2). This method faired poorly, and we will not present 
more detailed results of its performance (but see Section 4 
for a limited application of the nearest neighbor method). 
The second method is an interpolation method in which a 
belief state b is represented as a linear combination of grid 
states with positive coefficients. When the value function 
on grid points is an upper bound on the optimal value func- 
tion (as is the case in our approach), this method generates 
an upper bound on the optimal value function on all states. 
Ideally, we would like to use grid points closest to b to per- 
form this interpolation, as this would yield the best approxi- 
mation. (This simple observation follows from the fact that 
our estimates are upper bounds and that the optimal value 
function is convex.) Because our grid is not fixed, we can- 
not use Lovejoy’s interpolationmethod which does just that. 
However, we have come up with a reasonable alternative in 
which linear combinations containing grid states in which 
the agent has less information are preferred over more in- 
formative states. Such states will be closer, typically, to the 

‘Actually, we must also consider the action performed, and the 
discussion above extends naturally to that case. 

21n fact, in the experiments reported here, we added b12 only if 
the most likely message in bl and b2 is the same. 
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target state b. 
To obtain this preference, we do the following: the grid 

points are ordered according to the amount of information 
they encode. States with more complete information come 
first, followed by states with less information (e.g., as de- 
fined by their entropy). Given a belief state b, the list of grid 
points is searched backwards, until a belief state b,, on the 
grid is found that assigns positive probability only to states 
to which b assigns positive probability. The maximum co- 
efficient cl for which (b - cl . b,, 2 0) is calculated, and 
the process continues with b - cl - b,, instead of b. This 
method, while not perfect, is computationally simple and 
ensures that states close to b are used in the interpolation. 
Unlike the nearest neighbor approach, the value obtained 
takes into account all positive probability states. Notice that 
if we prefer states with more information, i.e., if we search 
the grid points forward, we end up with the approximation 
methods used in QMDP. 

Given the final value function, the policy on a belief state 
b is generated as follows: the Q value of each action on b 
is estimated using the interpolation method based on the Q 
values of the grid states. The action whose Q value is best 
is chosen. Some variants of this methods are discussed as 
well. 

Experimental Results 

Assessing the suitability of techniques for generating poli- 
cies for POMDPs is not a simple task. There are no analyt- 
ical or computational methods for generating optimal solu- 
tions for POMDPs with more than about 10 states; hence, 
we cannot compare generated policies to the optimal pol- 
icy. One option is to supply an error estimate, and this is 
possible by emulating Lovejoy’s method and generating a 
lower bound. However, we want to assess the quality of our 
current heuristic method. We suspect that as the problems 
we examine become more complex, useful solution meth- 
ods will be of this nature and error bounds will either be too 
lax or will require considerable computational effort (e.g., 
as in Cheng’s IDP or when seeking uniform bounds in Love- 
joy’s method). We shall resort to simulations as a means 
of assessing the quality of the proposed solution method. 
Even this approach runs into some difficulties because there 
is little experience with large state spaces and few results 
to which we can compare ours. The only two attempts to 
experiment with large POMDPs we are aware of are those 
of (Littman, Cassandra, & Kaelbling 1995a) and (Cassan- 
dra, Kaelbling, & Kurien 1996), and we examine the per- 
formance of our method on two of their domains. 

Figure 1 describes the largest test problem examined in 
(Littman, Cassandra, & Kaelbling 1995a) (in fact, this is the 
largest test problem we have seen). In this problem, a robot 
must reach some goal position starting from a random initial 
state. At each position, the robot may have one of four pos- 
sible orientations and can take one of five actions: stay-in- 
place, move-forward, move-right, move-left, turn-around. 
The effects of these actions are stochastic. Following each 
action, the robot receives information about the configura- 
tion of walls around it. However, the sensors are noisy and 

may erroneously indicate a wall when one does not exist and 
vice versa. A more precise description of this set-up, includ- 

Figure 1: An 89 state maze 

ing the transition probabilities and message probabilitiesap- 
pears in (Littman, Cassandra, & Kaelbling 1995b). The ini- 
tial belief state of the robot is uniform over all possible robot 
configurations (i.e., position-orientation pairs) outside the 
goal. Upon reaching the goal the robot receives a reward 
of 1. The discount factor is 0.95. 

In (Littman, Cassandra, & Kaelbling 1995a), the best re- 
sults for this domain were obtained by the QMDP method 
with the stay-in-place action suppressed. (Equally good re- 
sults were obtained using Q-learning based methods which 
we do not consider.) They conducted 251 experiments, in 
each of which the robot was given a maximum of 251 steps 
to reach the goal state. They recorded the percentage of 
experiments in which the goal was reached and the me- 
dian length of each experiment. Interestingly, in this do- 
main, with little training, human performance is much bet- 
ter. In (Cassandra, Kaelbling, & Kurien 1996), a number 
of additional methods for solving navigation POMDPs were 
proposed. In particular, the authors recommend a method 
in which the agent performs the action that is assigned by 
the underlying MDP to the most likely state (MLS). We 
note that this method is an instance 
method, which we discuss later. 

of the nearest neighbor 

First, we present the results we obtained using our method 
on three grid sizes when we used the interpolation method 
to estimate the Q values of actions on each belief state. The 
first grid is generated by the underlying MDP. In this case, 
our method is equivalent to the QMDP method. The sec- 
ond grid contains 159 states which were obtained by adding 
belief states as described earlier. We added pairs of states 
which had the same most likely message, were assigned 
different actions by the underlying MDP, and their Q val- 
ues differed on the pair of preferred actions by more than 
0.1 (see the earlier discussion). Another grid contained 337 
states which were obtained as above, but while removing 
this latter restriction on the Q 
nations of three states, as well. 

values and allowing combi- 

Our results are described in Table 1. Standard refers 
to the interpolation method discussed earlier; standard w/o 
STAY refers to the standard method when we do not consider 
the stay-in-place action. With both of these methods we can 
see significant improvement as the state space increases. In 
particular, with modest increases, we obtain results that sub- 
stantially outperform the QMDP method and are better than 
the MLS method (discussed later). 
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1 Size 1 Estimation Method 1 Success 1 Median 1 

Table 1: Results for 89 state maze using the interpolation 
method 

Figure 2: A 33 state maze with negative rewards 

The use of the standard method w/o stay-in-place may 
seem unmotivated. In fact, it can be viewed as a crude im- 
plementation of a general heuristic that overcomes an inher- 
ent problem of our interpolation method: loops. The inter- 
polation method uses the Q values of different grid points 
to estimate the Q values of a particular belief state. In MDP 
solution algorithms, only the relative size of Q values is im- 
portant. In our approximation algorithms, the actual value 
is used in the interpolation. However, Q(b, a) only approxi- 
mates the values we need for a good interpolation- the value 
of the “mutated” policy, p[u --+ b], obtained from the cur- 
rent policy, p, when a is assigned to b. Notice that if a is a 
no-op on belief state b, as stay-in-place is for certain belief 
states, the value ofp[a -+ b] in b will be 0 or close to 0.3 Yet, 
Q(b, a) will be close to the value of b in the original policy 
p. Thus, the Q values are somewhat misleading. 

In our particular case, different motion actions will seem 
good on some states and bad on others. But stay-in-place 
always seems harmless, judging from its Q value. Hence, 
when there is sufficient uncertainty, its value is the highest. 
However, in many such states, it is really a no-op and loops 
back to the same belief state. If we implement loop detec- 
tion, we can overcome this problem.4 

Another domain examined in (Littman, Cassandra, & 
Kaelbling 1995a) is shown in Figure 2. While this is a much 
smaller problem, it was set up to bring out the need for ac- 
tively seeking information. The goal state is marked G; the 
two possible initial states are marked I; the agent may start 
in any initial state facing upwards; the initial belief state as- 
signs equal probability to each of the two possible initial 
configurations; the two squares marked X represent 8 states 

3Since a is a no-op on b, we will be stuck in b, obtaining no 
reward. The actual value depends on whether Q has some chance 
of escaping b, in which case, we will not be stuck in b forever. 

4 Loop avoidance is not always a good idea, e.g., in process ori- 
ented domains and when a no-op causes the least harm. 

(two positions x four headings) in which a negative reward 
of -1 is obtained. When the goal is reached, a reward of 1 
is given and the agent randomly moves to one of the initial 
states. 

In both initial configurations, moving forward is the best 
action under perfect information. However, moving for- 
ward is not a good idea in the initial belief state. By moving 
forward, the agent reaches the two upper positions adjacent 
to the goal. It cannot differentiate between these positions, 
since they generate the same sensor readings. Hence, it does 
not know what to do. Depending on where it is, a move in 
each direction could either take it to the goal or to a state in 
which negative reward is generated. The right strategy is to 
sense first, by performing the stay-in-place action. This will 
tell the agent where it is. Then, it will know what to do after 
it moves forward. Our results are described in Table 2. The 
underlying MDP has 33 states. The 82 point grid contains 
states corresponding to belief states in which various pairs 
of (underlying) states are equally likely. The 174 state MDP 
contains additional combinations containing more than two 
possible states. 

Because reaching the goal quickly is not the only objec- 
tive here, we present the average discounted reward (ADR) 
obtained for each method over 151 experiments, each last- 
ing 500 steps. (STD is the standard deviation.) Again, we 
can see improved performance with larger approximating 
MDPs. Yet, the interpolation method does not offer good 
results. However, when combined with one lookahead step, 
it gives excellent results, which seem to be close to opti- 
mal. The lookahead step is employed as follows: given the 
current belief state, for each action we determine the set of 
possible following belief states and their probability. The 
values of these belief states are estimated as described pre- 
viously, and an expected value is calculated for the action. 
The action leading to a state with maximal value is chosen. 
This is to be contrasted with our regular method which esti- 
mates the Q values of the current belief states based on the 
Q values of grid points. 

The success of the interpolation method combined with 
lookahead is not surprising. With one lookahead step, the 
need for making an initial observation is revealed and we 
are able to act accordingly. This need is not foreseen by 
the standard interpolation method because of our choice of 
states. Recall that if two grid points are assigned the same 
action by the current estimate, we do not add their mixture 
to the next grid. In our case, both initial states are assigned 
the move-forward action by the optimal policy of the under- 
lying MDP, and hence, we do not add them to any of the 
larger grids. However, it is important to notice that the one- 
lookahead step is not useful unless we have a richer state 
space. As can be seen, the Qhf~p method combined with 
one-lookahead performs poorly. 

Notice that the move from the 82 point grid to the 174 
point grid does not enhance solution quality. The reason for 
this phenomena is that in this domain, in most reachable be- 
lief states only two underlying states are highly likely. (This 
is a result of the particular initial state used and the nature of 
actions and observations in this domain). The 82 point grid 
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1 Size 1 Estimation Method 1 ADR 1 STD 1 

33 QMDP (=standard) 0.07 0.29 
82 standard 0.8 1.35 
174 standard 0.94 1.14 
33 QMDP W/O STAY 0.04 0.4 
82 standard w/o STAY 0.7 1.66 
174 standard w/o STAY 0.7 1.28 
33 standard + lookahead 0.04 0.40 
82 standard + lookahead 2.35 1.21 
174 standard + lookahead 2.27 1.01 

Table 2: 33 state maze using interpolation method 

contains all belief states with two probable POMDP states 
that our algorithm would consider; the 174 point grid con- 
tains additional mixtures, mostly of three underlying states, 
which, because of our interpolation method, have little in- 
fluence on the generated estimates. When the nearest neigh- 
bor method is used (see Table 4), these states do come into 
play, and we see a modest improvement when moving into 
a larger grid. 

An alternative approach for using the grid point’s val- 
ues to generate a policy is the nearest neighbor technique.5 
Given a belief state, we search for its nearest grid point, 
and we imitate its behavior. Various metrics can be used, 
as well as variants, such as k nearest-neighbor. Surpris- 
ingly, the nearest neighbor method works quite well in the 
larger domain when we use the underlying MDP, in which 
case it is equivalent to the MLS method mentioned earlier. 
It never fails to reach the goal, and the median number of 
steps is 45. Moreover, it requires little computation. How- 
ever, it is clear that this method is limited in its scope to 
domains in which errors are recoverable and do not carry 
a large penalty. When these assumptions are false, as in 
the smaller domain which contains negative rewards, it per- 
forms poorly. There, its average reward is -0.76, compared 
to over 2 for the better methods. Moreover, even in the large 
POMDP, its average reward is less than half the optimal re- 
ward, and with a lower discount factor, its relative perfor- 
mance is even worse. 

We experimented with the nearest neighbor technique us- 
ing different metrics, and in general it was inferior to the 
interpolation method. Figures 3 and 4 contain some of the 
results we obtained when using l-norm distance in belief 
space. A longer version of this paper contains additional re- 
sults using this method and an explanation of the observed 
decline in solution quality between the 89 and 159 point 
grids). 

Discussion 
We presented a simple, heuristic variable-grid method for 
generating policies in stochastic domains with partial infor- 

5Nearest neighbor can be used as a general technique for ex- 
tending the value function from grid points to the whole space. As 
remarked earlier, we have found that using this method during the 
initial stages of grid construction leads to poor performance. 

Size Estimation Method Success Median 

89 MLS (= nearest neighbor) 100% 45 
159 nearest neighbor 48% >251 
337 nearest neighbor 97% 40 

Table 3: 89 state using nearest neighbor 

Size Estimation Method ADR STD 

33 MLS (= nearest neighbor) -0.73 1.92 
82 nearest neighbor 0.45 1.43 
174 nearest neighbor 0.61 1.38 

Table 4: 33 state using nearest neighbor 

mation. On existing domains, this methods performs very 
well with reasonable effort. We believe that our results con- 
stitute proof-of-concept and indicate that the solution ap- 
proach presented here is worth studying. Even in its cur- 
rent form, our method can be used for investigating much 
larger domains. For example, obtaining a solution using the 
337 point grid for the 89 state POMDP required roughly 800 
second of CPU time on a Sun UltraSPARC 2 using our un- 
optimized algorithm. 

We anticipate that additional refinements of the grid con- 
struction method will lead to methods in which grid con- 
struction is more informed (e.g., by using information about 
the initial state, or through better use of current information) 
and value interpolation is more efficient (e.g., by choosing 
an even better set of points as a basis for value function esti- 
mation). In addition, general heuristics, such as loop elim- 
ination, can be used to improve the policy generated. Such 
enhancements together with code optimization can lead to 
much more powerful and efficient methods. 

Indeed, initial experiments with two other techniques for 
generating grids were quite positive. In particular, we ex- 
amined the use of reachability analysis and lookahead. In 
reachability analysis the grid is constructed based on the set 
of belief states reachable from the initial belief state. If this 
set of states is small enough, it would be an ideal candi- 
date for the set of grid points. This is essentially the method 
used in (Sondik & Mendelssohn 1979) for solving small 
POMDPs. Unfortunately, when the POMDP is large and 
there is sufficient uncertainty in actions’ effects, the set of 
reachable states is very large. In that case, methods must 
be developed that allow us to integrate some partial form of 
reachability analysis into the grid generation process. In the 
89 state grid discussed in this paper, we have been able to 
obtain very good results using an ad-hoc method that con- 
siderably limited the number of reachable states. (We only 
considered belief states in which the same probability was 
assigned to some set of underlying states while 0 probabil- 
ity was assigned to all other states.) With only 175 grid 
points we were able to obtain a success rate of 97% with me- 
dian of 27 steps to the goal using the interpolation method 
(with the stay-in-place action). This is much better than the 
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1 Size 1 Estimation Method 1 Success 1 Median 1 

Table 5: Using lookahead to choose new grid points 

results described earlier, and it indicates that the 89 state 
maze, despite being larger than other test domains, is still 
not challenging enough. In larger domains, the set of reach- 
able states, even of this form, will be too large to be used 
directly and more sophisticated techniques for reachability 
analysis will be needed. In addition, it should be noted that 
reachability analysis is quite costly! It can require as much 
or greater time and space resources than the solution phase. 
Hence, using a larger, more easily generated grid is some- 
times a better alternative. 

Another method we used, based on insights gained from 
the earlier experiments, uses the following technique to de- 
termine whether or not to add a belief state to the grid: We 
estimate the value and best action for the candidate state us- 
ing the current value function and compare them to the es- 
timate obtained for this state when it is added to the current 
grid. If these two estimates are significantly different, we 
add the state to the grid. Essentially, this method compares 
the current estimate of the candidate state with a lookahead 
estimate. This method works poorly when the current es- 
timate is poor. However, once we have a reasonable value 
function, it seems to be making good choices. Table 5 shows 
the improvement in performance as new states are added 
based on this method when we start from the estimate ob- 
tained earlier on based on a 159 point grid. 

One problem that is yet to be addressed in our approach 
is the handling of information. The domains on which we 
experimented are such that sensing is performed instanta- 
neously and “for free” following each action. While this is 
a reasonable model for certain robots, it is not a very gen- 
eral one. The less information we obtain for free, the larger 
the grid we would generate. We hope that this problem, too, 
can be handled by an iterative process. First, a grid would 
be built based on the assumption that information is instan- 
taneous and “for free.” This assumption will be gradually 
weakened as we generate subsequent grids. However, this 
is still unexplored territory. 

Finally, we must caution that good understanding of 
heuristic methods such as ours requires examining diverse 
large POMDPs. Clearly, the robot navigation environments 
we have used have special properties that may give us a 
skewed picture of an algorithm’s performance. In particu- 
lar, these domains exhibit much symmetry, they are goal ori- 
ented, actions are reversible, and there is little flexibility in 
the manner in which goals can be achieved. Indeed, MLS 
is not a good general method, yet it performs well on some 

such domains. We believe that the method we presented is 
applicable in diverse domains, but only further study can 
prove this. We hope that the growing interest in POMDPs 
will lead to the generation of new, diverse test problems that 
can be used to make better assessments of various solution 
techniques. 
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