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Abstract

This paper introduces a new way of accelerat-
ing the convergence of numeric CSP filtering al-
gorithms, through the use of extrapolation meth-
otis. Extrapolation methods are used in numeri-
cal analysis to accelerate the convergence of real
number sequences. We will show how to use them
for solving numeric csPs, leading to drastic im-
provement in efficiency.

Introduction
Many industrial and engineering problems can be seen
as constraint satisfaction problems (csPs). A esP is de-
fined by a set of variables, each with an associated do-
main of possible values and a set of constraints on the
variables. This paper deals with csPs where the con-
straints are numeric relations and where the domains
are continuous domains (numeric csPs). Numeric esps
can be used to express a large number of problems, in
particular physical models involving imprecise data or
partially defined parameters.

In general, numeric csPs cannot be tackled with
computer algebra systems, and most numeric algo-
rithms cannot guarantee completeness. The only nu-
meric algorithms that can guarantee completeness -
even when floating-point computations are used - are
coming either from the interval analysis community or
from the AI community (csP).

Those constraint-solving algorithms are typically a
search-tree exploration where a pruning (or filtering)
technique is applied at each node. The challenge is to
find the best compromise between a filtering technique
that achieves a strong pruning at a high computational
cost and another one that achieves less pruning at a
lower computational cost.

The filtering technique used may be a kind of arc-
consistency filtering adapted to numeric esPs (Davis
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1987; HyvSnen 1992; Lhomme 1993). Other works
(Lhomme 1993; 1994; Haroud 8z Faltings 1996) aim
at defining concepts of higher order consistencies sim-
ilar to k-consistency (Freuder 1978). (Faltings 1994;
Faltings 8z Gelle 1997) propose in a sense to merge
the constraints concerning the same variables, giv-
ing one "total" constraint (thanks to numerical analy-
sis techniques) and to perform arc-consistency on the
total constraints. (Benhamou, McAllester, ~z Van-
Hentenryck 1994; Van-Hentenryck, Mc Allester, g~ Ka-
put 1997) aim at expressing interval analysis pruning
as partial consistencies. All the above works address
the issue of finding a new partial consistency prop-
erty that can be computed by an associated filtering
algorithm with a good efficiency (with respect to the
domain reductions performed).

Another direction in the search of the best compro-
mise, is to try to optimize the computation of already
existing consistency techniques. Optimizing a given
consistency technique may itself be of great interest,
but providing generM methods for optimizing a class
of consistency techniques is better. In this category,
(Lhomme et al. 1996; Lhomme, Gotlieb, & Rueher
1998) propose a method for dynamically detecting and
simplifying cyclic phenomena during the running of a
consistency technique. In this paper, we are pursuing
the same goal of giving some general methods for ac-
celerating numeric csPs consistency techniques. Let us
outline our approach in very general terms.

1. The computations achieved by numeric csPs consis-
tency techniques are seen as a sequence.

2. Since numerical analysis provides different mathe-
matical tools for accelerating the convergence of se-
quences, we study the use of such tools for optimiz-
ing our sequences. More specifically, the paper fo-
cuses on the use of extrapolation methods.

3. Filtering techniques never lose a solution, they are
said to be complete. A direct use of extrapolation



methods fails to preserve completeness. We will
show how to preserve completeness while using ex-
trapolation methods for accelerating filtering tech-
niques.

The paper is organized as follows. In section 2, some
definitions concerning numeric csPs are summarized.
Section 3 presents extrapolation methods. Section 4
shows how to use extrapolation methods to accelerate
the convergence of csP filtering algorithms. Section 5
contains an additional discussion.

Numeric csPs
This section presents numeric csPs in a slightly non-
standard form, which will be convenient for our pur-
poses.

A numeric GSP is a triplet < X, ~, C > where:

¯ X is a set ofn variables Zl,...,x,,

¯ 7~ = (D1,..., Dn) denotes a vector of domains. The
i th component of:D, Di, is the domain containing all
acceptable values for xl.

¯ C = {C1,... Cm} denotes a set of constraints.
oar(C) denotes the variables appearing in C.

This paper focuses on csP where the domains are in-
tervals. The following notation is used throughout the
paper. The lower bound and the upper bound of an
interval Di are respectively denoted by D__A and Di.

7~l C 7~ means D~ C Di for alll C 1...n. /~Pf’l/~’
means (Ol N DI’,..., D’, N D~).

A k-ary constraint C(Zl,..., xk) is a relation over
the reals. The algorithms used over numeric csPs typ-
ically work by narrowing domains and need to compute
the projection of a constraint C(xl,..., xk) over each
variable xl in the space delimited by D1 x ... x Dk.
Such a projection cannot be computed exactly due to
several reasons, such as: (1) the machine numbers are
floating point numbers and not real numbers so round-
off errors occur; (2) the projection may not be repre-
sentable as floating point numbers; (3) the computa-
tions needed to have a close approximation of the pro-
j ection of only one given constraint may be very expen-
sive; (4) the projection may be discontinuous whereas
it is much more easy to handle only closed intervals for
the domains of the variables.

Thus, what is usually done is that the projection
of a constraint over a variable is approximated. Let
Iri(C, D1 x ... × Dk) denote such an approximation.
All that is needed is that ~ri(C, D1 x... x Dk) includes
the exact projection; this is possible thanks to interval
analysis (Moore 1966). ~ri(C, D1 x ... x Dk) hides all
the problems seen above. In particular, it allows us

proc 2B(inout ~)
while (Op2B(O) # 

~- Op2B(~)
endwhlle

Figure 1: 2B~onsistency filtering algorithm

not to go into the details of the relationships between
floating point and reals numbers (see for example (Ale-
reid ~ Hezberger 1983) for those relationships) and 
consider only reals numbers.

For notational convenience, the k projections of a
k-ary constraint C over (xi~,..., xik) are computed 
only one operator Hc(~). This is a filtering operator
over all the domains. It performs reductions, ff any,
over the domains Di~,..., Dik and leaves the other do-
mains unchanged. That is: let ~’ -- IIc(7~)

vje {1,..., n}

, .[ Di if xi ~ oar(G)
Dj =~ ri(C, Dil x ... x Dik) ifxj E oar(G)

Most of the numeric csPs systems (e.g., BNl%prolog
(Older ~ Velino 1990), CLP(BNR) (Benhamou
Older 1997), PrologIV (Colmerauer 1994), UniCalc
(Babichev et al. 1993), Ilog Solver (Ilog 1997) 
Numerica (Van-Hentenryck, Michel, ~z Deville 1997)
compute an approximation of arc-consistency (Mack-
worth 1977) which will be named 2B~consistency in
this paper1. 2B-consistency states a local property
on a constraint and on the bounds of the domains of
its variables (B of 2B-consistency stands for bound).
Roughly speaking, a constraint C is 2B-consistent if
for any variable xl in C the bounds D A and ~ have a
support in the domains of all other variables of C (wrt
the approximation given by lr). 2B-consistency can be
defined in our formalism as:

Definition 1 (2B-eonslstency) We say that a csP <
X, ~, C > is 2B-consistent iffVC, Vi

(C e C A a:i E oar(C) =~ lri(C, D, x... × Dk) = Di)

The fixpoint algorithm in Figure i achieves the filter-
ing by 2B-consistency. The operator Op2B apphes on
the same vector :D all the IIc operators. This has the
drawback of increasing the upper bound of the com-
plexity, but has the advantage of generating a much

1We have a lot of freedom to choose 7ri(G, D1,..., Dk),
so the definition of 2B-consistency here both abstracts 2B-
consistency in (Lhomme 1993) and box-consistency in (Ben-
hamou, McAIlester, & Van-Hentenryck 1994)



more "regular" sequences of domains (see section 5).
For the sake of simplicity, AC3-1ike optimization, which
consists in applying only those projection functions
that may reduce a domain, does not appear explicitly
in this algorithm schema.

We say that a csP is 2B-satisfiable if the 2B filtering
of this csP does not produce an empty domain.

In the same way that arc~onsistency has been
generalized to higher consistencies (e.g. path-
consistency), 2B-consistency can be generalized to
kB~consistency (e.g. 3B~onsistency (Lhomme
1993)). In the rest of this paper, we focus on 3B-
consistency, but the results can be straightforwardly
generalized to kB-consistencies.

3B-consistency ensures that when a variable is in-
stantiated to one of its two bounds, then the cse is
2B~atisfiable. More generally, 3B(w)~onsistency en-
sures that when a variable is forced to be close to one
of its two bounds (more precisely, at a distance less
than w), then the csP is 2B-satisfiable.

Definition 2 (3B(w)-consistency) We say that a cse <

2~, ~, C > is 3B(w)-consistent iff 

vi, i e {1 ..... n}
< X, ¢_(~, i, w), C > is 2B-satisfiable
and

< X, ¢(’D, i, w), C > is gB-satisfiable

Where ¢(~, i,w) (resp. ¢(~, w))denotes the samedo-
main as 7~ except that Di is replaced by Di 13 D[~, Di + to]
(~sp. D~ is terraced bu O~ n [~ - w, D--q], ).

3B-consistency filtering algorithms, used for exam-
ple in Interlog (Dassault-Electronique. 1991), Ilog
Solver or Numerica, are based on the schema of al-
gorithms given in Figure 2, which uses a kind of proof
by contradiction: the algorithm tries to increase the
lower bound of Di by proving that ¢(~, i, w) is not
2B-satisfiable and it tries to decrease the upper bound
in a symmetric way.

Implementations using this schema may be opti-
mized considerably, but we do not need to go into de-
tails here.

Acceleration by extrapolation methods
This section summarizes the field of extrapolation
methods of accelerating the convergence of sequences;
for a deeper overview see (Brezinski 8z Zaglia 1990).
Let {Sn} = ($1, $2,...) be a sequence of real numbers.
A sequence {S,} converges if and only if it has a limit
S: lim,-+oo 6:, = S.

Accelerating the convergence of a sequence {S,)
amounts of applying a transformation .4 which pro-
duces a new sequence {T,}: {Tn) = .4({Sn})-

proc 3B(in w, inout 7~)
while (Op3B(~)) ~ 

z~ +- Opae(O)
endwhile

funet Op3B(in ~)
for i:= 1 to n do

if "~2B-satisfiable(¢ (~, i, w))
Di +’- Di+w

if -~2B-satisfiable(¢(~, i, w))
Di +- Di -- w

endfor
return

Figure 2: 3B(w)~onsistency filtering schema

As given in (Brezinski & Zaglia 1990), in order 
present some practical interest the new sequence {T,}
must exhibit, at least for some particular classes of
convergent sequences {Sn}, the following properties:

1. {T,} must converge

2. {T.} converges to the same limit as {Sn} :
fimn~oo 71, = lim.~oo 5’,

3. {T,} converges faster than {S,}: lim,-+oo T,-S = 0
S~-S

As explained in (Brezinski & Zaglia 1990), these
properties do not hold for all converging sequences.
Particularly, a universal transformation .4 accelerat-
hag all converging sequences cannot exist (Delahaye 8z
Germain-Bonne 1980). Thus any transformation can
accelerate a limited class of sequences. This leads us
to a so-called kernel2 of the transformation which
is the set of convergent sequences {S,} for which
9g, Vn ~- N,T~ = S where {T~} = .4({S,}).

A famous transformation is the iterated A2 process
from Aitken (Aitken 1926) {T,} = A2({S~}), which
gives a sequence {Tn} of nth term:

-- S.+,T. = S.S,,+2 2
8,+2 -- 2S.+~ + S.

The kernel of Au process is the set of the converging
sequences which have the form:

Sn = S + aA"

where c~ # 0 and A # 1.
Let us see the behavior of A2 transformation on the

following sequence:

S,,={ ~,,_x/1.001ifn>0ifn=0

2The definition of the kernel given here considers only
converging sequences.



Let {Tn} = A~({S,}), we have:

So=l
Sl = 0.9990009990009991
$2 = 0.9980029960949943 ~ To = 0.0
$3 = 0.9970059900149795 ~ T1 = 0.0

Slo00 =- 0.36843138759310598~ T99s = 0.0

AS process enables the limit of that sequence to be
found immediately.

Of course we can apply several times the transfor-
mation leading to a new transformation. For example,
we can apply AS twice, giving A2(A2({S,})).

Many acceleration transformations (G-algorithm, e-
algorithm, 0-algorithm, overholt-process,...) are mul-
tiple application of transformations (see (Brezinski 
Zaglia 1990).

Such accelerating convergence methods have been
generalized to sequences of vectors or matrices.

Extrapolation for filtering
Filtering algorithms can be seen as sequences of do-
mains. For example, the sequence {~,} generated by
2B-filtering is:

/3 ffn=O
v" = op2B(~._,) if. > 

and the sequence {:~,} generated by 3B-filtering is:

~. = { ~ if.=0op3s(#._,) if. > 

So, in order to optimize a filtering algorithm, it suf-
rices to accelerate the convergence of its associated do-
mains sequence {7~,,}. {~,} is a sequence of interval
vectors. There does not exist any method to accelerate
interval sequences, but an interval can be seen as two
reals and # can be seen as a 2-columns matrix of reals
(the first column is the lower bounds, and the second
the upper bounds). Thus we can apply the acceleration
methods {AS, e, 0,...} seen in the previous section.

In our experiments, scalar extrapolations, which
consider each element of the matrix -- each bound of
a domain- independently of the others, appear to be
much more robust than vectorial extrapolations. Con-
sequently the results given in the rest of the paper are
for scalar extrapolations. For example, the scalar AS

process uses for each bound of domain the last three
different values to extrapolate a value.

Two kinds of optimization for filtering algorithms
are now given. The first makes a direct use of extrap-
olation methods while the second is a somewhat tricky
one.

First kind of optimization

Let {7~,} be a sequence generated by a filtering al-
gorithm. Accelerating the convergence of {7)n} can
dramatically boost the convergence, as illustrated in
the following problem:

~.~+t-2.z=4, ~*~m(~)+~.cos(t)=O,
x-y+cos(z)2=O, x*y*z-2*t=O

e [o, 10001, y e [o, lOOO], z ̄  [o, ,~], t ̄  [o, ,~1

The following table shows the domain of the variable
t in the 278th, 279th, 280th and 281th iterations of 3B-
filtering (after a few seconds). The precision obtained
is about 10-4.

it t
278 [3.14133342842583-- -, 3.14159265358979 - - -]
279 [3.14134152921220-- -, 3.14159265358979-- -]
280 [3.14134937684900 - - ¯, 3.14159265358979 - - -]
281 [3.14135697924715---,3.14159265358979---]

By applying the AS process on the domains of the
iterations 278,279 and 280 we obtain the domain be-
low. The precision of this extrapolated domain is 10-s.

Such a precision has not been obtained after 5 hours
of the 3B-filtering algorithm without extrapolation.

[~3.1415926535897"7---,3.14159265358979---] [

The extrapolated sequence may or may not converge
to the same limit as the initial sequence. This can be
explained by the kernel of the transformation: when
the initial sequence belongs to the kernel, then we are
sure that the extrapolated sequence converges to the
same limit. Furthermore, intuition suggests that, if
the initial sequence is "close" to the kernel then there
are good hopes to get the same limit. However it may
be the case that the limits are quite different. This
is cumbersome for the filtering algorithms which must
ensure that no solution is lost.

We must now address the question of how to apply
acceleration methods on filtering algorithms without
losing any solution.

Second kind of optimization

We propose below an answer to the question above, for
the domain sequences generated by algorithms that are
based on the 3B-algorithm schema of Figure 2.

This answer is built on the proof-by-contradiction
mechanism used in 3B-algorithm: it tries to prove that
no solution exists in a subpart of a domain. If such a
proof is found, then the subpart is removed from the
domain, else the subpart is not removed.

The point is that we may waste a lot of time trying
to find a proof that does not exist. If we could predict



proc 3B-acc(in w, inout ~)
while (OpAec3B(Z3) C 

# ~- OpAccaB(:5)
endwhlle

funet OpAcc3B(in #)
for i := l to n do
(1). if ~2B-s~t-pre~ct(¢ (D, i, w))
(2). if -~2B-satisfiabl~¢_(#, i, w))

Di +- Di + w
(3). if -~2B-sat-predict(¢(:D, i, w))

(4). if -~2B-satisfiable(¢(ZS, i, w))
Di ~- Di + w

endfor
return

funet 2B-sat-predict(in #)
if it predicts 2B-satisfiability

by extrapolation methods.
return true

else return false

Figure 3: Accelerated 3B-ace(w) filtering schema

with a good probability that such a proof does not
exist, we could save time in not trying to find it. Well,
extrapolation methods can do the job !

The idea is simply that if an extrapolated sequence
converges to a 2B-satisfiable csP (which can be quickly
known), then it is probably a good idea not to try to
prove the 2B-unsatisfiability.

Following that idea, the algorithm schema for
3B(w)monsistency can be modified, as given in Fig-
ure 3. The main difference is that before testing for
2B-satisfiability, it tries to predict 2B-satisfiability by
extrapolation methods.

We artificially separate step (1) from step (2) 
step (3) from step (4) in the schema for reasons 
clarity only. In an implementation of that algorithm
schema, these steps are better taken together: that
is 2B-sat-predict is permanently maintained during
the computation of 2B-satisfiability. The computa-
tion may thus be interrupted as soon as the prediction
allows it.

The following proposition means that this algorithm
schema allows acceleration methods to be applied while
keeping the completeness property of filtering algo-
rithms.

proposition 1 (Completeness) The accelerated
3B-acc(w) algorithm does not lose any solution.

The proof is built on the fact that a domain
is reduced only when we have a proof- by 2B-
satisfiability and without extrapolation-- that no so-

lution exists for the removed part.
The counterpart of this result is that improvements

in efficiency of 3B-ace(w) compared with 3B may 
less satisfactory than improvement provided by the
first kind of optimization.

Nevertheless, the improvement in efficiency may also
be of several orders of magnitude. For example, let us
consider the following example from (Brezinski 1978):

--t + 4 * x -- 1/2 = O, --x + y2/2 + t = O,
--Y + sin(x) + sin(y - 1) i = 0
x e [--3,3], y e [--100, 100], t ¯ [--100, 100]

The acceleration method used is A2. To reach a
precision of 10-s, we obtained the following results.

algorithm 3B 3B-acc
GPU-time(sec) 154 0.1
nb-calls~f-Op2B 699735 284
nb-calls-of-Op2 B-tr ue 699642 152
nb-caUs~)f-Op2 B- f al se 93 132

As we see, the improvement in time is about three
orders of magnitude. We gain about 99.95% on suc-
cessful calls to Op2B, thanks to extrapolation meth-
ods. However, we have a few more failed calls to Op2B
than the standard algorithm.

The first experimentations that have been done over
some standard benchmarks of numeric cses lead to an
average improvement in time of about 3. The overhead
in time has always been negligible.

Discussion
Extrapolation methods are worth applying for filtering
algorithms when:

* convergence is slow. When the convergence of the
filtering algorithms is fast, there is little or nothing
to gain in applying extrapolation methods. At first
sight, one could think that slow convergences do not
occur very often in filtering algorithms. This is not
true. 2B~consistency filtering leads relatively often
to slow convergence and kB-filtering most of the
time leads to slow convergence.

¯ sequences to be extrapolated follow a kind of "regu-
larity’. All the work of an extrapolation method is
to capture that regularity early in the sequence for
predicting the fixpoint of the sequence. Of course,
the concept of regularity is only intuitive and may
greatly vary depending on the extrapolation method
used.

In our experiments, we used a 2B-filtering as given
in Figure 1, which applies the projection functions to
the same vector of domains. It is in no way manda-
tory, but its advantage, against a standard AC3-1ike



algorithm that applies the projection functions sequen-
tially, was mainly for studying different extrapolation
methods. In fact, the order in which the projection
functions are applied in a standard AC3-1ike algorithm
may hide the regularity of the sequence, whereas in our
version, this cannot happen. Also, it allows vectorial
extrapolation methods to be used much more easily.

The first kind of optimization can be applied over all
filtering algorithms. The second kind of optimization
for 3B consistency algorithms can be straightforwardly
generalized to higher consistency algorithms.

Conclusion
A product like Numerica (Van-Hentenryck, Michel, 
Deville 1997) has shown that an efficient way of solving
numeric csPs is to put many different algorithmic tools
to work together. This paper proposes a new family
of tools that can be combined with existing ones eas-
ily and at a negligible overhead cost. They consist in
applying extrapolation methods over the sequence of
domains given by filtering algorithms.

Extrapolation methods can be directly applied, lead-
ing to drastic improvements in efficiency, but solutions
of the csP may be lost.

Extrapolation methods can also be used in a more
subtle way, allowing solutions of the csP to be pre-
served. The idea is that before doing a hard work
that may succeed or may fail, we may want to have a
strong presumption that it is worth doing. Extrapola-
tion methods are used to give such a presumption.

We are now working on three directions: an efficient
AC3-1ike implementation using only scalar extrapola-
tions; other ways of extrapolating a sequence of do-
mains without loss of solution; the study of the im-
provement of different extrapolation methods on the
different filtering algorithms.
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