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Abstract

The high computational complexity of advanced rea-
soning tasks such as belief revision and planning calls
for efficient and reliable algorithms for reasoning prob-
lems harder than NP. In this paper we propose Eval-
uate, an algorithm for evaluating Quantified Boolean
Formulae, a language that extends propositional logic
in a way such that many advanced forms of propo-
sitional reasoning, e.g., reasoning about knowledge,
can be easily formulated as evaluation of a QBF. Al-
gorithms for evaluation of QBFs are suitable for the
experimental analysis on a wide range of complex-
ity classes, a property not easily found in other for-
malisms. Evaluate is based on a generalization of the
Davis-Putnam procedure for SAT, and is guaranteed
to work in polynomial space. Before presenting Eval-
uate, we discuss all the abstract properties of QBFs
that we singled out to make the algorithm more effi-
cient. We also briefly mention the main results of the
experimental analysis, which is reported elsewhere.

Introduction
Interest in algorithms for the SAT problem has been
constant in the AI community. SAT is obviously rele-
vant to AI, and, being the prototypical NP-complete
problem, challenges our ability to cope with large
knowledge bases. Usage of algorithms for SAT for rea-
soning tasks different from classical propositional rea-
soning has been recently emphasized in the literature.
For example, real-world problems such as constraint-
based planning can be encoded in SAT (Kautz & Sel-
man 1996), and theorem provers for modal logic can use
SAT solvers as black boxes (Giunchiglia & Sebastiani
1996).

Anyway, optimizing algorithms for SAT is not enough
for the goals of Knowledge Representation: theoretical
analysis showed that advanced forms of reasoning such
as belief revision, non-monotonic reasoning, reasoning
about knowledge, and STRIPS-like planning, have com-
putational complexity higher that the complexity of
SAT, cf. e.g., (Eiter & Gottlob 1992) which shows 
and PSPACE-complete reasoning problems. This calls
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for efficient and reliable algorithms for reasoning prob-
lems harder than NP.

In this paper we propose Evaluate, an algorithm for
evaluating a Quantified Boolean Formula (QBF). Intu-
itively, QBFs extend propositional logic in a way simi-
lar to the extension from first- to second-order logic: in
QBFs propositional variables can be quantified over,
either existentially, or universally. As an example,
Vx13x2 (xi Y x2) A (-~xi V -~x~.) means "for each truth
assignment to Xl there exists a truth assignment to x2
such that (xi V x2) A (~Xl V -~x2) is true". The above
QBF is indeed true: if Xl = true then x2 can be as-
signed to false; if xi = false then x2 can be assigned
to true; in both cases (xi V x2) A (~xi V ~x2) 
true. The evaluation problem for a QBF is to decide
whether a given QBF is true or not. QBFs are both
harder to cope with, and much more expressive, than
pure propositional logic. In fact, many advanced forms
of reasoning such as reasoning about knowledge using
modal logics, temporal and description logics, can be
easily formulated as evaluation of a QBF.

Evaluation of QBFs is similar to SAT also because
it is the prototypical problem complete for an impor-
tant complexity class, i.e., PSPACE. Other reasoning
problems, e.g., satisfiability of modal formulae in the
system K, are PSPACE-complete too, but syntacti-
cally restricted QBFs offer complete problems for other
complexity classes relevant to KR such as ~P and ~.
Therefore, algorithms for evaluation of QBFs are very
suitable for the experimental analysis on a wide range
of complexity classes, a property not easily found in
other formalisms.

To the best of our knowledge, the only published al-
gorithm for evaluation of QBFs appears in (Brining,
Kaxpinski, & F16gel 1995), and is based on resolu-
tion. Evaluate is based on a generalization of the Davis-
Putnam (DP) procedure for SAT, and is guaranteed 
work in polynomial space. Implementations of DP axe
still among the most efficient complete algorithms for
SAT. Like DP, Evaluate exploits the idea of perform-
ing unit propagation as much as possible, and resorts
to branching when all other simplifying rules fail. Of
course, the different nature of evaluation of QBF and
SAT forced us to use specific rules in the design of Eval-
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uate, e.g., variables bound by the external quantifier
must be dealt with before others. In particular, some
rules do not affect soundness and/or completeness, but
rather efficiency of the algorithm. As an example, if a
QBF has a non-tantologous clause in which all literals
are universally quantified, then it is false.

We implemented the algorithm in C++ and per-
formed an extensive analysis of its performances for the
evaluation of randomly generated QBFs. The analy-
sis, which is reported in (Cadoli, Giovanardi, & Schaerf
1997), is the first of its kind. In particular, we were able
to find patterns for shift o/crossover point (the point at
which half of the instances evaluate to true), phase tran-
sition (sharp differences between instances close to the
crossover point from instances far from it), and easy-
hard-easy distribution. Some of the result generalize
those shown in (Selman, Mitchell, & Levesque 1996) for
SAT, while others do not. Moreover, the richer struc-
ture of QBFs raises the possibility of analyzing exper-
imental behavior for parameters that do not have any
counterpart in the propositional case (e.g., number of
quantifiers alternations in a QBF).

The purpose of this paper is to present Evaluate. To
this end we also discuss all the properties of QBFs that
we singled out to make it more efficient. We also briefly
mention the main results of the experimental analysis.

Quantified Boolean Formulae
A QBF has the form

Qlxl ... Q,~xnE(xl .... , xn) (1)

where E is a propositional formula involving the propo-
sitional variables xl,...,xn and every Qi (1 < i < n)
is either an existential quantifier S or a universal one
V. The expression 3xi¢ is an abbreviation for "there
exists a truth assignment to xi such that ¢ is true".
Analogously, ~/x~¢ is an abbreviation for "for each truth
assignment to xi, ¢ is true". Inverting quantifiers in a
QBF may change its truth value. As an example, in-
verting quantifiers in Vx13x2 (xl V x2) A (-~xl Y -~x2)
yields 3xlVx~ (xl Y x2) A (-~xl V ~x2), which is indeed
false (cf. Introduction).

Given a generic QBF, we can group in the same set
all consecutive variables having the same quantifier. In
such a format, each quantifier is applied to a set of
variables rather than to a single propositional variable.
Moreover, the sequence of quantifiers alternates: an
existential quantifier follows a universal quantifier and
vice-versa.

A kQBF (with k constant integer) is a QBF in which
the quantifiers are applied to k disjoint sets of variables
and the sequence of quantifiers alternates; sometimes
we will add a subscript denoting the type of the most
external quantifier in the formula. For example, if X1,
X2, and X3 are mutually disjoint sets of propositional
variables, then the formula SXzVX2SX3 E(X1, X2, X3)
is a 3QBF3. SAT coincides with the evaluation prob-
lem for 1QBF3. Evaluating a QBF is inherently more
difficult than deciding satisfiability of a propositional

formula: the evaluation problem for a QBF is PSPACE-
complete, and plays the role of prototypical problem for
such a class. The problem of evaluating a kQBF3 is ~P-
complete, whereas the problem of evaluating a kQBFv
is HP-complete, ~P and II~ being the classes at the k-th
level of the Polynomial Hierarchy.

In the rest of this paper we refer to QBFs in Con-
junctive Normal Form (CNF), i.e., QBFs of the form
(1) in which the boolean formula E is a conjunction
of clauses, each one being a disjunction of literals --a
negated or non-negated variable. In this case E is called
matrix of the formula. A QBF is said to be in hCNF if
every clause contains exactly h literals.

Considering QBF in CNF is not a restriction,
since the problem of evaluating such formulae is still
PSPACE-complete. With respect to kQBFs, the eval-
uation problem of kQBFs in 3CNF is complete for the
same complexity class of the general case if the most
internal quantifier is an existential. As a consequence,
in the following we will consider kQBFs of the form

Q1X1..’3Xk E(X1 .... ,Xk) (2)

in which E(Xz ..... X,) is in CNF, the most inter-
nal quantifier is existential and the sequence of quan-
tifiers alternates. Fixing the type of the most inter-
nal quantifier makes the use of subscripts in, e.g.,
kQBF3 useless. As an example, a 2QBF has the
form VX13X2 E(X1,X2), while a 3QBF has the form
3XlVX23X3 E(X1, X~, X3).

We now show some relevant properties of QBFs that
are of interest in the development of the algorithm.

Definition 1 Given a kQBF of the form (2), we define
the sets E and H as follows:

E = Xk U Xk-2 U ""

II : Xk- 1 U Xk- 3 U "’"

that is, ~ is the union of all the sets of existentially
quantified variables, while H collects all the universally
quantified variables.

Example 1 Let F be the QBF

vw3zvx Y [(xl v ^ (yl)^
v v ^
v v ^ ( y2 

Then II = W U X -~ (Wl,W2,Xl,X2) , while ~. =
Z U Y = (zl,yl,y2}.

Using the sets ~ and II, we can partition the matrix
E(Xz,..., Xk) of any kQBF of the form (2) into three
matrices:

1. H(~), containing the clauses in which only variables
of ~ occur;

2. G(H), containing the clauses in which only variables
of H occur;

3. L(E, II), containing the remaining clauses.



Therefore, any such kQBF can be rewritten as:

QIX1." 3X~ [H(E) A a(II) A/(E, (3)

Example 2 Referring to Example 1:

n(r,) = (yl) ̂  (-y2 v 
a(n) = ( x2)

L(E,I]) _= (Xl V"nyl Vz1) A (Wl Vnw2 V-nz1) 

(Y2 V -~wl V -~xi)

Lemma 1 (Trivial falsity on H) A QBF F of the
form (3) is false fiG’(H) ~ 0, where G’(H) is obtained
from G(H) by deleting all tautological clauses.

Proof. Let us assume that G’(II) is non-empty. Then
there exists at least one non tautological clause C =
ll V". V Ira, where ll,...,Ira are literals. The truth
assignment li = false for i = 1 .... ,m makes G
false. Since all variables corresponding to the literals
li,... ,lm are universally quantified, F is false. []

Notice that the formula in Example I is trivially false
since G’(II) is non empty (--x2). The simple check 
quired in Lemma 1 can be accomplished in time linear
in the size of the matrix. As a consequence, in all the
interesting cases we always have that G(H) = 0. In the
following we assume that this is the case. Thus, the
generic form of a QBF becomes:

QlXl... 2Xk [H(E) A L(E, (4)

Lemma 2 (Trivial falsity on E) A QBF F of the
form (4) is false if H(E) is unsatisfiable.

Proof. If H(E) is unsatisfiable, there are no truth as-
signments to the existentially quantified variables that
can make the matrix true. Therefore, F is false. []

A corollary of Lemma 2 is that, if a unit clause occurs
in H(E), then it is useless to try to falsify it. In other
words, the unit propagation rule of the Davis-Putnam
algorithm is also applicable to QBFs when applied to
variables in E. On the contrary, unit propagation is
ruled out for variables in l] by Lemma 1. In fact, if
there exists a unit clause whose only variable belongs
to H then the QBF is false.

Example 3 Let F be the following QBF:

F = VXSY [Y2 A (-~Yl V Y2 V Y3) A (-~Y2 V Yl) 
(Xl v x2 v y3) ̂ (- yl v Xl v

F is false: in fact, H(Y) -~ y: A (-~Yl Vy2 Vy3) 
(~Y2 Vyl) must be satisfiable (Lamina 2), and therefore,
Y2 = true. By unit propagation yl = true and F can
be simplified as

vx y[( l v x2 v y3) ̂  (xl v
Now there exists a clause (x] V -~x2) with all variables
in H. Thus, by Lamina 1, F is false.

Lemma 3 (Trivial truth) A QBF F of the form (4)
is true if H(E) A L’(E) is satisfiable, where L’(E) 
obtained from L(E, H) by deleting all variables in II.

Proof. All models of L’(E) are also models of L(E, 
Let us assume H(E)A L’(E) is satisfiable, and M is 
of its models. M makes H(E) A L(E, II) true for 
truth assignment to the letters in if. Therefore, F is
true. []

Example 4 The following QBF

VW3ZVX3Y [(~wl v x2 v y~) A (~xl v y2 v z3)A
v v ^ v v

v yl)]
is trivially true. In fact, H ( S ) A L ’ ( S = YlA (Y2V z3 ) 
(-~Zl) A (z2 V Yl) A (’~z2 V "~Y2 V Yl) is satisfiable since
the model yl = true, y2 = true, zl = false satisfies it.

Lemma 3 presents a sufficient condition which is not
necessary. For example, the QBF VXSY[(xl v Yl) 
(-~ml V -~Yl)] is true while L’(E) -= Yl A -~Yl is unsatis-
fiable. Notice that verifying the condition of the above
lemma requires to perform a satisfiability test. Never-
theless, our experimental analysis has shown that the
presence of this test makes the algorithm Evaluate more
efficient.

There are other conditions that can help us to sim-
plify QBFs. Following the terminology used for the
Davis-Putnam procedure, we call literal l monotone if
its complementary literal does not appear in the ma-
trix E of the QBF. Monotone literals are important
because we can immediately assign them a value with-
out any need for branching. The truth value we need
to assign them is a function of the set to which they be-
long. In the following, when we assign a truth value to
a literal, we implicitly assign the opposite truth value
to the complementary literal.

Lemma 4 (Monotone literals in E) Given a QBF
F of the form (2) and a monotone literal l E 
then F is true if and only if P = Q1Xl..’3Xk
E’(X1,...,Xk) is true, where E’(X1,...,Xk) is 
tained from E(XI,..., Xk) by replacing l with true.

Due to the lack of space we omit this and the follow-
ing proofs.

Lemma 5 (Monotone literals in H) Given a QBF
F of the form (2) and a monotone literal l E if,
then F is true if and only if P = Q1Xi."BXk
E’(X1,...,Xk) is true, where E’(X1,...,X~) is 
tained from E(X1,..., Xk ) by replacing I with false.

The conditions of Lemmata 4 and 5 can be checked
in polynomial time. There is one more simple situation
(whose conditions can be checked in polynomial time)
where we can avoid considering all assignments to a
variable.

Lemma 6 (Forced assignment for E) Let F be a
QBF of the form (2) and C a clause in E such that:

1. there exists a literal I E Xi C E in C, and
2. all other literals of C belong to the set Xi+l U Xi+3 U

¯ "UXk-1C1].



Algorithm Evaluate
Input: a kQBF CNF formula F of the form (2)
Output: true if F is true, false otherwise.

boolean Evaluate (QBF F)
{ while (F contains a tautological clause C)

remove C from F;
if (F is a H-formula) return H_Evaluate(F);
else return E_Evaluate(F);

}

Figure 1: The Evaluate algorithm

Then the formula F is true if and only if the for-
mula F’ = Q1XI "" 3XkE’(X1,... ,Xk) is true, where
E’ (X1, ¯ ¯ ¯, Xk) is obtained from E(X1,..., Xk) by sub-
stituting all occurrences of I with true.

The Algorithm
The algorithm Evaluate is shown in Figure 1. For solv-
ing a QBF, Evaluate performs successive simplifications
on the original formula, using techniques such as propa-
gation and backtracking, and performing partial evalu-
ation of subformulae obtained in this way. As a matter
of fact, Evaluate makes use of two recursive procedures
~,_Evaluate and H_Evaluate that interact each other and
cooperate in evaluating the input formula. F~_Evaluate
is a procedure that works on a QBF in which the most
external quantifier is existential (E-formulae). Dually,
H_Evaluate works on H-formulae, that is, formulae in
which the most external quantifier is universal. The
matrix of both E- and H-formulae is in CNF.

The main procedure Evaluate takes as input a QBF
F and returns its truth value. As a matter of fact,
it performs two simple actions: first of all, all tauto-
logical clauses in F (if any) are removed. Notice that
the elimination of tautological clauses can be performed
once and for all: in fact, none of the successive manip-
ulations that the algorithm makes on the input formula
can create a tautological clause. Then, Evaluate invokes
either E_Evaluate or H_Evaluate according to whether F
is a E-formula or a H-formula.

Figure 2 shows the procedure H_Evaluate. The pro-
cedure takes in input a H-formula and returns its truth
value; it is at the same time an iterative and recursive
procedure, that works as follows.

Base of recursion. First of all, H_Evaluate checks
whether the input formula F is formed by all existen-
tially quantified variables; in this case, F is indeed a
1QBF and then for evaluating it is sufficient to in-
voke any procedure for SAT (cf. line (1)) -the Davis-
Putnam algorithm in our implementation. Successively,
H_Evaluate verifies whether F is trivially true by using
Lemma 3. To this end, it computes the 1QBF G, ob-
tained by removing from F all the universally quantified
variables (cf. (2)), and checks its satisfiability. To check
whether G is satisfiable, H_Evaluate makes use of a pro-
cedure for SAT (cf. (3)). If G is satisfiable, the input

Procedure H_Evaluate
Input: a H-formula of the form:

F : VX13X2 ...VXk_13Xk E(X1,... ,Xk)

Output: true if F is true, false otherwise.

(10)
(11)

(12)
(13)

(14)
(15)
(16)

(17)
(18)
(19)

(20)

(21)
(22)

boolean H_Evaluate (QBF F)
(1) { if (all the variables in F are existentially quantified

return SAT(F);
(2) remove from F all the universally quantified

variables, thus obtaining the formula G;
(3) if (SAT(G)) return true;
(4) while (there are uninstantiated variables in X1)
(5) { if (E is an empty set of clauses)
(6) return true;
(7) if (E contains an empty clause)
(8) return false;
(9) if (there is a clause made of all

universally quantified variables in E)
return false;

if (there is a unit clause c formed by
a literal l E ~ in E)
{ assign true to l;

simplify F with l = true;
}

else if (there is a monotone literal l E ~ in E)
{ assign true to l;

simplify F with 1 = true;
}

else if (there is a monotone literal l C H in E)
{ assign false to l;

simplify F with l = false;
}

else if (there is a clause c including a literal
l E Xh C ~ in E and all other literals
of c are in Xh+l U... UXk_I C_ H)

{ assign true to l;
simplify F with l = true;

}
(23) else
(24) { choose a literal l C X1;
(25) QBF OldF = F;
(26) assign false to l;
(27) simplify F with l = false;
(28) if (H_Evaluate(F) == false)

return false;
(29) else
(30) { F = OldF;
(31) assign true to l;
(32) simplify F with l = true;
(33) return H_Evaluate(F);

}
}

} /* while */
(34) return ~_Evaluate(F);

Figure 2: The H_Evaluate procedure



formula F is true, and then H_Evaluate can stop and re-
turn true (cf. (3)). We could use an incomplete, faster
algorithm for testing satisfiability of G, but experiments
showed that a sound and complete procedure for SAT
results in a more efficient evaluation of the QBF.

Iteration and forced assigments. If F is not triv-
ially true, the algorithm proceeds iteratively: during
the generic iteration, the formula F is simplified by
means of truth values assignments to one or more of
its variables. The assignments made by H_Evaluate can
be of two kinds: forced and unforced. A forced assign-
ment to a variable x in F causes F to be simplified in
an other QBF G such that F is true if and only if G
is true. Thus, forced assignments are very important,
since they simplify the evaluation process without mak-
ing backtracking necessary.

Unforced assignments are performed on variables that
belong to X1, that is, the most external set of variables
in the input formula F (cf. the input of H_Evaluate).
Unforced assignment generally require the use of back-
tracking, as we will see later.

Turning back to the algorithm, simplifications on F
are performed until one of the following cases is verified:

1. Simplifications made on F cause all the variables in
X1 to be instantiated (cf. (4)); in this case X1 
empty, and F is indeed a E-Formula. For evaluating
F, H_Evaluate invokes the E_Evaluate procedure (cf.
(34)).

2. Simplifications made on F cause the matrix E to be
empty (cf. (5)); this means that all clauses in E 
been satisfied, and so F is true. As a consequence,
the algorithm stops returning true (cf. (6)).

3. Simplifications made on F cause the matrix E to con-
tain an empty clause (cf. (7)); in this case F is triv-
ially false and the algorithm stops returning false
(cf. (8)).

4. Simplifications made on F cause the matrix E to con-
tain a clause formed by all universally quantified vari-
ables (cf. (9)). By Lemma 1 the formula F is false.
So, the algorithm stops returning false (cf. (10)).

If none of the above cases is verified, II_Evaluate checks
whether it is possible to perform forced assignments on
variables in F. Using Lemmata 3, 4, 5, 6, and unit
propagation (using Lemma 2), we have characterized
four different situations where forced assignments can
be performed (cf. statements from (11) to (22)).

Branch. If no forced assignments can be performed,
H_Evaluate simplifies the input formula by means of an
unforced assignment made on a variable x in X1 (cf.
statements between (24) and (33)). Since there 
way for excluding neither the value true nor the value
false for x, the evaluation of F is splitted in the eval-
uation of the two subformulae obtained assigning re-
spectively false and true to x. Since x is a universally
quantified variable, F is true if and only if both these
subformulae are true. The instantiation of x is indeed
a branch in the evaluation process of F; for this rea-

son, we call x the branch variable, whereas the literals
corresponding to x are called branch literals.

Three heuristics for choosing the branch literal were
adopted. In increasing efficiency, they are: 1) ran-
dom, 2) try to maximize the number of Horn/dual-Horn
clauses after simplification (using on ideas of (Craw-
ford & Auton 1993)), and 3) privilege those variables
having the maximum number of occurrences in short
clauses and, among them, variables that appear most
frequently in the matrix of the input formula (using
ideas of the SAT-solver "B6hm" as described in (Buro
& Brining 1993)).

After having chosen the branch variable and a partic-
ular branch literal (cf. (24)), the actual structure 
is saved for future backtracking (cf. (25)). Successively,
H_Evaluate is recursively invoked on the formula ob-
tained assigning false to the branch literal l (cf. (26),
(27) and (28)). If the result of the recursive call 
II_Evaluate is false, the procedure can stop and return
false (cf. (28)). Otherwise, H_Evaluate backtracks 
restores the old structure of F (cf. (30)). The formula
F is then simplified assigning true to the branch literal
(cf. (31) and (32)). Lastly, the procedure returns 
result obtained applying recursively H_Evaluate on F
(cf. (33)).

The procedure ~_Evaluate is very similar to
II_Evaluate, and so is omitted. As a matter of fact,
E_Evaluate differs from H_Evaluate only in case of
branch: now X1 is a set of existentially quantified vari-
ables. While in H_Evaluate a logical AND between the
two recursive calls is performed, in ~_Eva[uate is neces-
sary to perform a logical OR between them.

Experimental results

In (Cadoli, Giovanardi, & Schaerf 1997) we present 
detail an experimental analysis of the complexity of val-
uating randomly generated kQBF instances. Here we
briefly recall these results together with some new ones.
In our tests, we have generated kQBF instances accord-
ing to two different models: Fixed Clause Length (FCL)
and Constant Probability (CP); both of them are well-
known in the literature (cf. e.g., (Selman, Mitchell, 
Levesque 1996)).

In the FCL model each formula is generated so that
all clauses are different, non-tautologous, and contain
exactly h literals, not all of them universally quanti-
fied. If V is the set of all propositional variables in
the formula (that is V = X1 (.J ... [J Xk) , then a clause
is produced by randomly choosing h different variables
in V and negating each one with probability 0.5. The
CP model has the same parameters of the FCL model,
except for h, which represents in this case the average
number of literals per clause in the formula. The empty
clause and unit clauses are disallowed.

The results we obtained can be summarized as fol-
lows:

¯ If clauses are long enough, e.g., 6CNF, evaluation is
more difficult for 3QBF than 2QBF, and for 2QBF



than 1QBF.

¯ Phase transition phenomena for the percent-
age of true instances as a function of the
#clauses/#variables per set ratio exists in all
the examinated cases (2QBF-3/4/5/6CNF, 3QBF-
3/6CNF) of QBF.

¯ An easy-hard-easy pattern for the average dif-
ficulty of the instances as a function of the
#clauses/#variables per set ratio has been observed
in the following cases: 2QBF-5/6CNF, and 3QBF-
6CNF. In particular, we noticed a correlation be-
tween the location of the hardest instances and the
crossover point for 2QBF-6CNF and 3QBF-6CNF.
The easy-hard-easy pattern, instead, has not been
observed in all the other cases (2QBF-3/4CNF, and
3QBF-3CNF)

¯ The number of clauses at the crossover point is not
a linear function of the number of variables (as it
was for 1QBF); in all the cases in which we could
examine a wide range for the number of variables
per set (2QBF-3/4CNF, and 3QBF-3CNF), we have
verified that the number of clauses at the crossover
point is proportional to the square root of the number
of variables per set

¯ As in the 1QBF case, instances generated according
to the CP model are, on average, much easier than
those generated by means of the FCL model.

¯ In all the considered cases, the true instances are the
easiest for kQBF with k odd, whereas the easiest in-
stances are the false ones for kQBF with k even.

¯ Unbalancing the number of existentially-quantified
and universally-quantified variables has remarkable
effects on the difficulty of kQBF instances; if the 3-
variables are increased and the V-variables are de-
creased, the instances become much harder with re-
spect to the instances where their number is bal-
anced. An opposite phenomenon has been ob-
served when the V-variables are increased and the
B-variables are decreased.
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Figure 3: Results for 3QBF-6CNF

To give an example of the results we obtained, we
report in Figure 3 the percentage of true instances,

the average number of truth values assignment made
to the variables before being able to evaluate the for-
mula (tries), and the average number of recursions, as 
function of the #clauses/#variables per set ratio. The
total number of variables is 30 (10 variables per set),
the number of clauses varies from 10 to 300, with a
step of 10, and 500 experiments for each setting of the
parameters were run. The curves regarding the number
of tries and recursions show an easy-hard-easy pattern,
with the hardest instances being associated with the
crossover point. At the peak, evaluation takes about 10
seconds on average on a 75MHz/32MB SPAHC10.

Conclusions and Future Work
In this paper we have presented Evaluate, an algorithm
to evaluate quantified boolean formulae. This algo-
rithm can help us in understanding the computational
structure of all problems that belong to the classes cap-
tured by QBFs, i.e., each level of the Polynomial Hierar-
chy and PSPACE. We do not claim Evaluate is the best
conceivable algorithm, but it can benefit from advance-
ments in technology of algorithms for SAT, because it
uses the black-box principle. We singled out some cases
which appear in practice to require more computational
resources, hence made a first step in the development of
algorithms which are efficient in the average case. This
is also one step for our long-term goal to characterize,
from the experimental point of view, the most widely
accepted KR formalisms. In order to substantiate this
claim, we are currently experimenting on the usage of
our algorithm to solve decision problems that are not
in NP, such as satisfiability of modal formulae. To this
end, we have found reductions that map a modal for-
mula into a QBF.

References
Brining, H. K.; Karpinski, M.; and FlSgel, A. 1995. Res-
olution for quantified boolean formulas. Information and
Computation 117:12-18.
Buro, M., and Brining, H. K. 1993. Report on a SAT
competition. EATCS Bulletin 49:143-151.
Cadoli, M.; Giovanardi, A.; and Schaerf, M. 1997. Exper-
imental analysis of the computational cost of evaluating
quantified boolean formulae. In Proc. of AI*IA-97, num-
ber 1321 in LNAI, 207-218. Springer-Verlag.
Crawford, J. M., and Auton, L. D. 1993. Experimental
results on the crossover point in satisfiability problems. In
Proc. of AAAI-93, 21-27.
Eiter, T., and Gottlob, G. 1992. On the complexity of
propositional knowledge base revision, updates and con-
terfactuals. Artif. Intell. 57:227-270.
Giunchiglia, F., and Sebastiani, R. 1996. A SAT-based
decision procedure for Jt/:C. In Proc. of KR-96, 304-314.
Kautz, H. A., and Selman, B. 1996. Pushing the envelope:
planning, propositional logic, and stochastic search. In
Proc. of AAAI-96, 1194-1201.
Selman, B.; Mitchell, D.; and Levesque, H. 1996. Gener-
ating Hard Satisfiability Problems. Artif. IntelL 81:17-29.




