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Abstract
We have recently proposed augmenting clauses in a Boolean
database with groups of permutations, the augmented clauses
then standing for the set of all clauses constructed by acting
on the original clause with a permutation in the group. This
approach has many attractive theoretical properties, including representational generality and reductions from exponential to polynomial proof length in a variety of settings. In
this paper, we discuss the issues that arise in implementing
a group-based generalization of resolution, and give preliminary results describing this procedure’s effectiveness.

Introduction
We often say that real-world constraint satisfaction problems
contain structure. The term ‘structure’ is somewhat vague,
but generally means that a problem contains recognizable
patterns. Structured problems might best be described as
problems in which subproblems or symmetric variants of
subproblems recur throughout the search.
Usually, a problem is originally described using some
high level language in which problem structure is explicit. A
planning problem, for example, might be represented using
first order logic. The Boolean satisfiability methods generally used for solving CSPs are variants of the DPLL “DavisPutnam” algorithm and are based on conjunctive normal
form (CNF) encodings. In practice, the high level encoding
is used to generate a much larger CNF or ground encoding
that unfortunately obscures the original problem structure,
making it impossible for solvers to exploit this extra information in solving the problem.
A high price is paid for this approach, since many classes
of problems cannot be solved efficiently without appealing
to the problem structure in some way. As an example, the
pigeonhole problem occurs naturally in many planning and
scheduling domains, but DPLL is too weak to produce short
proofs of unsatisfiability for these instances. Traditional
methods using CNF encodings thus suffer from exponential
scaling on these problems.
This roadblock for traditional methods has led some researchers to adapt DPLL to use stronger representations
(Barth 1995; Chatalic & Simon 2000; Li 2000). When
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strong representations are combined with strong inference,
the structure of the problem can be leveraged to produce
shorter proofs. These lifted methods appear able to overcome the drawbacks of weak encodings without sacrificing
the performance achieved by CNF-based methods. The disadvantage is that no single representation has proven sufficient to capture the range of structures present in naturally
occurring problem instances.
We have shown (Dixon et al. 2004b) that permutation
groups provide a general and efficient way of representing
problem structure. Group-based axiomatizations generalize cardinality constraints, parity constraints and constraints
quantified over finite domains. Inference among different
constraint types becomes possible within this unified framework, using a general inference rule called augmented resolution. Augmented resolution allows multiple resolutions
to be performed in parallel, leading to a powerful yet simple proof system that is still practical for automation. As we
will see, the computational issues that arise in this setting
can be solved by drawing on the large body of theoretical
and algorithmic work that already exists for groups.

Groups
The collection of permutations on a set L will be denoted
Sym(L). If the elements of L can be labeled 1, 2, . . . , n in
some obvious way, Sym(L) is often denoted simply Sn . If
we take L to be the integers from 1 to n, a particular permutation can be denoted by a series of disjoint cycles, so that
the permutation ω = (135)(26), for example, would map 1
to 3, then 3 to 5, then 5 back to 1. It would also exchange 2
and 6. The order in which the disjoint cycles are written is
irrelevant, as is the choice of first element within a particular cycle. If ω1 and ω2 are two permutations, it is obviously
possible to compose them; we will write the composition as
ω1 ω2 where the order means that we operate first with ω1
and then with ω2 .
While composition is associative, it is not necessarily
commutative. As an example, (123)(23) = (12) but
(23)(123) = (13). The composition operator also has an
inverse, since any permutation can obviously be inverted by
mapping x to that y with ω(y) = x. In our example, it is
easy to see that ω −1 = (153)(26). If we have a set S ⊆ L
and a permutation ω ∈ Sym(L), we will denote by ω(S) the
set generated by applying ω to each element of S. We call
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this set the image of S under ω.
We see, then, that the set Sn is equipped with a binary operation that is associative, and relative to which there is an
identity element and each element has an inverse. Thus Sn is
a group. There are many excellent references for group theory generally (Rotman 1994, and others) and computational
group theory specifically (Seress 2003).
Definition 1 A subset S of a group G is called a subgroup of
G, denoted S ≤ G, if S is closed under the group operations
of inversion and multiplication.
Groups can be described without enumerating all of their
elements; consider the group Sn , which is of size n!. We can
represent a group G by giving only a set S of permutations
that generate G in that any element of G can be expressed
as a product of elements of S. If S is such a generating set
for G, we will write G = hSi.
The number of generators required to describe any group
G ≤ Sn is easily shown to be at most log2 |G|. The reason
is that the size of a subgroup always divides the size of the
group and so, if x 6∈ hSi, then adding x to S at least doubles
the size of hSi. Thus the number of generators needed can
never exceed log2 |G|; a more sophisticated analysis shows
that b n2 c also serves as a bound for any subgroup of Sn if
n > 3 (McIver & Neumann 1987). Permutation representations of groups provide highly compact specifications of
large objects.

Axiom Structure as a Group
Cardinality Constraints Cardinality constraints have the
form
x1 + · · · + xm ≥ k
(1)
asserting that at least k of the xi ’s must be true. The single
m
axiom (1) is equivalent to k−1
conventional disjunctions.
The representational strength of cardinality constraints allows polynomial length proofs of the pigeonhole problem
(Cook, Coullard, & Turan 1987) which is known to be exponentially difficult for any resolution-based method (Haken
1985). Consider the cardinality constraint
x1 + x2 + x3 + x4 + x5 ≥ 3
(2)
which can be encoded in conjunctive normal form as
x1 ∨ x2 ∨ x3 x1 ∨ x4 ∨ x5
x1 ∨ x2 ∨ x4 x2 ∨ x3 ∨ x4
x1 ∨ x2 ∨ x5 x2 ∨ x3 ∨ x5
(3)
x1 ∨ x3 ∨ x4 x2 ∨ x4 ∨ x5
x1 ∨ x3 ∨ x5 x3 ∨ x4 ∨ x5
The constraint (2) could also be encoded by the first ground
axiom x1 ∨ x2 ∨ x3 , together with the set of permutations
Sym({x1 , x2 , x3 , x4 , x5 }).
(4)
The remaining ground axioms (3) can be generated by applying the set of permutations (4) to the first axiom. More
generally, a cardinality constraint of form (1) can be written
as a single clause x1 ∨ x2 ∨ · · · ∨ xm−k+1 together with the
group G = Sym({xi }). Operating on x1 ∨x2 ∨· · ·∨xm−k+1
with elements of G allows us to generate the full set of CNF
clauses that is logically equivalent to (1).
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Parity Constraints We now consider constraints that are
most naturally expressed using modular arithmetic or exclusive or’s, such as
x1 ⊕ · · · ⊕ xk = 1
(5)
Axiom sets consisting of parity constraints in isolation can
be solved in polynomial time using Gaussian elimination,
but there are examples that are exponentially difficult for
resolution-based methods (Tseitin 1970).
As in the cardinality example, single axioms such as (5)
reveal structure that a Boolean axiomatization obscures. In
this case, (5) with k = 3 is equivalent to:
x1 ∨ x2 ∨ x3
x1 ∨ ¬x2 ∨ ¬x3
(6)
¬x1 ∨ x2 ∨ ¬x3
¬x1 ∨ ¬x2 ∨ x3
These four axioms can be generated from the first using the
three permutations in the set
{(x1 , ¬x1 )(x2 , ¬x2 ), (x1 , ¬x1 )(x3 , ¬x3 ), (x2 , ¬x2 )(x3 , ¬x3 )}
Although literals are now being exchanged with their negations, this set, too, is closed under the group inverse and
composition operations. Since each element is a composition of disjoint transpositions, each element is its own inverse. The composition of the first two elements is the third.
In general, a constraint of the form (5) can be written as the
clause x1 ∨ x2 ∨ · · · ∨ xk together with the group
G = h(x1 , ¬x1 )(x2 , ¬x2 ), . . . , (xk−1 , ¬xk−1 )(xk , ¬xk )i.
First Order Structure Consider next a first-order constraint such as
P (x, y) ∨ Q(y, z) ∨ R(x, z)
(7)
where each variable is universally quantified over a finite domain of size d, so that (7) corresponds to d3 ground axioms.
If x, y and z are all chosen from the two element domain
{a, b}, the single lifted axiom (7) corresponds to the set of
ground instances:
P (a, a) ∨ Q(a, a) ∨ R(a, a)
P (a, a) ∨ Q(a, b) ∨ R(a, b)
P (a, b) ∨ Q(b, a) ∨ R(a, a)
P (a, b) ∨ Q(b, b) ∨ R(a, b)
P (b, a) ∨ Q(a, a) ∨ R(b, a)
P (b, a) ∨ Q(a, b) ∨ R(b, b)
P (b, b) ∨ Q(b, a) ∨ R(b, a)
P (b, b) ∨ Q(b, b) ∨ R(b, b)
If we introduce ground literals l1 , l2 , l3 , l4 for the instances
of P (x, y) and so on, we get:
l 1 ∨ l5 ∨ l 9
l1 ∨ l6 ∨ l10
l 2 ∨ l7 ∨ l 9
l2 ∨ l8 ∨ l10
(8)
l3 ∨ l5 ∨ l11
l3 ∨ l6 ∨ l12
l4 ∨ l7 ∨ l11
l4 ∨ l8 ∨ l12

at which point the structure implicit in (7) has apparently
been obscured.
But note that the set of axioms (8) is “generated” by a set
of transformations on the underlying variables. For example,
we are allowed to swap the values of a and b for variable x,
and still have a sanctioned ground clause. Since the variable x appears as the first argument of both P and R, the
permutation
(P(a,a) , P(b,a) )(P(a,b) , P(b,b) )(R(a,a) , R(b,a) )(R(a,b) , R(b,b) )
corresponds to a swap of a and b as the first argument of
both P and R, producing the correct action on the relevant
ground literals.
In terms of the literals in (8), this becomes
ωx = (l1 l3 )(l2 l4 )(l9 l11 )(l10 l12 )
In a similar way, swapping the two values for y corresponds to ωy = (l1 l2 )(l3 l4 )(l5 l7 )(l6 l8 ) and z produces
ωz = (l5 l6 )(l7 l8 )(l9 l10 )(l11 l12 ). Now consider the subgroup G = hωx , ωy , ωz i of Sym({li }) generated by ωx , ωy
and ωz . As in our earlier examples, this group allows all
of the clauses in (8) to be generated from any such clause.
Thus operating on the first axiom in (8) with ωx produces
l3 ∨ l5 ∨ l11 . This is the fifth axiom, exactly as it should be,
since we have swapped P (a, a) with P (b, a) and R(a, a)
with R(b, a). Alternatively, a straightforward calculation
shows that
ωx ωy = (l1 l4 )(l2 l3 )(l5 l7 )(l6 l8 )(l9 l11 )(l10 l12 )
mapping the first axiom in (8) to the next to last, and so on.
Augmented Clauses Before proceeding, note that any
“reasonable” permutation that maps a literal l1 to another
literal l2 should respect the semantics of the axiomatization
and map ¬l1 to ¬l2 as well.
Definition 2 Given a set of n variables, we will denote by
Wn that subgroup of S2n that maps the literal ¬l1 to ¬l2
whenever it maps l1 to l2 .
Definition 3 An augmented clause in an n-variable
Boolean satisfiability problem is a pair (c, G) where c is a
Boolean clause and G ≤ Wn . A ground clause c0 is an instance of an augmented clause (c, G) if there is some g ∈ G
such that c0 = g(c). Two augmented clauses (c1 , G1 ) and
(c2 , G2 ) will be called equivalent if they have identical sets
of instances. This will be denoted (c1 , G1 ) ≡ (c2 , G2 ).
Proposition 4 Let (c, G) be an augmented clause. Then if
c0 is any instance of (c, G), (c, G) ≡ (c0 , G).
Definition 5 If C is a set of augmented clauses, we will say
that C entails an augmented clause (c, G), writing C |=
(c, G), if every instance of (c, G) is entailed by the set of
instances of the augmented clauses in C.
Augmented clauses provide highly compact descriptions
of structured clause sets. An augmented clause can be exponentially more concise than its equivalent set of ground
clauses.
Proposition 6 Let S be a set of ground clauses over n variables, and (c, G) an equivalent augmented clause. Then
a set of generators for G can be expressed in O(n2 )
space.

Generalizing Resolution
Of course, presenting a more compact representation is not
progress in and of itself; it must also be possible to reason
with the representation. Augmented clauses possess a natural generalization of the classical Boolean idea of resolution;
the essential idea is that the “resolvent” of two augmented
clauses (c1 , G1 ) and (c2 , G2 ) should be, as nearly as possible, the set of all resolvents that can be obtained by resolving
an instance of (c1 , G1 ) with an instance of (c2 , G2 ).
Definition 7 Let (c, G) be an augmented clause. By G(c)
we will mean the union of all instances g(c) of the augmented clause (c, G). For a permutation p and set S with
p(S) = S, by p|S we will mean the restriction of p to the
given set, and we will say that p is a pullback of p|S back to
the original set on which p acts.
Note that it is not possible to restrict a group to an arbitrary set; one cannot restrict the permutation (xy) to the set
{x} because you need to add y as well.
Definition 8 Let (c1 , G1 ) and (c2 , G2 ) be two augmented
clauses. A permutation p is called an extension of (c1 , G1 )
and (c2 , G2 ) if there are gi ∈ Gi such that for i = 1, 2,
p|ci = gi |ci . We will denote the set of extensions of (c1 , G1 )
and (c2 , G2 ) by extn(ci , Gi ).
An extension will be called stable if there are gi ∈ Gi
such that for i = 1, 2, p|Gi (ci ) = gi |Gi (ci ) . We will denote the set of stable extensions of (c1 , G1 ) and (c2 , G2 ) by
stab(ci , Gi ).
Note that the only difference between an extension and
a stable extension is the domain for which the permutation
p is required to match elements of the groups Gi . For an
extension, the match must be only on the given clause c;
stability requires that the match be on the entire image of c
under the Gi .
If (c1 , G1 ) and (c2 , G2 ) are augmented clauses such that
the Boolean clauses c1 and c2 resolve to give resolve(c1 , c2 ),
the set of all clauses of the form p(resolve(c1 , c2 )) where
p ∈ extn(ci , Gi ) is analogous to the set of all resolvents
that can be obtained by resolving an instance of (c1 , G1 ) and
one of (c2 , G2 ). Unfortunately, the set of extensions p is not
closed under composition and is not a group; it is only for
groups that the representational and other efficiencies of the
augmented approach can be realized. But the set of stable
extensions is a group, leading to:
Definition 9 Let (c1 , G1 ) and (c2 , G2 ) be augmented
clauses. Then the resolvent of (c1 , G1 ) and (c2 , G2 ), to
be denoted by resolve((c1 , G1 ), (c2 , G2 )), is the augmented
clause (resolve(c1 , c2 ), stab(ci , Gi )).
The above definition resolves many of the instances of
(c1 , G1 ) and of (c2 , G2 ) in “parallel”, allowing us to conclude at a stroke many of the clauses that would have
been obtained had we resolved the individual instances of
(c1 , G1 ) with the instances of (c2 , G2 ).
Proposition 10 Augmented resolution is sound, in that if
(c, G) = resolve((c1 , G1 ), (c2 , G2 )) and c0 is an instance
of (c, G), then (c1 , G1 ) ∧ (c2 , G2 ) |= c0 .
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Proposition 11 Augmented resolution is complete, in that if
(c1 , G1 ) and (c2 , G2 ) are augmented clauses with instances
c01 and c02 respectively and c0 = resolve(c01 , c02 ), then c0 is an
instance of resolve((c01 , G1 ), (c02 , G2 )).
Recall that (c01 , G1 ) ≡ (c1 , G1 ) by virtue of Proposition 4,
and similarly for c02 .
In some cases, computing the group of stable extensions
is easy:
Lemma 12 If (c1 , G) and (c2 , G) are augmented clauses
and G(c1 ) = G(c2 ), then resolve((c1 , G), (c2 , G)) ≡
(resolve(c1 , c2 ), G).
But what can be said about the more general case? We now
address this difficulty.

Augmented resolution
The essence of the augmented resolution computation involves computing the group of stable extensions of the
groups in the resolvents. Specifically, we have augmented
clauses (c1 , G1 ) and (c2 , G2 ) and need to compute the group
G of stable extensions of G1 and G2 . Recalling Definition 8,
this is the group of all permutations ω with the property that
there is some g1 ∈ G1 such that ω|cG1 = g1 |cG1 and simi1
1
larly for g2 ∈ G2 and c2 . We have adjusted notation here, rei
placing the Gi (ci ) in the original Definition 8 with cG
i . The
reason for the notational shift is that the composition of two
group elements f g acts with f first and then with g. By replacing g(f (x)) with xf g , the original definition of function
composition g(f (x)) = (f g)(x) (note the awkward variable
order) becomes the more natural xf g = (xf )g . As remarked
i
in Definition 7, cG
i is the union of the images of ci under
permutations in Gi .
As an example, consider the two clauses
(c1 , G1 ) = (a ∨ b, h(ad), (be), (bf ), (xy)i)
(c2 , G2 ) = (c ∨ b, h(be), (bg)i)
The image of c1 under G1 is {a, b, d, e, f } (the x and
2
y appearing in the group are irrelevant), and cG
=
2
{b, c, e, g}. We therefore need to find those permutations
ω such that ω restricted to {a, b, d, e, f } is an element of
h(ad), (be), (bf ), (xy)i, and ω restricted to {b, c, e, g} is an
element of h(be), (bg)i.
From the second condition, we know that c cannot be
moved by ω, and any permutation of b, e and g is acceptable because (be) and (bg) generate the symmetric group
Sym{b, e, g}. This second restriction does not impact the
image of a, d or f under ω.
From the first condition, we know that a and d can be
swapped or left unchanged, and any permutation of b, e and
f is acceptable. But recall from the second condition that
we must also permute b, e and g. These conditions combine
to imply that we cannot move f or g, since to move either
would break the condition on the other. We can swap b and e
or not, so the group of stable extensions is h(ad), (be)i, and
that is what our construction should return.
As a preliminary, we need the following:
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Definition 13 Given a group G acting on a set L, the pointwise stabilizer of L, denoted GL , is the subgroup of all
g ∈ G such that lg = l for every l ∈ L. The set stabilizer of L, denoted G{L} , is that subgroup of all g ∈ G such
that Lg = L.
Point stabilizers can be computed in polynomial time. There
is no known polynomial algorithm for set stabilizers in general (see (Luks 1993) for a discussion of the complexity of
this and related problems), although set stabilizer is not NPhard unless the polynomial hierarchy collapses to Σp2 (Babai
& Moran 1988).
Procedure 14 Given augmented clauses (c1 , G1 ) and
(c2 , G2 ), to compute stab(ci , Gi ):
1
2
3
4
5
6
7
8
9

i
c imagei ← cG
i for i = 1, 2
g restricti ← Gi |c imagei for i = 1, 2
C∩ ← c image1 ∩ c image2
g stabi ← g restricti{C∩ } for i = 1, 2
g int ← g stab1 |C∩ ∩ g stab2 |C∩
{gj } ← {generators of g int}
{lij } ← {gj , pulled back to g stabi } for i = 1, 2
0
{l2j
} ← {l2j |c image −C∩ }
2
0
return hg restrict1C∩ , g restrict2C∩ , {l1j · l2j
}i

Proposition 15 Procedure 14 returns stab(ci , Gi ).
Space prohibits our both proving this result and providing
an example of the procedure in action; we work through our
example and remark that the proof follows it closely.
i
1. c imagei ← cG
i . As described earlier, we have
c image1 = {a, b, d, e, f } and c image2 = {b, c, e, g}.
2. g restricti ← Gi |c imagei . We restrict each group
to the corresponding c imagei . We get g restrict2 =
G2 but g restrict1 = h(ad), (be), (bf )i as the irrelevant
points x and y are removed.
3. C∩ ← c image1 ∩ c image2 . The construction considers three separate sets – the intersection of the images of
the original clauses (where the computation is interesting because the various gi must agree), and the points in only the
image of c1 or only the image of c2 . The analysis on these
latter sets is straightforward; we just need ω to agree with
any element of G1 or G2 on the set in question. Here we
compute the intersection region C∩ = {b, e}.
4. g stabi ← g restricti{C∩ } . We find the subgroup of g restricti that set stabilizes C∩ = {b, e}.
For g restrict1 = h(ad), (be), (bf )i, this is h(ad), (be)i
because we can no longer swap b and f , while for
g restrict2 = h(be), (bg)i, we get g stab2 = h(be)i.
5. g int ← g stab1 |C∩ ∩ g stab2 |C∩ . Since ω must
simultaneously agree with both G1 and G2 when restricted
to C∩ (and thus with g restrict1 and g restrict2 as
well), the restriction of ω to C∩ must lie within this intersection. In our example, g int = h(be)i.
6. {gi } ← {generators of g int}. Any element of
g int will lead to an element of the group of stable extensions provided that we extend it appropriately from C∩
G2
1
back to the full set cG
1 ∪ c2 ; this step begins the process
of building up these extensions. It suffices to work with just
the generators of g int, and we construct those generators
here. We have {gi } = {(be)}.

g restrict1C∩
g restrict2C∩

= h(ad)i
= 1

0
{l1i · l2i
} = {(be)(ad)}

The group of stable extensions is h(ad), (be)(ad)i, identical to the “obvious” h(ad), (be)i. We can swap either
the (a, d) pair or the (b, e) pair, as we see fit. The first
swap (ad) is sanctioned for the first “resolvent” (c1 , G1 ) =
(a ∨ b, h(ad), (be), (bf )i) and does not mention any relevant
variable in the second (c2 , G2 ) = (c ∨ b, h(be), (bg)i). The
second swap (be) is sanctioned in both cases.
Computational issues We conclude this section by discussing some of the computational issues that arise when
we implement Procedure 14, including the complexity of the
various operations required.
i
1. c imagei ← cG
i . Efficient algorithms exist for computing the image of a set under a group. The basic method
is to use a flood-fill like approach, adding and marking the
result of acting on the set with a single group element, and
recurring until no new points are added.
2. g restricti ← Gi |c imagei . A group can be restricted to a set that it stabilizes by restricting the generating
permutations individually.
3. C∩ ← c image1 ∩ c image2 . Set intersection is
straightforward.
4. g stabi ← g restricti{C∩ } . Although set stabilizer is not known to be in P, implementations exist that are
efficient in practice.

1000

CPU time
5.3e-06 x^5.4

100

10
secs

7. {lki } ← {gi , pulled back to g stabk }. Our goal is
now to build up a permutation on c image1 ∪ c image2
that, when restricted to C∩ , matches the generator gi . We
do this by pulling gi separately back to c image1 and to
c image2 . Any such pullback suffices, so we can take (for
example) l11 = (be)(ad) and l21 = (be). In the first case,
the inclusion of the swap of a and d is neither precluded nor
required; we could just as well have used l11 = (be).
0
8. {l2i
} ← {l2i |c image −C∩ }. We cannot simply
2
compose l11 and l21 to get the desired permutation on
c image1 ∪ c image2 because the part of the permutations acting on the intersection c image1 ∩ c image2 will
have acted twice. In this case, we would get l11 · l21 = (ad)
which no longer captures our freedom to exchange b and e.
We deal with this by restricting l21 away from C∩ and
only then combining with l11 . Here, restricting (be) away
0
from C∩ = {b, e} produces the trivial permutation l21
= ().
9. Return hg restrict1C∩ , g restrict2C∩ , {l1i ·
0
l2i
}i. We compute the final answer from three sources: The
0
combined l1i · l2i
that we have been working to construct,
along with elements of g restrict1 and g restrict2
that fix every point in c∩ . These latter two sets consist of
stable extensions, since an element of g restrict1 pointwise stabilizes the image of c2 if and only if it pointwise stabilizes the points that are in both the image of c1 (to which
g restrict1 has been restricted) and the image of c2 ; in
other words, if and only if it pointwise stabilizes C∩ .
In our example, we have
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Figure 1: CPU time for a pigeonhole resolution
5. g int ← g stab1 |C∩ ∩g stab2 |C∩ . Group intersection is also not known to be in polynomial time (and is in fact
polynomial time equivalent to set stabilizer (Luks 1993));
once again, practical and efficient implementations exist.
6. {gi } ← {generators of g int}. Groups are typically
represented in terms of their generators, so reconstructing a
list of those generators is trivial.
7. {lki } ← {gi , pulled back to g stabk }. Suppose that
we have a group G acting on a set S, a subset T ⊆ S and a
permutation h acting on T such that we know that h is the
restriction to T of some g ∈ G. Finding such a pullback is
polynomial in the number of variables acted on by G.
0
8. {l2i
} ← {l2i |c image −C∩ }. Restriction is still easy.
2
9. Return hg restrict1C∩ , g restrict2C∩ , {l1i ·
0
l2i
}i. Since groups are represented by their generators, we
need simply take the union of the generators for the three arguments. The pointwise stabilizers needed for the first two
arguments can be computed in polynomial time.

Experimental results
We have implemented the procedure described in the last
section as one of the necessary first steps to building a theorem prover for an augmented resolution system.
The results for the pigeonhole problem are shown in Figure 1. This particular example involves resolving the two
basic axioms in a pigeonhole problem containing n pigeons
and n − 1 holes. (The axioms state that every pigeon is in
some hole and no hole contains two pigeons.) We produced
the results in the figure by encoding the axioms in a way that
obscured the fact that the groups were identical and by also
disabling the check to see if the groups were the same.
The solid line gives the observed time (in seconds) for the
resolution as a function of the number of pigeons involved,
plotted on a log scale. The experiments were performed on
a 1.7GHz Pentium-M with 1GB of main memory, although
the implementation used only 5MB. Interestingly, the CPU
usage was not dominated by the non-polynomial steps in
Lines 4 and 5 of Procedure 14, but instead by the need to
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compute “stabilizer chains” in support of the algorithm generally. Stabilizer chains (Sims 1970) are data structures that
support a variety of computational manipulations on groups,
and can be constructed in time O(n5 ) if n is the number of
variables being manipulated by the group in question (Knuth
1991). The solid curve in the figure is the best fit between the
data and a CPU utilization of axb , which occurs for b = 5.4.
The pigeonhole problem was chosen for our experiments
because, although the groups involved are very simple (the
direct product of a symmetry over n pigeons and one over
n − 1 holes), the standard stabilizer chain construction generally works poorly on full symmetry groups or products
thereof. For this reason, we expect that the computational
needs of Procedure 14 in a pigeonhole setting are in fact
greater than those that will be encountered in other augmented problems. The running time can be reduced to
O(n3 ) by using stabilizer chain algorithms designed to work
well on full symmetry groups (and only slightly worse than
the standard algorithms in the general case). The running
time can be reduced to O(1) by recognizing that all of the
groups involved are identical and applying Lemma 12 to
produce the resolvent group directly.
We have shown elsewhere (Dixon et al. 2004b) that actually solving the pigeonhole problem in this framework involves a total of O(n2 ) resolutions and a similar number
of unit propagations. The unit propagations require a single stabilizer chain computation costing O(n3 ) (Dixon et
al. 2004a) but potentially shared among all of the propagations required, since the group is unchanged throughout
the problem.1 The overall scaling on this problem instance
can therefore be expected to be O(n3 ), which compares favorably with the O(n5 ) scaling obtained by exploiting the
symmetry directly using symmetry-breaking axioms (Crawford et al. 1996), or with the exponential scaling needed by
conventional methods. The augmented approach is also far
more flexible, since it can deal with theories where no global
symmetry is present, or with structure in other forms.

Conclusion
Augmented resolution is a completely new mechanism for
solving satisfiability problems, and has extremely attractive theoretical properties including exponential reductions
in both the space needed to store a clausal database and the
number of inference steps needed to derive conclusions from
it. In this paper, we have begun to investigate the computational properties of this new approach, presenting an algorithm for computing augmented resolution and describing
the results of experiments that appear likely to measure that
algorithm’s worst case performance. The result of those experiments indicate that the time needed for a single resolution remains polynomial in the number n of domain elements being considered, although the time does grow as
O(n5 ) if full symmetry groups are involved. In practice, it
should be possible to reduce the resolution time substantially
by exploiting the specific structure of the groups in question.
1

As with resolution, there are non-polynomial elements to the
unit propagation procedure (Dixon et al. 2004a) but the evidence
is that the stabilizer chain construction dominates.
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