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Introduction
Generating good benchmarks is important for the evaluation
and improvement of any algorithm for NP-hard problems
such as the Boolean satisfiability (SAT) problem. Carefully
designed benchmarks are also helpful in the study of the na-
ture of NP-completeness . Probably the most well-known
and successful story is the discovery of the phase transi-
tion phenomenon (Cheeseman, Kanefsky, and Taylor 1991).
More recently, (Achlioptas et al. 2000) pointed out the im-
portance of generating satisfiable problem instances.

In this abstract, we consider how to create 3-SAT formu-
las that look like random but with specific solution struc-
tures. In particular, we show that random 3-SAT formulas
do not have their solutions distributed randomly in the so-
lution space and we further develop generators to build ran-
dom 3-SAT formulas with randomly distributed solutions or
fixed number of solutions.

Is a 3-SAT Formula Random
There are two groups of SAT benchmarks: random SAT
instances and those encoded from problems in other fields
(Hoos and Stuzle, 2000). Arguably the most interesting and
best studied one is therandom k-SATmodel, where each
instance consists of clauses uniformly selected from all the
possible clauses of the same length (Franco and Paull 1983).

Now we ask the reverse problem:given a 3-SAT formula
(or a family of formulas), determine whether it belongs to
the random 3-SAT model.Clearly it is impossible to repeti-
tively generate random 3-SAT instances and check whether
it matches the given one. Therefore, we need to extract prop-
erties from the random 3-SAT model and see whether the
given 3-SAT formulas possess the same properties.

The ‘Suite I’ curve in Figure 1 represents the average
occurrence of each variable from 50,000 50-variable 218-
clause 3-SAT generated randomly based on (Franco and
Paull, 1983). The other three curves represent 100 instances
for three different families of 3-SAT formulas with the same
number of variables and clauses. One can conclude that
benchmark IV (represented by curve ‘Suite IV’) is not ran-
dom while the other two seem to be random.

Other metrics for the randomness include: the distribu-
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Figure 1: Clause randomness of 3SAT instances.

tion of average occurrence of each literal, each pair of vari-
ables/literals, total number of negated/unnegated variables,
and the ratio of clauses with 0/1/2/3 negated variables. Such
characteristics can be easily computed for the random 3-
SAT model for a fixed clause-to-variable ratio and verified
by extracting from large amount of random 3-SAT instances.
Similar to Figure 1, benchmarks I, II and III have very sim-
ilar behavior on all these criteria. This suggest to us that
both II and III belong to the random 3-SAT model. How-
ever, they are created artificially to embed certain properties
to the solution space.

Benchmarking with Structured Solution Space
We first create clauses based on the given solution space
structure and then fine tune these clauses to make them “ran-
dom” while preserving the desired properties. We show how
this is performed by the example benchmark suites II and III
in Figure 1. Recall that all the instances will have 50 vari-
ables and 218 clauses so they can be readily compared with
the uniform random 3-SAT model.
SAT instance with given number of solutions

Our goal is to generate random-like 3-SAT formulas onn
variables withm clauses andS solutions.
Phase I: generating a random core.

1. generate a uniform random 3-SAT formula withn variable and
m clauses.

2. randomly selectk variables,{v1, v2, · · · , vk} and delete the rest
of the variables from the formula.
This gives us a random SAT withk variables consisting of 1-,
2-, and 3-literal clauses, which we refer to as randomcore.

3. find all the solutions to the core by either using a SAT solver or a
simple exhaustive search.We can afford this by makingk small
(k = 10 in our experiments).
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Figure 2: Solution randomness of ran-
domly selected solutions.
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Figure 3: Solution randomness of uni-
form random 3-SAT instances.
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Figure 4: Solution randomness of
benchmark suite III.

Phase II: adding the remaining variables to the core.
For each of the restn − k variables, we add them one by

one to the core while tracking the solution database. For a
variablevi(i = k + 1, k + 2, · · · , n), we explain how to add
literal vi into the core, the negated literalv′

i
is added in the

same fashion. Wheni is close ton, we pay special attention
to make sure that the total number of clauses will bem and
the total number of solutions will beS as required.

1. update the solution database. By introducing variablevi, the
number of solutions will be doubled.

2. based on the occurrence distribution of each literal, determine
C, the occurrences ofvi; C2 ( andC1), the number of timesvi

will appear in a 2-literal (and single literal) clause consists of the
first i − 1 variables.

3. randomly selectC2 2-literal clauses and add literalvi to make
them 3-literal clauses. Eliminate solutions that fail to satisfy any
of these newly created 3-literal clauses. If the size of the solution
database is overS

2
or still far below S

2
wheni is close ton, fine

tune the selections of the 2-literal clauses.
4. add literalvi to C1 randomly selected single literal clauses; and

introduceC − C2 − C1 single clauses with variablevi only.
Later variables will make these new 2-literal and single literal
clauses eventually 3-literal clauses.

We have successfully generated 100 formulas using this
approach with the total number of solutions varying from
1 to 5,000, the same range as we have observed from the
50,000 uniform random 3-SAT instances. These instances
pass all the randomness test we listed in the previous section.

SAT instance with randomly distributed solutions
The uniform random 3-SAT model does not guarantee

that the solutions are randomly distributed. One evidence
is the so-calledbackbone, variables that remain constant in
all the solutions (Singer, Gent, and Smaill 2000).

To get a quantitative measurement of the solution random-
ness, we solve the SAT formula for all the solutions and then
compute the Hamming distance between each pair of solu-
tions. Figures 2-4 plot the average number of pairs with the
same Hamming distance for 100 sets of solutions, with each
set contains 10-64 solutions, over three different families. In
Figure 2, the solutions are selected randomly and we see the
perfect bell shape of the normal Gaussian distribution. Fig-
ure 3 is based on uniform random 3-SAT formulas, where
we need about 1,000 instances to find 100 instances with so-
lutions in the range of 10-64. Figure 4 is drawn based on in-
stances we generate to have the 10-64 solutions “randomly”
distributed. Figure 4 looks much more similar to Figure 2

than Figure 3, which implies that the formulas we generate
have random solutions in terms of the pairwise Hamming
distance. Furthermore, the formula’s randomness has also
been tested as shown in Figure 1. Due to space limitation,
we briefly mention the procedure of how to build the bench-
marks in Figure 4 without elaborating the details.

We start withk randomly selected solutions and then find
local clausesthat all thek solutions satisfy. By the termlo-
cal clauses, we mean clauses consists of literals only from
10 pre-selected random variables. These clause will elim-
inate part of the non-solutions. We repeat this for about
100 times to ensure the randomness of clauses and the elim-
ination of all non-solutions. Next, we remove the redun-
dancy from clauses. A clauseC in formulaF is redundant
if F = F\C, the formula obtained by removingC from F .
WhetherC is redundant can be determined by checking the
satisfiability of formulaC′(̇F\C). After removing all the re-
dundancy, we observe that there are around 180 clauses left.
We then gather the statistical information about this formula
and add extra clauses to make the total number of clauses
218 and make the formula look as “random” as possible.

The existence of solutions with extremely small Ham-
ming distance (around 2-4) in Figure 4 is due to the fact
that it becomes almost impossible to eliminate all the non-
solutions when large number of solutions are selected ran-
domly. We compensate this by selecting 10-20 random solu-
tion and including their neighbors as solutions if the desired
number of solutions is large.
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