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Abstract

We present a new efficient algorithm for obtaining utili-
tarian optimal solutions to Disjunctive Temporal Problems
with Preferences (DTPPs). The previous state-of-the-art
system achieves temporal preference optimization using a
SAT formulation, with its creators attributing its performance
to advances in SAT solving techniques. We depart from
the SAT encoding and instead introduce the Valued DTP
(VDTP). In contrast to the traditional semiring-based formal-
ism that annotates legal tuples of a constraint with prefer-
ences, our framework instead assigns elementary costs to the
constraints themselves. After proving that the VDTP can ex-
press the same set of utilitarian optimal solutions as the DTPP
with piecewise-constant preference functions, we develop a
method for achieving weighted constraint satisfaction within
a meta-CSP search space that has traditionally been used to
solve DTPs without preferences. This allows us to directly in-
corporate several powerful techniques developed in previous
decision-based DTP literature. Finally, we present empirical
results demonstrating that an implementation of our approach
consistently outperforms the SAT-based solver by orders of
magnitude.

Introduction
Several recent studies have addressed the topic of prefer-
ential optimization in constraint-based temporal reasoning
(Khatib et al. 2001). In this line of research, traditional tem-
poral constraints (Dechter, Meiri, & Pearl 1991) are aug-
mented with local preference functions that express how
well a particular assignment satisfies the corresponding con-
straint. For instance, these functions might convey that a
certain activity should be as long as possible, or that it is de-
sirable for a pair of activities to be scheduled very close to
one another. Early versions of this research focused on the
problem of maximizing the minimum such preference value
(Khatib et al. 2003; Peintner & Pollack 2004), although
later developments have begun to address the more chal-
lenging problem of utilitarian optimization (Kumar 2004;
Morris et al. 2004; Peintner & Pollack 2005), where the
sum of the individual preference values is maximized.

Recently, Sheini et al. (2005) introduced a highly efficient
approach to finding utilitarian optimal solutions to Disjunc-
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tive Temporal Problems with Preferences (DTPPs), a power-
ful representation that subsumes many other common tem-
poral formalisms. In their work, the logical structure of the
DTPP is decomposed into a Mixed Logical Linear Program,
where the Boolean literals are linked to simple temporal con-
straints. The resulting problem is solved by a system named
ARIO, in which a top-level SAT solver invokes a special-
purpose temporal constraint engine. Experimental results
showed that ARIO is several orders of magnitude faster than
alternative methods for solving DTPPs (Peintner 2005), and
the creators of ARIO credit advances in SAT techniques as
the principal reason for this success.

In this paper, we present a new efficient algorithm for ob-
taining utilitarian optimal solutions to Disjunctive Temporal
Problems with Preferences. To facilitate our approach, we
introduce the Valued DTP (VDTP). In contrast to the tra-
ditional semiring-based formalism that annotates legal tu-
ples of a constraint with preferences, our framework in-
stead assigns elementary costs to the constraints themselves.
While this reformulation provides no increase in expressive
power, it simplifies some of the computational difficulties
related to temporal optimization, since search strategies for
disjunctive temporal reasoning typically view constraints as
meta-level variables. After proving that the VDTP can ex-
press the same set of utilitarian optimal solutions as the
DTPP with piecewise-constant preference functions, we de-
velop a method for achieving weighted constraint satisfac-
tion within a meta-CSP search space that has traditionally
been used to solve DTPs without preferences. This allows
us to directly incorporate techniques developed in previous
decision-based DTP literature in order to make preferential
optimization particularly efficient. Finally, we present em-
pirical results demonstrating that an implementation of our
approach consistently outperforms the SAT-based solver by
orders of magnitude.

Background
Disjunctive Temporal Problems A Disjunctive Temporal
Problem (DTP) (Stergiou & Koubarakis 1998) is a constraint
satisfaction problem defined by a pair 〈X,C〉, where each
element Xi ∈ X designates a time point, and each element
Ci ∈ C is a constraint of the form: ci1 ∨ ci2 ∨ ... ∨ cini

where in turn, each cij is of the form: aij ≤ xij − yij ≤ bij

with xij , yij ∈ X and aij , bij ∈ � (we will refer to the
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interval [aij , bij ] as the feasible region for cij). DTPs are
thus a generalization of Simple Temporal Problems (STPs),
in which each constraint is limited to a single disjunct.

There are generally two ways of defining a solution to a
DTP. The first of these is as an object-level assignment of a
numeric value to each of the time points in X , such that all
the constraints in C are satisfied. A second type of solution
is a meta-CSP assignment. Here, instead of directly consid-
ering assignments to the time points in X , a meta-variable
Ci is created for each constraint in the DTP. The domain
D(Ci) is simply the set {ci1, ci2, ..., cini

}, representing the
various disjuncts one can choose to satisfy that disjunctive
constraint. A complete assignment in the meta-CSP thus in-
volves a selection of a single disjunct for each constraint,
commonly referred to as a component STP.

Within the meta-CSP formulation, the constraints are im-
plicitly defined by the underlying semantics of the disjuncts:
the values (disjuncts) assigned to each meta-variable must
be mutually consistent. The consistency of a set S of such
inequalities can be determined by first constructing its dis-
tance graph, a graph that includes a node for each time point
and an arc with weight b from y to x whenever x − y ≤ b
is in S. Then S is consistent if and only if its distance
graph contains no negative cycles, which can be determined
in polynomial time by computing its all-pairs shortest path
(APSP) matrix and checking the entries along the main di-
agonal (Dechter, Meiri, & Pearl 1991).

Disjunctive Temporal Problems with Preferences To
extend a DTP to a DTP with Preferences (DTPP) (Peintner
& Pollack 2004), each disjunct cij : aij ≤ xij −yij ≤ bij is
augmented with a preference function 〈fij : t ∈ [aij , bij ] →
{0,�+}〉 that maps every allowable temporal difference to
a preference value expressing its relative utility (Khatib et
al. 2001).1 DTPPs subsume STPPs (Simple Temporal Prob-
lems with Preferences) in the same way that DTPs subsume
STPs. Given a solution S to the DTPP D, the preference
value of a disjunctive constraint Ci in C is defined to be the
maximum value achieved by any of its disjuncts:

valD(S,Ci) = max
cij∈D(Ci)

fij(xij − yij)

With the addition of preferences, we are no longer con-
cerned with simply finding a feasible solution; we also want
a solution of high quality. This requires us to specify an ob-
jective function with respect to each of the individual pref-
erence functions. In this paper, we will consider the useful
utilitarian objective, where the global value of a solution S
is equal to the sum of the preference values of the individual
constraints (Morris et al. 2004):

valD(S) =
∑

i

valD(S,Ci)

Solving DTPPs Two approaches have been developed in
previous literature for performing utilitarian optimization
of a DTPP. Both can handle problems containing complex

1Note that zero is the minimum preference value that can be
obtained by an assignment that satisfies the constraint.

preference functions, requiring only that they be piecewise-
constant in shape.2

The first is based on a SAT reformulation of a DTPP
(Sheini et al. 2005). It involves the creation of a Mixed Log-
ical Linear Programming (MLLP) problem composed of two
types of constraints: logical constraints over Boolean vari-
ables, and Unit-Two-Variable-Per-Inequality (UTVPI) inte-
ger constraints of the form ax − by ≤ d, where a, b ∈
{−1, 0, 1}. The disjuncts in the DTPP are converted to a set
of UTVPI constraints, a Boolean indicator variable is cre-
ated for each constraint, and a SAT problem is constructed
in which these indicator variables are used to represent the
logical structure of the DTPP. The reformulated problem is
then solved by system named ARIO, which is composed of a
tightly integrated UTVPI engine and SAT solver. Since this
approach can handle only the decision variant of the DTPP,
optimization is achieved by repeatedly calling the combined
constraint engine on a sequence of satisfaction problems
with increasingly higher objectives until no feasible solution
can be found. Efficient SAT-solving techniques (Moskewicz
et al. 2001) make the approach taken by ARIO particularly
attractive.

The second approach, named GAPD (Greedy Anytime
Partition algorithm for DTPPs) was designed exclusively
for the purpose of solving DTPPs (Peintner 2005). It is
based largely on the GAPS algorithm (Peintner & Pollack
2005) for finding utilitarian optimal solutions to STPPs. It
begins by first searching for a consistent component STP S
to the DTP D induced by fixing all constraints in the DTPP
at their bottommost preference level of 0. It then either uses
the GAPS algorithm to find an optimal solution to the STPP
S′ corresponding to S, or computes another solution S′′ to
the DTP D, and repeats. In this way, the disjunctive search
for feasible solutions is almost completely decoupled from
the process of optimization. Unfortunately, the memory re-
quirements of GAPS (and GAPD) are exponential in the size
of the STPP (and DTPP). Furthermore, they have both been
shown to be several orders of magnitude slower than ARIO
for finding optimal solutions. However, as the names sug-
gest, these algorithms have desirable anytime properties, and
are indeed complete algorithms.

Valued Disjunctive Temporal Problems
The DTP with Preferences has typically been regarded as a
type of semiring formulation (Bistarelli, Montanari, & Rossi
1997), in which preference values are attributed to the (in-
finitely many) legal object-level tuples that comprise a con-
straint. While being expressive, this modeling of prefer-
ences presents some computational challenges, since search
strategies for disjunctive temporal reasoning operate on the
meta-CSP rather than invoking object-level assignments di-
rectly. In response, we will introduce a variation of the DTP
where the disjunctive constraints themselves are associated
with costs, making our representation comparable to early
versions of the Valued CSP formalism for finite-domain con-
straints (Schiex, Fargier, & Verfaillie 1995).

2DTPPs containing other preference function shapes can be ap-
proximated by piecewise-constant functions via discretization.
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Definition: A Valued Disjunctive Temporal Problem is a
tuple 〈X,C, S, ϕ〉, where X and C are as in a DTP, S is a
valuation structure (E,�,	), and ϕ is a mapping from C to
E. �

In the valuation structure, E is a set whose elements are
called valuations, and are totally ordered by 	. The symbol
� denotes a commutative, associative closed binary oper-
ation on E, and expresses how to aggregate the individual
valuations. The function ϕ simply maps each constraint Ci

to an element of E, indicating how important it is for the
constraint to be satisfied.

Rather than explore the entire class of problems that the
Valued DTP can represent, we will focus our attention on a
special weighted case, where E = �+ ∪ {∞} and � = +
(i.e., arithmetic sum), using the usual ordering <. In other
words, each constraint Ci is associated with a positive nu-
meric weight (which we subsequently refer to as wi instead
of ϕ(Ci) to improve readability), and the objective will be to
find an assignment S that imposes the minimal cost, where
the cost is defined to be the weighted sum of violated con-
straints in the VDTP D:

costD(S) =
∑

i

{wi|violates(S,Ci)}

As an example, we present the following (very small) in-
stance of our weighted VDTP:

C1: {c11: 1 ≤ x − y ≤ 2} w1 = 1
C2: {c21: 3 ≤ x − y ≤ 4} ∨ {c22: 5 ≤ x − z ≤ 6} w2 = 2
C3: {c31: 1 ≤ y − z ≤ 2} w3 = 4
C4: {c41: 0 ≤ x − z ≤ 7} w4 = ∞

Clearly there is no assignment that will satisfy all the con-
straints of this problem, since c21 conflicts with c11, and c22

conflicts with the constraint induced by the composition of
c11 and c31. In addition, C4 is a hard constraint having infi-
nite weight, and therefore must be satisfied in any solution.

Once again, we can consider object-level and meta-level
solutions to our VDTP. For instance, the object-level assign-
ment (x, y, z) ← (6, 3, 1) violates only constraint C1. This
has a cost of 1, and since we know that no solution exists
with a cost of 0, it is an optimal solution. Importantly, when
we move to the meta-CSP, a solution is no longer necessar-
ily a total assignment; instead a (meta)-variable may be left
unassigned, signifying that none of the disjuncts associated
with it should be enforced.

The Relationship Between DTPPs and VDTPs
The previous example illustrates an important distinction be-
tween DTPPs and VDTPs. Each constraint in a DTPP plays
a dual role, serving both as a hard constraint that requires as-
signments to be within the feasible region, and as a soft con-
straint expressing the preference values that the assignments
within that region will receive. In contrast, each VDTP con-
straint is either strictly hard (i.e., having an infinite weight,
and thus requiring satisfaction) or strictly soft (i.e., having
finite weight, and permitting violation).

Nonetheless, we can show that for purposes of utilitarian
optimality, any DTPP D′ has an equivalent VDTP D in the
following sense: (i) an assignment S is a solution to D′ iff

it is a solution to D, and (ii) solution S1 is at least as pre-
ferred as S2 in D′ (valD′(S1) ≥ valD′(S2)), iff S1 is also
at least as preferred as S2 in D (costD(S1) ≤ costD(S2)).
In fact, we prove something stronger: we show that in addi-
tion, given any VDTP D, there is a DTPP D′ that is equiv-
alent in exactly the same sense, and hence the VDTP and
DTPP formalisms have equivalent expressive power. This
relationship requires only that the preference functions be
piecewise-constant, an assumption commonly made in prior
DTPP research.

Converting a VDTP into a DTPP
We begin by showing how to convert a VDTP into an equiv-
alent DTPP. Let D be a VDTP with constraints {C1, ..., Cn}
where Ci = ci1 ∨ ... ∨ cini

and cij = aij ≤ xij − yij ≤ bij

and wi is the weight of Ci. Create the derived DTPP D′ by
constructing a derived constraint C′

i from each constraint Ci

in D:

• If Ci is hard (i.e., wi = ∞), let C ′
i = c′i1∨ ...∨c′ini

where
c′ij = aij ≤ xij − yij ≤ bij with preference function
〈fij : t ∈ [aij , bij ] → 0〉. Here, C ′

i is a hard-derived
constraint.

• Otherwise, if Ci is soft (i.e., wi �= ∞), let C ′
i = c′i1∨ ...∨

c′ini
where c′ij = −∞ ≤ xij − yij ≤ ∞ with preference

function 〈fij : t ∈ [aij , bij ] → wi, t /∈ [aij , bij ] → 0〉.
Here, C ′

i is a soft-derived constraint.

In what follows, we distinguish the constraint compo-
nent (i.e., the disjunctive constraints themselves) from the
weights or the preference functions. It will also be useful
to refer to the worth of a VDTP solution S, which is the
weighted sum of soft constraints that are satisfied by S:

worthD(S) =
∑

i

{wi|wi �= ∞∧ satisfies(S,Ci)}

Note that the worth of a solution is the inverse of its cost,
hence we wish to maximize this metric. We now show that
every VDTP has an equivalent DTPP.

Theorem 1. VDTP D and its derived DTPP D′ are equiv-
alent.

Lemma 1. An assignment S is a solution to D if and only
if it is a solution to D′.

Let S : X → � be an object-level assignment. First, as-
sume S is a solution to the VDTP D. Then, for any arbitrary
hard constraint Ci in D, S satisfies Ci. Since the constraint
component of each hard-derived constraint C′

i in D′ is iden-
tical to that of the hard constraint in D from which it was
derived, S satisfies all hard-derived constraints in D′; it also
satisfies all soft-derived constraints, since each of those con-
tain only disjuncts with infinite feasible regions, and are thus
satisfied by any assignment. So S is a solution to D′. Sim-
ilarly, assume that S is a solution to the DTPP D′. Since it
satisfies all hard-derived constraints C′

i in D′, it must satisfy
every hard constraint in D, because again, the correspond-
ing constraints have identical constraint components. Since
S need not satisfy the soft constraints in D, it is thus also a
solution to D. �
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Lemma 2. If S1 and S2 are solutions to D (and D′), then
worthD(S1) ≥ worthD(S2) iff valD′(S1) ≥ valD′(S2).

The worth of the VDTP D is as defined above. For a
given solution S, the value of the DTPP D′ is:

valD′(S) =
∑

i valD′(S, C′
i)

= 0 +
∑

i {valD′(S, C′
i)|soft derived(C′

i)}
=

∑
i {wi|wi �= ∞∧ satisfies(S, Ci)}

The second equality follows from the fact that the pref-
erence function for all hard-derived constraints is a con-
stant zero. The third is because, by construction, for ev-
ery soft-derived constraint C′

i, valD′(S,C ′
i) = 0 if the con-

straint from which it was derived (Ci) is not satisfied,
and valD′(S,C ′

i) = wi if it is satisfied. Consequently,
worthD(S) = valD′(S), and so the lemma follows triv-
ially. �

Theorem 1 follows directly from Lemmas 1 and 2.

Converting a DTPP into a VDTP
The conversion of a DTPP to a VDTP is slightly more com-
plicated, and relies on the notion of preference projections
(Peintner & Pollack 2005). An STPP preference projection
“slices” an STPP constraint into a set of intervals that pro-
duce a preference value greater than or equal to some spec-
ified level l. A DTPP preference projection generalizes this
notion to all intervals (disjuncts) in a DTPP constraint.

Definition (STPP Preference Projection). Given an
STPP constraint Cij = 〈aij ≤ xij − yij ≤ bij , fij〉,
the preference projection at level l for Cij is Pij [l] =
{c1, c2, ..., cn}, where ck = 〈ak ≤ xij − yij ≤ bk〉, bk <
ak+1 for 1 ≤ k < n and

⋃n
k=1[ak, bk] = {t|fij(t) ≥ l}.

Definition (DTPP Preference Projection). Given a
DTPP constraint Ci = ci1 ∨ ci2 ∨ ... ∨ cin, the preference
projection at level l for Ci is Pi[l] =

⋃n
j=1 Pij [l].

In converting a DTPP into an equivalent VDTP, the basic
idea will be to create multiple VDTP constraints for each
individual DTPP constraint: one for each distinct preference
level. Weights will be assigned in such a way that satisfying
all projected constraints through level k will result in a total
weight of k. The procedure is as follows:

Let D′ be a DTPP with constraints {C′
1, ..., C

′
n}. Then

create the derived VDTP D as follows. For each constraint
C ′

i in D′:

• Create a hard constraint C<i,0> in D, where C<i,0> =∨
Pi[0] and wi,0 = ∞. Set l to zero.

• Find the smallest l′ > l such that Pi[l′] �= Pi[l].
• Create a soft constraint C<i,l′> in D, where C<i,l′> =∨

Pi[l′] and wi,l′ = (l′ − l). Set l to l′.

• Iterate until an l′ is reached such that Pi[l′] = �.

Theorem 2. DTPP D′ and its derived VDTP D are equiv-
alent.

Lemma 3. An assignment S is a solution to D′ if and
only if it is a solution to D.

Suppose S is a solution to D′. By definition, it must nec-
essarily satisfy every C ′

i in D′. As in Lemma 1, we note that
every hard constraint C<i,0> in D has a constraint compo-
nent identical to that of the C′

i from which it was derived;

thus, these must be satisfied as well, as must D as a whole
(since the soft constraints may be violated by any solution).
Now assume that S is a solution to D. It then necessar-
ily satisfies every hard constraint C<i,0> (and observe that
these are the only hard constraints). It must then also satisfy
every C ′

i in D′ since the constraint components are again
identical. Hence, S is a solution to D′. �

Lemma 4. If S1 and S2 are solutions to D′ (and D), then
worthD(S1) ≥ worthD(S2) iff valD′(S1) ≥ valD′(S2).

For an arbitrary constraint C′
i in D′, let valD′(S,C ′

i) =
ki. Then by construction, S will satisfy any constraint
C<i,l> in D for which l ≤ ki. Furthermore, S will not sat-
isfy any constraint C<i,m> in D for which m > ki. Also,
by construction we have:

∑

l

{wi,l|l �= 0 ∧ l ≤ ki} = ki

Since this holds for all constraints C′
i in D′, we again get

worthD(S) = valD′(S), and the lemma follows immedi-
ately.3 �

Theorem 2 follows directly from Lemmas 3 and 4.
Theorem 3. For the objective of utilitarian optimality,

DTPPs and VDTPs are equivalent in expressive power.
This follows directly from Theorems 1 and 2. �

The fact that a utilitarian aggregation of preference val-
ues can be obtained by a Valued DTP should come as
little surprise, since this objective function is commonly
found in Valued CSP literature (Freuder & Wallace 1992;
Schiex, Fargier, & Verfaillie 1995). In addition, similar
proofs of equivalence have been drawn between the Valued
CSP and Semiring CSP for finite-domains (Bistarelli et al.
1999). However, much of the prior work on preferences in
TCSPs has had no need to move to the valued representation,
in part because these studies have exposed tractable cases of
the semiring that require either weaker objective functions
(e.g., Weakest Link Optimality (Khatib et al. 2003)) or dif-
ferent shapes of preferences (e.g., convex piecewise-linear
functions (Morris et al. 2004)). In contrast, our focus is on
a broad range of intractable instances where this alternative
modeling of preferences can be more easily exploited.

Solving Valued DTPs
We have just shown that for utilitarian optimization, any
DTPP with piecewise-constant preference functions can be
translated into an equivalent VDTP. Using this reformula-
tion, we will describe a branch-and-bound algorithm for
finding utilitarian optimal solutions to VDTPs; pseudocode
is given in Figure 1. The input variable A is the current set
of assignments to meta-variables, and is initially �; variable
U is the set of unassigned meta-variables (initially the entire
set C); cost is the total weighted sum of violated constraints
(initially zero); and upperbound is the stored cost of the best
solution found so far (initially set to ∞). Note that unlike

3One interesting consequence of this construction is that sev-
eral disjunctive constraints may be generated from a single non-
disjunctive STPP constraint, if its preference function is not semi-
convex.
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Solve-VDTP(A, U , cost, upperbound)
If (cost ≥ upperbound) return
If (U = 	)

best-solution-so-far ← A
upperbound ← cost
return

EndIf
Ci ← select-variable(U ), U ′ ← U − {Ci}
For each disjunct cij of D(Ci)

A′ ← A ∪ {Ci ← cij}
If (consistent(A′))

Solve-VDTP(A′, U ′, cost, upperbound)
EndIf

EndFor
A′ ← A ∪ {Ci ← ε}
Solve-VDTP(A′, U ′, cost + wi, upperbound)

Figure 1: A branch-and-bound algorithm for solving VDTPs

ARIO, we require no MLLP module or SAT-solving compo-
nent, and unlike GAPD, our memory requirements are poly-
nomial in the size of the problem.

This algorithm, which takes an approach similar to that
in (Moffitt & Pollack 2005), resembles the meta-CSP back-
tracking search commonly used for solving traditional DTPs
with two notable differences. First, backtracking occurs
only when the combined weight of the violated constraints
(cost) equals or exceeds that of the current best solution (up-
perbound); in a standard DTP solver, backtracking would
occur whenever cost became nonzero (i.e., when any con-
straint had been violated). Second, in addition to the values
in the original domains of the meta-variables, there is the
possibility of an empty assignment (‘ε’) that serves to ex-
plicitly violate a constraint, and so the branching factor in-
creases by exactly one. This latter modification, in combina-
tion with the meta-CSP search space employed in temporal
reasoning, sets our algorithm apart from previous applica-
tions of weighted constraint satisfaction to classical CSPs.

The key advantages to our meta-CSP reformulation of
DTPP optimization are that (1) it performs optimization
without the need to solve a sequence of satisfaction prob-
lems, and (2) by encoding the relaxation (or violation) of
a constraint as additional empty disjunct, it allows the di-
rect incorporation of several powerful techniques previously
developed in decision-based DTP literature (Stergiou &
Koubarakis 1998; Armando, Castellini, & Giunchiglia 1999;
Oddi & Cesta 2000; Tsamardinos & Pollack 2003), includ-
ing incremental forward checking, semantic branching, re-
moval of subsumed variables, conflict-directed backjump-
ing, no-good recording, and several heuristics. Previous
CSP-based algorithms applied these only to the small por-
tion of the search space corresponding to the DTPP’s lowest
preference level, a possible explanation of their poor perfor-
mance compared to the SAT-based solver.

In addition to the branch-and-bound algorithm, an alterna-
tive iterative weakening approach to optimization (Provost
1993) is also available, which begins with infeasibly high
objective values and works downwards until consistency is
achieved; see (Moffitt & Pollack 2005) for details.
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Figure 2: Median running times for GAPD, ARIO, and
WEIGHTWATCHER for DTPPs of varying sizes

Experimental Results
In this section, we describe the results of a set of experi-
ments that were performed to compare the weighted con-
straint satisfaction approach of our solver (which we name
WEIGHTWATCHER) against the two previous systems for solv-
ing DTPPs: ARIO4 (Sheini et al. 2005) and the GAPD
solver (Peintner 2005). All tests were performed on a
2.26GHz Pentium 4 processor with 1 GB of RAM.

Unfortunately, there remains an absence of real-world
benchmarks in temporal preference literature with which
to provide an empirical comparison of solvers. Con-
sequently, we must employ the same problem generator
used in prior DTPP studies, which takes as parameters
〈E,C,D−, D+, L,R−, R+〉. The DTPP is constructed by
generating a set of E events {x1, x2, ..., xE} and a set of C
constraints, where each constraint Ci consists of exactly 2
disjuncts. Each disjunct cij is assigned a pair of events xij

and yij , and the lower and upper bounds aij and bij on the
feasible difference between those events are selected from
the interval [D−, D+]. To define the preference function
for each temporal difference, the values aij and bij serve
as the endpoints for preference level 0. To construct pref-
erence level l, a reduction factor is chosen from the interval
[R−, R+] ⊂ [0, 1] with uniform probability, and is applied
to the interval at preference level l−1; the resulting (smaller)
interval is placed randomly between its endpoints. This pro-
cess is repeated until preference level L is reached or an in-
terval having zero length is created.

We ran three sets of experiments, in which we varied the
problem size, number of preference levels, and constraint
density. For all experiments, we generate 30 trials for each
setting of parameters, and report the median running time

4At the time of this writing, ARIO is the only participant of the
recent SMT (satisfiability modulo theories) competition (Barrett,
de Moura, & Stump 2005) whose difference-logic engine has been
augmented with a reasoning module (in ARIO’s case, an MLLP
solver) that allows it to handle the DTPP objective function and
solve optimization (as opposed to satisfaction) problems.
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Figure 3: Median running times for GAPD, ARIO, and
WEIGHTWATCHER for DTPPs with varying numbers of pref-
erence levels

for each solver over the 30 trials. A timeout of 300 seconds
is enforced on all problems. The time required to convert
the DTPP into the VDTP is included in these runtimes, but
is extremely negligible.
Varying Problem Size In our first experiment, we explore
the abilities of WEIGHTWATCHER, ARIO, and GAPD to scale
with the size of the problem. Our ability to perform well
on this set of tests is especially important, since unlike other
problem parameters (such as the number of preference lev-
els), the size of the problem is often difficult for a knowl-
edge engineer to control directly. We hold fixed the follow-
ing parameters: {D− = −50, D+ = 100, L = 5, R− =
0.5, R+ = 0.9}. These settings are identical to those used
in (Sheini et al. 2005). We vary the number of constraints
C from 10 to 50, and set the number of events E to 4

5C to
maintain a constant constraint density.

Figure 2 displays the results of this experiment. The num-
ber of constraints in the problem is shown on the x-axis, and
on the y-axis is the median running time (note the logarith-
mic scale). GAPD quickly reaches the timeout limit of 300
seconds once the number of constraints equals C = 25. The
median runtime of ARIO consistently remains far below the
cutoff threshold, and reaches 23.8 seconds when C = 50.
Recall that the presence of an efficient SAT solver has been
labeled as the key ingredient in achieving this substantial
improvement. Yet, the branch-and-bound and iterative ver-
sions of WEIGHTWATCHER surpass both GAPD and ARIO on
all problem sizes, without the aid of SAT techniques. For
C = 50 (the largest set of problems), the median runtime of
the iterative version is 0.025 seconds, three orders of magni-
tude faster than ARIO.
Varying the Number of Preference Levels In our second
experiment, we examine the effect of the number of prefer-
ence levels on the performance of these solvers. We hold
fixed the parameters {E = 24, C = 30, D− = −50, D+ =
100, R− = 0.5, R+ = 0.9}, and vary the number of prefer-
ence levels L between 2 and 8.
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Figure 4: Median running times for GAPD, ARIO, and
WEIGHTWATCHER for DTPPs of varying constraint density

Figure 3 provides the results of this experiment. Once
again, GAPD tends to be much slower than ARIO, and
ARIO is in turn considerably slower than either incarnation
of WEIGHTWATCHER. A difference of between one and two
orders of magnitude is observed between ARIO and our iter-
ative solver for cases where the number of preference levels
is larger than 3.

Varying Constraint Density In our third and final exper-
iment, we explore the abilities of these solvers to scale with
constraint density, which is the ratio of constraints to events
(C/E). We hold fixed the parameters {C = 30, D− =
−50, D+ = 100, L = 5, R− = 0.5, R+ = 0.9}, and vary
the number of events E between 3 and 36.

In Figure 4 we present the results. For problems hav-
ing constraint densities less than or equal to 2.5, both
WEIGHTWATCHER solvers typically achieve a performance
improvement between one and two orders of magnitude
over ARIO; for densities larger than this, the difference
in speed becomes less evident. It is also near this point
that the branch-and-bound version of WEIGHTWATCHER be-
gins to overtake the iterative version. This is likely because
the costs of the optimal solutions for these extremely con-
strained problems are quite large, and thus several iterations
are required before a solution is discovered.

In summary, WEIGHTWATCHER consistently outperforms
the previous DTPP solvers, including the SAT-based ARIO
system, on several dimensions. This suggests that, despite
recent successes of SAT in solving decision variants of tem-
poral reasoning (Armando et al. 2004; Nieuwenhuis &
Oliveras 2005), there remains considerable room for im-
provement in the application of these techniques to opti-
mization. Of course, by no means does this imply that
the SAT approach is inherently flawed; however, our results
clearly demonstrate that well-established CSP-based meth-
ods should not be ignored or discounted when constructing
algorithms for optimization of temporal preferences.
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Conclusion and Future Work
In this paper, we have presented a new efficient algorithm for
obtaining utilitarian optimal solutions to Disjunctive Tempo-
ral Problems with Preferences (DTPPs). To facilitate our ap-
proach, we have introduced the Valued DTP, and have shown
that it can express the same set of utilitarian optimal solu-
tions as the DTPP with piecewise-constant preference func-
tions. Using this relationship, we have developed a method
for achieving weighted constraint satisfaction within a meta-
CSP search space that has traditionally been used to solve
DTPs without preferences, allowing us to leverage several
techniques employed in previous decision-based DTP lit-
erature. Experimental results demonstrate that our solver
consistently outperforms the state-of-the-art SAT-based ap-
proach by orders of magnitude.

This line of research opens the door to several promis-
ing avenues of continued progress. For instance, while
our focus has been on generating utilitarian optimal solu-
tions, we believe our algorithm can be generalized to han-
dle other objective functions as well. Furthermore, one may
wish to combine this approach with our recent addition of
conditional bounds and finite-domain constraints to DTPs
(Moffitt, Peintner, & Pollack 2005), allowing the encoding
of non-temporal constraints that the SAT-based formulation
can express quite easily.
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