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Abstract

Many works have been devoted to the analysis of simple EAs, say (1+1)-EA (Rudolph 1997; Droste, Jansen,
& Wegener 1998), for specific problems (van Nimwegen,
Crutchfield, & Mitchell 1999; Garnier, Kallel, & Schoenauer 1999). For this a survey can be found in (Beyer,
Schwefel, & Wegener 2002). Recently, significant advances
have been made by He and Yao (2001; 2004), who developed an general approach to analyzing a wide class of EAs
based on the drift analysis (Hajek 1982). However, this approach requires a distance function which does not naturally
exist in EAs, yet it is not known how to design such a distance function in practice.

The expected first hitting time is an important issue in
theoretical analyses of evolutionary algorithms since it
implies the average computational time complexity. In
this paper, by exploiting the relationship between the
convergence rate and the expected first hitting time, a
new approach to estimating the expected first hitting
time is proposed. This approach is then applied to four
evolutionary algorithms which involve operators of mutation, mutation with population, mutation with recombination, and time-variant mutation, respectively. The
results show that the proposed approach is helpful for
analyzing a broad range of evolutionary algorithms.

He and Yao (2003) developed another framework to analyze the complexity and to compare two EAs based on the
analytical form of the FHT. However, since the analytical
form was derived from homogeneous Markov chain models,
only EAs with stationary reproduction operators can be analyzed, although EAs with time-variant operators or adaptive
operators are very popular and powerful (Eiben, Hinterding,
& Michalewicz 1999).

Introduction
Evolutionary algorithms (EAs) are a kind of nonlinear
global optimization technique, inspired by the natural evolution process. Despite many different implementations (Bäck
1996), e.g. Genetic Algorithm, Genetic Programming and
Evolutionary Strategies, traditional evolutionary algorithms
can be summarized below by four steps:
1. Generate an initial population of random solutions;
2. Reproduce new solutions based on the current population;
3. Remove relatively bad solutions in the population;
4. Repeat from Step 2 until the stop criterion is met.
EAs solve problems in quite a straightforward way, need
not, e.g. differentiable function or continuous function or
inverse of matrix. Thus, EAs have been widely applied to
diverse areas (Freitas 2003). However, despite the remarkable successes achieved by EAs, they lack a solid theoretical
foundation. Recently, many approaches for theoretically analyzing EAs have been proposed (Beyer, Schwefel, & Wegener 2002; He & Yao 2001; 2003).
The first hitting time (FHT) of EAs is the time that EAs
find the optimal solution for the first time, and the expected
first hitting time (expected FHT) is the average time that EAs
require to find the optimal solution, which implies the average computational time complexity of EAs. Thus, the expected FHT is one of the most important theoretical issues
of EAs.

This paper shows that the expected FHT can be derived
from the convergence rate of EAs, which is another important theoretical issue of EAs. A pair of general upper/lower
bounds of the expected FHT are then achieved. Based on
a non-homogeneous Markov chain model, the proposed approach can be applied to analyze a wide class of EAs for
a wide class of problems. Moreover, the proposed approach
needs no distance functions, and is suitable for analyzing dynamic EAs. To show the proposed approach can be applied
to a board range of EAs, the expected FHT of four EAs on
a hard problem (solved in exponential time) are analyzed
for illustration, which verifies the superiority of the proposed approach since previous approaches were applied to
easy problems (solved in polynomial time) (Rudolph 1997;
Droste, Jansen, & Wegener 1998; He & Yao 2004). In particular, an EA with time-variant operator is theoretically analyzed for the expected FHT, which is, to the best of our
knowledge, for the first time.
The rest of this paper starts with a section which briefly
reviews some related works and introduces how to model
EAs using Markov chain. Then, the main results of the paper are presented and four EAs are analyzed for illustration,
which is followed by the conclusion.
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Modelling EAs using Markov Chain

when it finds the optimal solution; while if the optimal solution to the concerned problem can not be identified, then an
EA will keep the best-so-far solution in each generation.

EAs evolve solutions from generation to generation. Each
generation stochastically depends on the very pervious one,
except the initial generation which is randomly generated.
This essential can be modeled by the Markov chain model
naturally (Nix & Vose 1992; Suzuki 1995; Rudolph 1998;
He & Kang 1999; He & Yao 2001; 2003).
Since combinatorial optimization problems are among the
most common problems in practice, in this paper, using EAs
to tackle combinatorial optimization problems is studied, i.e.
the solutions can be represented by a sequence of symbols.
To model this kind of EAs, a Markov chain with discrete
state space is constructed. The key of constructing such a
Markov chain is to map the populations of EAs to the states
of the Markov chain. A popular mapping (Suzuki 1995;
He & Kang 1999; He & Yu 2001) lets a state of Markov
chain correspond to a possible population of EAs, which is
the most exquisite mapping. Suppose an EA encodes a solution into a vector with length L, each component of the
vector is drawn from an alphabet set B, and each population
contain M solutions. Let X be the population space, there


|B|
are |X| = M +LM −1 number of different possible populations (Suzuki 1995). A Markov chain modeling the EA is
constructed by taking X as the state space, i.e. building a
chain {ξt }+∞
t=0 where ξt ∈ X.
A population is called the optimal population if it contains
at least one optimal solution. Let X ∗ ∈ X denotes the set of
all optimal populations. The goal of EAs is to reach X ∗ from
an initial population. Thus, the process of an EAs seeking
X ∗ can be analyzed by studying the corresponding Markov
chain (He & Kang 1999; He & Yu 2001).
First, given a Markov chain {ξt }+∞
t=0 (ξt ∈ X) and a target
subspace X ∗ ⊂ X, let µt (t = 0, 1, . . . ) denotes the probability of ξt in X ∗ , that is,

P (ξt = x)
(1)
µt =
∗

Definition 3 (Expected first hitting time) Given a Markov
∗
chain {ξt }+∞
t=0 (ξt ∈ X) and a target subspace X ⊂ X, let
τ be a random variable that denotes the events:
τ = 0 : ξ0 ∈ X ∗
τ = 1 : ξ1 ∈ X ∗ ∧ ξi ∈
/ X ∗ (∀i = 0)
τ = 2 : ξ2 ∈ X ∗ ∧ ξi ∈
/ X ∗ (∀i = 0, 1)
...
then the mathematical expectation of τ , E[τ ], is called the
expected first hitting time (expected FHT) of the Markov
chain.
Note that this definition of expected FHT is equivalent to
those used in (He & Yao 2001; 2003). The expected FHT is
the average time that EAs find the optimal solution, which
implies the average computational time complexity of EAs.
The Markov chain models the essential of EA process,
thus the convergence, convergence rate and expected FHT
of EAs can be obtained through analyzing the corresponding
Markov chains. So, the convergence, convergence rate and
expected FHT of EAs or of corresponding Markov chains
won’t be distinguished for convenience.

Deriving Expected First Hitting Time from
Convergence Rate
The convergence rate has been studied for years (Suzuki
1995; He & Kang 1999) and recently a general bounds of
convergence rate have been derived in (He & Yu 2001).
Since this paper focuses on using EAs to solve combinatorial optimization problems, a discrete space version of the
Theorem 4 in (He & Yu 2001) is proven as below:

x∈X

Lemma 1 Given an absorbing Markov chain {ξt }+∞
t=0 (ξt ∈
X) and a target subspace X ∗ ⊂ X, if two sequences
+∞
{αt }+∞
t=0 and {βt }t=0 satisfy
t−1
(1 − αt ) = 0
(4)

Definition 1 (Convergence) Given a Markov chain
+∞
∗
{ξt }+∞
t=0 (ξt ∈ X) and a target subspace X ⊂ X, {ξt }t=0
∗
is said to converge to X if
lim µt = 1

t→+∞

(2)

i=0

In (He & Yu 2001), convergence rate is measured by
1 − µt at step t, which is equivalent to the measure used in
(Suzuki 1995). Therefore, 1 − µt is also used as the measure
of convergence rate in this paper.

and


x∈X
/ ∗

Definition 2 (Absorbing Markov Chain) Given a Markov
∗
chain {ξt }+∞
t=0 (ξt ∈ X) and a target subspace X ⊂ X,
+∞
{ξt }t=0 is said to be an absorbing chain, if
P (ξt+1 ∈
/ X ∗ |ξt ∈ X ∗ ) = 0 (∀t = 0, 1, . . .)

and


x∈X
/ ∗

(3)

P (ξt+1 ∈ X ∗ |ξt = x)P (ξt = x) ≥ αt (1 − µt ) (5)

P (ξt+1 ∈ X ∗ |ξt = x)P (ξt = x) ≤ βt (1 − µt ), (6)

then the chain converges to X ∗ and the converge rate is
bounded by

An EA can be modeled by an absorbing Markov chain, if
it never loses the optimal solution once been found. Many
EAs for real problems can be modeled by an absorbing
Markov chain. This is because if the optimal solution to the
concerned problem can be identified, then an EA will stop

(1 − µ0 )
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t−1

i=0

(1 − αi ) ≥ 1 − µt ≥ (1 − µ0 )

t−1

i=0

(1 − βi ) (7)

Proof. According to Eqs.1 and 3, it can be obtained that

P (ξt ∈ X ∗ |ξt−1 = x)P (ξt = x),
µt − µt−1 =

and same for V . Thus,
+∞
+∞



 

1 − Du (i) −
1 − Dv (i)
E[U ] − E[V ] =

x∈X
/ ∗

i=0

and through applying Eqs.5 and 6:

=

(1 − µt−1 )αt−1 ≤ µt − µt−1 ≤ (1 − µt−1 )βt−1
(1 − µt−1 )(1 − αt−1 ) ≥ 1 − µt ≥ (1 − µt−1 )(1 − βt−1 )
(1 − µ0 )

t−1

i=0

(1 − αi ) ≥ 1 − µt ≥ (1 − µ0 )

t−1

i=0



Theorem 1 Given
an
absorbing
Markov
chain
∗
{ξt }+∞
(ξ
∈
X)
and
a
target
subspace
X
⊂
X,
if
t
t=0
+∞
and
{β
}
satisfy
two sequences {αt }+∞
t
t=0
t=0
t−1
(1 − αt ) = 0
(9)
i=0

and


x∈X
/ ∗

and

x∈X ∗

t=2

E[τ ] ≥ β0 +

=

i=0


lim Du (t) − Du (i) =

t→+∞

(8)

i=0

(1 − βi )

(13)

Imagine a virtual random variable η whose distribution
equals to the lower bound of Dτ . The expectation of η is:

E[η] = 0 · µ0 + 1 · 1 − (1 − α0 )(1 − µ0 ) − µ0
+

+∞

t=2



+∞


i=0

t−2


i=0

t=1

i=1 t=i

t=2

tβt−1

Considering that µt expresses the distribution of τ , i.e. µt =
Dτ (t), the lower bound of Dτ (t) can be obtained:

t=0
µ0
t−1
Dτ (t) ≥
1 − (1 − µ0 ) i=0 (1 − αi ) t = 1, 2, . . .

+∞



E[U ] = 0 · Du (0) +
t Du (t) − Du (t − 1)

+∞



+∞


i=0

Proof. Applying Lemma 1 with Eqs.10 and 11, get
t−1
(1 − αi ).
1 − µt ≤ (1 − µ0 )

Proof. Since Du is the distribution of U ,


Du (t) − Du (t − 1)

P (ξt+1 ∈ X ∗ |ξt = x)P (ξt = x) ≤ βt (1 − µt ),

and

Lemma 2 Suppose U and V are two discrete random variable on nonnegative integer, let Du (·) and Dv (·) be their
distribution functions respectively. If the distributions satisfy
Du (t) ≥ Dv (t) (∀t = 0, 1, . . . )
then the expectations of the random variables satisfy





(11)
then the chain converges and, starting from non-optimal solutions, the expected FHT is bounded by
+∞
t−2


E[τ ] ≤ α0 +
tαt−1
(1 − αi )
(12)

This implies that the probability distribution of τ is equal to
µt , which is 1 minus the convergence rate. Therefore, the
convergence rate and the expected FHT is just the two sides
of a coin.
Note that the bounds of the probability distribution and
bounds of the expectation of the same random variable have
a relationship shown in Lemma 2.

=

P (ξt+1 ∈ X ∗ |ξt = x)P (ξt = x) ≥ αt (1 − µt ) (10)

x∈X
/ ∗

= P (τ = t + 1).

+∞ 
+∞




Since 1 minus the convergence rate is the probability distribution of τ , and the expected FHT is the expectation of
τ , Lemma 2 reveals that the lower/upper bounds of the expected FHT can be derived from the lower/upper bounds of
the convergence rate.
Thus, based on Lemmas 1 and 2, a pair of general bounds
of the expected FHT in Theorem 1 can be obtained.

(1 − βi )

E[U ] ≤ E[V ]


Dv (i) − Du (i) ≤ 0.

i=0

Lemma 1 implies that as long as the probability that an
EA ‘jumps’ into the set of optimal solutions can be estimated for each step, the bounds of its convergence rate can
be obtained. The only condition is that the EA can be modeled by an absorbing Markov chain, i.e. satisfying Eq.3. As
mentioned before, many EAs for real problems meet this requirement.
In Definition 3, the expected FHT is the mathematical expectation of the random variable τ . Meanwhile, the probability distribution of τ is the probability that an optimal solution is found before step t (t = 0, 1, . . .). Thus, as long
as the EA can be modeled by an absorbing Markov chain, it
holds that


µt+1 − µt =
P (ξt+1 = x) −
P (ξt = x)
x∈X ∗

i=0

+∞




1 − Du (i) ,

t−2
t−1



t · (1 − µ0 ) (1 − αi ) − (1 − µ0 ) (1 − αi )

= α0 +
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i=0

+∞

t=2

tαt−1

t−2

i=0

i=0

(1 − αi ) (1 − µ0 )

• Fitness: The fitness of a solution x = (x1 x2 . . . xn )
is defined as
n
f itness(x) = c − θ
wi xi

Since Dτ (t) ≥ Dη (t), according to Lemma 2, E[τ ] ≤ E[η].
Thus, the upper bound of the expected FHT:
+∞
t−2



tαt−1
(1 − αi ) (1 − µ0 )
E[τ ] ≤ α0 +
t=2

i=1

where θ = 1 when x is a feasible solution, i.e.
n
i=1 wi xi ≤ c, and θ = 0 otherwise.
• Stop Criterion: If the lowest fitness in population is
zero, stop and output the solution with zero fitness.
The first EA using Mutation 1 to implement the Reproduction, and the population size is 1.
Mutation 1: A new solution is generated by randomly
selecting a solution in population and independently
flipping each component of the solution with probability pm ∈ (0, 0.5].
For this EA, Corollary 1 gives the bounds of its expected
FHT.

i=0

Note that the EA is assumed to start from non-optimal solutions, i.e. µ0 = 0.
The lower bound of the expected FHT is derived similarly.

The bounds of expected FHT, i.e. Eqs. 12 and 13, have
t−2
an intuitive explanation. The part αt−1 i=0 (1 − αi ) (or
replace αt by βt ) indicates the probability of the event that
the EA finds the optimal solution at the t-th step, but does
not find at 0, 1, . . . , t − 1 step.
Theorem 1 discloses that as long as the probability that an
EA ‘jumps’ into the optimal population at each step is estimated, the bounds of the expected FHT are obtained. The
more exact the probability is estimated, the more tight the
bounds are.

Corollary 1 Solving Problem 1 by the EA with Reproduction implemented by Mutation 1 and population size 1, assuming starting from non-optimal populations, the expected
FHT is bounded by
n−1
1 n
1
1
≥ E[τ ] ≥
(14)
pm
p m 1 − pm
where n is the problem size.

Case Study
Four EAs solving the Subset Sum Problem are analyzed in
this section, using the results obtained in the previous section. The Subset Sum Problem is described as follows,
which has been proven to be an NP-Complete problem
(Baase & van Gelder 2000).

Proof. Applying Mutation 1, the probability that a solution
x(1) mutates to another solution x(2) is pkm (1 − pm )n−k ,
where x(1) and x(2) are different in k bits.
Considering Problem 1 where the optimal solution is x∗ =
(000 . . . 01), it is easy to find that, since pm ∈ (0, 0.5],
the minimum probability that any non-optimal solution mutates to the optimal solution is pnm , and the maximum is
pm (1 − pm )n−1 .
Population size is 1 means a population is equal to a solution. Then, for t = 0, 1, . . .

Definition 4 (Subset Sum Problem) Given a set of n positive integers W = {wi }ni=1 and a constant c, among subsets of W with elements summed at most c, find the subset
W ∗ ⊆ W whose elements are summed to be the largest.
Specific subset sum problems can be obtained by specifying
W and c, such as
Problem 1: wi ≥ 2 (∀i = 1, 2, . . . , n − 1), wn =
n−1
( i=1 wi ) − 1 and c = wn .

pm (1 − pm )n−1 ≥ P (ξt+1 ∈ X ∗ |ξt = x) ≥ pnm .

Thus,

The optimal solution of Problem 1 is x∗ = (000 . . . 01).
Problem 1 was used in (He & Yao 2001) and shown to be
solved by an EA in exponential time. In the following, it
will be proven that Problem 1 is also solved by other four
EAs in exponential time, based on the results of the previous
section.
The EAs are configured as below, where the Reproduction
will be implemented by concrete operators later.


P (ξt = x) ≥
pm (1 − pm )n−1
x∈X
/ ∗

P (ξt+1 ∈ X ∗ |ξt = x)P (ξt = x)
x∈X
/ ∗

≥ pnm
P (ξt = x).
∗

Applying Eq.1, it can be obtained that

x∈X
/

pm (1 − pm )n−1 (1 − µt ) ≥

P (ξt+1 ∈ X ∗ |ξt = x)P (ξt = x)
∗

• Encoding: Each solution is encoded by a string with
n binary bits, where the i-th bit is 1 if wi is included
and 0 otherwise.
• Initial: Randomly generate a population of M solutions encoded by binary strings.
• Reproduction: Generate M new solutions based on
the current population.
• Selection: Select the best M solutions from the current population and the reproduced solutions to form
the population of the next generation.

x∈X
/

≥ pnm (1 − µt ).

Therefore, αt = pnm and βt = pm (1 − pm )n−1 satisfy
Eqs.10 and 11, which makes Eq.12 holds.
From Eq.12, let a = αt = pnm , the upper bound is:
E(τ ) ≤ α0 +
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+∞

t=2

tαt−1

t−2

i=0

(1 − αi )

=a+
=a

+∞


t=2
+∞

t=0

ta

t−2

i=0

(1 − a) =

t(1 − a)t +

= a−1 = p−n
m

+∞

t=0

+∞

t=1

practice, the expected FHT is still exponential of n.

ta(1 − a)t−1

(1 − a)t

The third EA using Reproduction implemented by Mutation 1 and Recombination, and the population size is 2.
Recombination: Randomly select two solutions in
population, exchange the first σ bits to generate two
new solutions, where σ is randomly picked from
{1, 2, . . . , n − 1}.
For this EA, Corollary 3 says the lower bounds of its expected FHT is still exponential in n.

1−a 1
=a
+
a2
a



The lower bound can be derived similarly.

Note that 1/(1 − pm ) > 1 in Corollary 1, the lower bound
of the expected FHT shows that Problem 1 is solved by the
EA with Mutation 1 in exponential time.

Corollary 3 Solving Problem 1 by the EA with Reproduction implemented by Mutation 1 and Recombination and
population size 2, assuming starting from non-optimal population, the expected FHT is lower bounded by


E[τ ] ≥ Θ (1 − pm )−n
(16)

The second EA also uses the Mutation 1, but the population size can be larger than 1. Corollary 2 gives the bounds
of its expected FHT.

where n is the problem size.

Corollary 2 Solving Problem 1 by the EA with Reproduction implemented by Mutation 1 and population size M , assuming starting from non-optimal populations, the expected
FHT is bounded by
1
1
M pm

n

≥ E[τ ] ≥

1 1
1
M pm 1 − pm

n−1

Proof. According to Corollary 1 in (He & Yu 2001), the set
Xc = {x|x ∈ X ∧ P (ξt+1 ∈ X ∗ |ξt = x) > 0}

is to be found. Suppose the two solutions in the population
(1) (1)
(1)
(2) (2)
(2)
are x(1) = (x1 x2 . . . xn ) and x(2) = (x1 x2 . . . xn ),
∗
∗ ∗
∗
and the optimal solution is x = (x1 x2 . . . xn ). The two
solution can be exchanged by the first σ bits to be the optimal
solution, only when

(15)

where n is the problem size that is large enough.

(1)

xi

Proof. From the proof of Corollary 1, it is known that
the minimum probability that any non-optimal solution mutates to the optimal solution is pnm , and the maximum is
pm (1 − pm )n−1 .
When a population contains all the solutions that have the
minimum probability to mutate to an optimal solution, it
is the population that has the minimum probability to mutate to an optimal population. So, the probability that the
population mutates to the optimal population is that for
at least one solution mutates to the optimal solution, i.e.
1 − (1 − pnm )M . For the same reason, the maximum probability that a population mutates to an optimal population is
1 − (1 − pm (1 − pm )n−1 )M .
The sequences αt = 1 − (1 − pnm )M and βt = 1 − (1 −
pm (1 − pm )n−1 )M satisfies Eqs.10 and 11. Then, after the
same derivation of the proof of Corollary 1, it is easy to get

= x∗j (∀i = 1 . . . σ, ∀j = σ + 1 . . . n).

So, the probability of this kind of population occurs, i.e.
P (Xc ), at the initialization is
n−1

σ=1

n−1

i=σ

1
2i

σ

j=1

1
2n−j

<

3(n − 1)
.
2n+1

Note that for Problem 1, the optimal solution is (000. . . 01).
According to the fitness function, given two solutions x =
(x1 x2 . . . xn ) and x = (x1 x2 . . . xn ), x will have lower
fitness than x or even infeasible if
xj = x∗j , xj = x∗j , and xi = xi (∀i = 1, 2 . . . n, i = j)
This means P (Xc ) will reduce as step increases.
Simply treat the probability that a population is recombined to be the optimal as 1. According to the Corollary 1 in
(He & Yu 2001), βt in Theorem 1 can be calculated:

1
1
≥ E[τ ] ≥
n
M
1 − (1 − pm )
1 − (1 − pm (1 − pm )n−1 )M

βt = 3(n − 1)2−n−1 + 2pm (1 − pm )n−1
− 3(n − 1)2−n−1 pm (1 − pm )n−1
∈ Θ((1 − pm )n )

Note that when n is large enough, both pnm and pm (1 −
pm )n−1 approach to 0. Applying the asymptotic equation
(1 − x)n ∼ 1 − nx when x → 0, bounds are
1
1 1
1
≥ E[τ ] ≥
n
M pm
M pm (1 − pm )n−1

(2)

= x∗i , xj

With
 a similar proof of Corollary 1, the lower bound

Θ (1 − pm )−n can be obtained.

It can be found through the proof that the Recombination
helps little firstly because there is few population where
Recombination can be useful.



From Corollary 2, it can be observed that increasing the
population can help reduce the FHT. However, as long as
the population size is polynomial of n, which is common in

The fourth EA implements Reproduction by a timevariant mutation, Mutation 2.
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Mutation 2: A new solution is generated by randomly
selecting a solution in population and independently
flipping each component of the solution with probability (0.5−d)e−t +d, where d ∈ (0, 0.5) and t = 0, 1, . . .
is the index of steps.
At the beginning the probability of mutation is 0.5, the probability reduces as time going, and ultimately the probability
is d. For this EA, Corollary 4 shows it still solve the problem
in exponential time, since (1 − d) ∈ (0, 0.5).
Corollary 4 Solving Problem 1 by the EA with Reproduction implemented by Mutation 2 and population size 1, assuming starting from non-optimal population, the expected
FHT is lower bounded by
E[τ ] ≥ 2(1 − d)−n+1

(17)

where n is the problem size.
Proof. Similar to the proof of Corollary 1, the maximum
probability that a non-optimal solution mutates to be optimal

n−1
at step t is [(0.5 − d)e−t + d] 1 − (0.5 − d)e−t − d
,
which is smaller than 0.5(1 − d)n−1 .
Let βt = 0.5(1 − d)n−1 , the sequence {βt }+∞
t=0 satisfies
Eq.11. Then, from a similar derivation of proof of Corollary
1, the lower bound 2(1 − d)−n+1 can be obtained.


Conclusion
In this paper, a bridge between the convergence rate and the
expected first hitting time (expected FHT) of evolutionary
algorithms (EAs) is established, which are two of the most
important theoretical issues of EAs. Based on the bridge,
this paper proposes a new approach of analyzing the expected FHT of EAs. The proposed approach utilizes nonhomogeneous Markov chain, thus it is suitable for analyzing a broad range of EAs. To illustrate the helpfulness of
the proposed approach, a problem is proven to be hard for
four EAs for instance, which involves operators of mutation,
mutation with population, mutation with recombination and
time-variant mutation, respectively.
It is noteworthy that the proposed method can be used to
analyze EAs with dynamic operators. Although EAs using
dynamic operators such as time-variant operators are popular, they can hardly be analyzed before this work. A longer
version of the paper will show an empirical validation of the
expected FHT bounds derived by the proposed method.
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