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Abstract

Agents’ pro attitudes such as goals, intentions, desires,
wishes, and judgements of satisfactoriness play an important
role in how agents act rationally. To provide a natural and
satisfying formalization of these attitudes is a longstanding
problem in the community of agent theory. Most of exist-
ing modal logic approaches are based on Kripke structures
and have to face the so-called side-effect problem. This pa-
per presents a new modal logic formalizing agents’ pro at-
titudes, based on neighborhood models. There are three dis-
tinguishing features of this logic. Firstly, this logic naturally
satisfies Bratman’s requirements for agents’ beliefs and pro
attitudes, as well as some interesting properties that have not
been discussed before. Secondly, we give a sound and com-
plete axiom system for characterizing all the valid properties
of beliefs and pro attitudes. We introduce for the first time
the notion of linear neighborhood frame for obtaining the se-
mantic model, and this brings a new member to the family of
non-normal modal logics. Finally, we argue that the present
logic satisfies an important requirement proposed from the
viewpoint of computation, that is, computational grounding,
which means that properties in this logic can be given an in-
terpretation in terms of some concrete computational model.
Indeed, the presented neighborhood frame can be naturally
derived from probabilistic programming with utilities.

Introduction

The present work belongs to the subject of formalizing men-
tal attitudes of a rational agent. Agents’ mental attitudes in-
clude informational attitudes such as knowledge and belief,
and pro attitudes such as goal, intention, desire, wish, and
judgement of satisfactoriness. Both information and pro at-
titudes play an important role in how agents act rationally.
It is very successful and satisfying to formalize agents’ in-
formation attitudes by using epistemic logics (Fagin et al.
1995). These modal logics for formalizing knowledge and
belief have at least two salient points:
• The sound and complete axiom systems of epistemic log-

ics capture all valid properties of knowledge and belief
naturally and succinctly.

• The interpreted system model (Halpern & Zuck 1992;
Halpern & Vardi 1986) offers a natural interpretation, in
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terms of the states of computer processes, to S5 epistemic
logic, so that formulas in epistemic logic that are valid
with respect to the interpreted system can be understood
as valid properties of program computations. In this sense,
the interpreted system model is computationally grounded
(Wooldridge 2000).

To provide a natural and satisfying formalization of pro atti-
tudes is a longstanding problem in the community of agent
theory. Compared to epistemic logics for formalizing infor-
mation attitudes, existing modal logic approaches for deal-
ing with pro attitudes are not so successful and satisfying.
They are usually based on normal modal logics, so that the
pro attitudes characterized by them have to be closed under
logical consequences. This is the so-called side-effect prob-
lem (Bratman 1987). The well-known theory of intention
(Cohen & Levesque 1990) and the formalism of the belief-
desire-intention paradigm (Rao & Georgeff 1998), for exam-
ple, are along this line. Though there are several strategies
to make these logics side-effect free, they are still not fully
side-effect free (Konolige & Pollack 1993). For instance,
these logics accept that desiring p and desiring q imply desir-
ing p or q, which seems reasonable, but, as we will demon-
strate in the next section, may surprisingly cause a problem.

Another problem of existing modal logic approaches
is that they are generally ungrounded (van der Hoek &
Wooldridge 2003). To make a logic of belief, desire and in-
tention computationally grounded is a challenging problem
as announced by M. Wooldridge at ICMAS-2000.

This paper presents a new non-normal modal logic for-
malizing agents’ beliefs and pro attitudes. The distinguish-
ing features of this logic are on three aspects. Firstly, this
logic naturally satisfies Bratman’s requirements for agents’
beliefs and pro attitudes, as well as some interesting prop-
erties that have not been investigated in the literature. Sec-
ondly, we give a sound and complete axiom system for char-
acterizing all the valid properties of an agent’s beliefs and
pro attitudes in some practically interesting cases. We in-
troduce for the first time the notion of linear neighborhood
frame for obtaining the semantic model. This brings a new
member to the family of non-normal modal logics, while
most existing modal logics of agency have either direct cor-
respondences in the family of modal logics, or can be re-
garded as combinations of several existing modal logics. Fi-
nally, we argue that the present logic satisfies an important
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requirement proposed from the viewpoint of computation,
that is, computational grounding (Wooldridge 2000), which
means that properties in this logic can be given an interpre-
tation in terms of some concrete computational model. In-
deed, the present neighborhood model can be naturally de-
rived from the so-called probabilistic programs with utili-
ties1.

In this logic, we deliberately consider only one agent and
only static properties of pro attitudes and do not distinguish
different kinds of pro attitudes. However, this logic signifi-
cantly differs from others even at this level of abstraction.

The remainder of this paper is organized as follows. In the
next section, we discuss some desired properties of a modal
logic of pro attitudes. Then, we define a new semantic model
for beliefs and pro attitudes, with respect to which a sound
and complete axiom system is presented. We also demon-
strate how our abstract semantic model can be derived from
a concrete computational one, that is, probabilistic program-
ming with utilities. Finally, we discuss the related work and
conclude the paper.

Desired Properties of a Modal Logic of Pro

Attitudes

We begin with discussing some desired properties of a
modal logic of pro attitudes from three different aspects,
i. e. , philosophy, logic and computation.

Let At be a set of atomic propositions. Our modal lan-
guage, denoted by LB,H(At), is defined as follows:

p | ¬ϕ | ϕ ∧ ϕ | Bϕ | Hϕ |
where p ∈ At. The intended interpretation of Bϕ is “ϕ is
believed”, while H is a modality to represent pro attitudes
such as “preference”,“wish”, “hope”,“desire” etc., and Hϕ
can be informally understood as “ the agent is happy if being
told ϕ”, or “ϕ is good news to the agent”. As usual, propo-
sitional connectives “∨” (or), “⇒” (imply) and “⇔” (if and
only if) can be defined by “¬” and “∧”.

From the Viewpoint of Philosophy

The philosophical work of (Bratman 1987) proposed some
important properties of agents’ mental attitudes such as be-
liefs, desires and intentions. These properties became very
influential on formalizations of agents’ mental attitudes. We
extend these properties to general pro attitudes and express
them in the form of |= ϕ or �|= ϕ, where ϕ is a formula
schema in LB,H(At). Statement |= ϕ indicates that ϕ is
valid or always true, while �|= ϕ means that ϕ is not neces-
sarily true.

• Asymmetry Thesis: |= Hϕ ⇒ ¬B¬ϕ and �|= Hϕ ⇒ Bϕ.

The former says that it is impossible (or irrational ) for an
agent to desire ϕ but believe ¬ϕ; while the latter means
that a rational agent may have incomplete beliefs about
her desires.

1A probabilistic program with utilities here means a probabilis-
tic agent program where a utility function U is defined so that, for
each run r of the program, the agent is awarded interest U(r).

• Side-Effect-Free Principle: �|= Hϕ ∧ B(ϕ ⇒ ψ) ⇒ Hψ.

This Principle indicates that an agent, who desires ϕ and
believes that ϕ implies ψ, may not desire ψ

• Non-Transference Principle: |= Bϕ ⇒ ¬Hϕ.

It means that if an agent believes some claim ϕ already,
then ϕ should not be good news to her.

• Introspectivity Assumption: |= Hϕ ⇒ BHϕ and |=
¬Hϕ ⇒ B¬Hϕ.

It indicates that an agent is conscious of her pro attitudes.

Notice that some properties we capture may be stronger than
those formalized in (Rao & Georgeff 1998). For instance, the
Non-Transference Principle may be presented in a weaker
version, say, �|= Bϕ ⇒ Hϕ, which seems more appropri-
ate for those pro attitudes like intentions. The correctness of
these properties in general is very controversial and we do
not intend to take sides in this issue.

We are particularly interested in the Side-Effect-Free
Principle. The above version of this principle is weaker and
satisfied by Rao and Georgeff’s account. We propose some
stronger versions of the principle. Consider the case where
the “side-effect” of an agent’s desire ϕ is simply a logical
consequence of ϕ, say, ϕ ∨ ψ. We then get a stronger ver-
sion of the principle, �|= Hϕ ⇒ H(ϕ ∨ ψ). We even pro-
pose the following version of the Side-Effect-Free Principle:
�|= Hϕ ∧ Hψ ⇒ H(ϕ ∨ ψ).

At the first glance, the above version of the Side-Effect-
Free Principle seems extremely problematic, because if both
ϕ and ψ are good news to you, then, by your intuition, ϕ∨ψ
should be. However, let us consider the following scenario,
where Alice, Bob and Peter apply to the same lectureship
position and are all on the short list for review. It would be
good news to Alice that Bob fails, because she can then ex-
pect more chances to get the position. Also, Alice would be
happy being told that Peter fails. However, Alice will never
wish that Bob fails or Peter fails, because at most one of
them can win and it is inevitably true that Bob fails or Peter
fails. This scenario illustrates that an agent with desires ϕ
and ψ should not be forced to have a desire ϕ ∨ ψ. Never-
theless, in the logic presented in this paper, we have that

|= Hϕ ∧ Hψ ∧ B¬(ϕ ∧ ψ) ⇒ H(ϕ ∨ ψ).

From the Viewpoint of Logic and Computation

As a modal logic, a theory of pro attitudes should have a
formal semantic model, with respect to which a sound and
complete axiom system could be developed. Furthermore, it
is satisfactory that the related decidability and complexity
results can be carried out.

From the viewpoint of computer science, (Wooldridge
2000) proposed a requirement for agent theories, namely,
computational grounding. A theory of agency is said to be
computationally grounded if we can give the theory an inter-
pretation in terms of some concrete computational model. If
logics of rational agency are to be taken seriously as spec-
ification languages for agent or multi-agent systems, then
the requirement of computational grounding is important for
them. Moreover, we argue that logics of agency with some
concrete computational models are more reliable, because
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one might make some purely artificial models to capture
some intuitively valid but problematic properties of agency
(see also the argument below Proposition 9).

Most logical theories of rational agency, based on pos-
sible worlds semantics are generally ungrounded, because
there is usually no direct relationship between the accessibil-
ity relations that are used to characterize an agent’s mental
state, and any concrete computational model. It is an open
issue to give a computationally grounded semantics to goals
(Wooldridge 2000), and the present work takes a significant
step towards this challenging issue.

The Neighborhood Model for Pro Attitudes

Neighborhood semantics, also known as Scott-Montague se-
mantics (Scott ; Montague 1970), is a formal semantics for
modal logics. It is a generalization, developed independently
by Dana Scott and Richard Montague, of the well-known re-
lational semantics for modal logic. Neighborhood semantics
is based on neighborhood frames instead of Kripke struc-
tures.

The frames considered in this paper are the hybrid of
neighborhood frame and Kripke structure. Although the ac-
cessibility relation for beliefs in the frames can be repre-
sented by a neighborhood function in neighborhood seman-
tics, we feel it is more convenient to keep it as a relation.

Definition 1 A tuple 〈W, R,N〉 is called a hybrid neighbor-
hood frame, if W is a non-empty set, R is a relation on W

and N is a function: W → 22W

, which is called a neighbor-
hood function.

In the above definition, we denote {w′ ∈ W | wRw′}
by R[w]. Intuitively, W is the set of all possible states or
worlds, and R[w] is the set of those worlds that are possible
or believable to the agent at the current world w.

Definition 2 A hybrid neighborhood model is a tuple M =
〈W, R,N, V 〉, where F = 〈W, R,N〉 is a hybrid neighbor-
hood frame and V : At → 2W is a valuation function.

For short, we use frequently “frame (model)” instead of
“hybrid neighborhood frame (model)”. Given a model M =
〈W, R,N, V 〉 and w ∈ W , the truth of a formula ϕ is defined
inductively as follows.
• M, w |= p iff w ∈ V (p).
• M, w |= ¬ϕ iff M, w �|= ϕ.

• M, w |= ϕ ∧ ψ iff M, w |= ϕ and M, w |= ψ.

• M, w |= Bϕ iff M, w′ |= ϕ for all w′ ∈ W such that
wRw′.

• M, w |= Hϕ iff (ϕ)M ∈ N(w), where (ϕ)M denotes the
set {w | M, w |= ϕ}, called the truth set of ϕ.

As usual, F |= ϕ stands for that, for all models M based on
frame F and for all states w, M, w |= ϕ holds.

The general notion of hybrid neighborhood frames is
not appropriate for characterizing beliefs and pro attitudes
of a rational agent. Therefore, we propose several specific
classes of hybrid neighborhood frames (models).

Definition 3 Given a neighborhood function N : W →
22W

.

• We say that N is linear if, for all w ∈ W and all
X1, X2 ⊆ W , we have the following:

1. If X1, X2 ∈ N(w) and X1∩X2 = {}, then X1∪X2 ∈
N(w).

2. If X1, X2 �∈ N(w) and X1∩X2 = {}, then X1∪X2 �∈
N(w).

• Neighborhood function N is unit-zero-exclusive, if for ev-
ery w ∈ W , both W �∈ N(w) and {} �∈ N(w) hold .

A frame (model) is called linear or unit-zero-exclusive, if
the neighborhood function is linear or unit-zero-exclusive,
respectively.

Notice that the underlying concrete computation model for
pro attitudes here is probabilistic programming with utili-
ties, and the notion of linear frame captures the additivity
(or linearity) of probability and utility expectation functions
applying a union of two disjoint sets. The notion of unit-
zero-exclusion is to characterize those agents who are real-
istic in the sense that they do not desire anything they think
of as inevitably true or false (i. e. , |= ¬Htrue ∧ ¬H¬true
where true is a valid proposition, say p ∨ ¬p).

For every linear and unit-zero-exclusive neighborhood
function N , we have that, for all w ∈ W and all X ⊆ W ,
X �∈ N(w) or W − X �∈ N(w). As a result, for a lin-
ear and unit-zero-exclusive frame F, we have that F |=
¬(Hϕ ∧ H¬ϕ).
Definition 4 A frame 〈W, R,N〉 is introspective if,

1. for all w, w′ ∈ W with wRw′, we have that R[w] =
R[w′] and N(w) = N(w′);

2. for all w ∈ W and all X,X ′ ⊆ W with X ∩ R[w] =
X ′ ∩ R[w], we have that X ∈ N(w) iff X ′ ∈ N(w).

Intuitively, the first part of above definition says that the
agent is introspective to her own beliefs, while the second
indicates that the agent is conscious of her pro attitudes. A
model is called introspective if the corresponding frame is
introspective.

Proposition 5 For all unit-zero-exclusive and introspective
frames F, we have that

1. F |= Hϕ ⇒ (¬B¬ϕ ∧ ¬Bϕ)
2. F |= (Hϕ ⇒ BHϕ) ∧ (¬Hϕ ⇒ B¬Hϕ)

The above proposition indicates that the Asymmetry The-
sis, the Non-Transference Principle and the Introspectivity
Assumption hold for unit-zero-exclusive and introspective
frames.

Proposition 6 For all linear and introspective frames F, we
have that
1. F |= Hϕ1 ∧ Hϕ2 ∧ B¬(ϕ1 ∧ ϕ2) ⇒ H(ϕ1 ∨ ϕ2)
2. F |= ¬Hϕ1 ∧ ¬Hϕ2 ∧ B¬(ϕ1 ∧ ϕ2) ⇒ ¬H(ϕ1 ∨ ϕ2)

The first part of Proposition 6 says if both ϕ1 and ϕ2 are
wished, then ϕ1 ∨ ϕ2 should be wished provided that the
two wishes contradict each other to the agent. The condi-
tion B¬(ϕ1 ∧ ϕ2) is essential, and we can not get F |=
Hϕ1 ∧ Hϕ2 ⇒ H(ϕ1 ∨ ϕ2). This is important because,
as we demonstrated earlier, it may cause a problem if we
accept |= Hϕ1 ∧ Hϕ2 ⇒ H(ϕ1 ∨ ϕ2) generally.
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Let us consider the second part of Proposition 6. It seems
that if both ϕ1 and ϕ2 are not good news to Alice, then
ϕ1 ∨ ϕ2 should not be good news to Alice. However, by
Proposition 6, from the condition that both ϕ1 and ϕ2 are
not good news to Alice, we can not conclude ϕ1 ∨ ϕ2 is
not good news unless we have an extra condition such as
Alice believes that ϕ1 and ϕ2 contradict each other, i. e . ,
B¬(ϕ1 ∧ ϕ2). We argue that the condition B¬(ϕ1 ∧ ϕ2) is
necessary; there is indeed some case that ϕ1 ∨ ϕ2 is good
news to Alice but neither ϕ1 nor ϕ2 is. Suppose that Alice
is a vegetarian and has been invited to a dinner. The invita-
tion letter indicates that exactly one kind of food from beef,
chicken, pumpkin, and tomato will be served and each of
them will be chosen with the same probability. Let b, c, p
and t represent that beef, chicken, pumpkin, and tomato are
chosen, respectively. Assume that Alice likes pumpkin and
tomato to the same extent; so she dislikes beef and chicken.
In this scenario, we can reasonably conclude the following
claims.

• ¬H(b∨p): It is not good news to Alice that beef or pump-
kin will be served.
The reason for the above claim is that after Alice is told
such news she can not expect to get her favored food with
more probability. The probability that she gets her favored
food is still 1/2, the same as that without being told (b∨p).

• ¬H(b∨t): It is not good news to Alice that beef or tomato
will be served.
The argument for the reasonability of this claim is the
same as for the claim in the first item.

• H((b∨ p)∨ (b∨ t)): It is good news to Alice that beef or
pumpkin or tomato will be served.
If Alice is told (b ∨ p) ∨ (b ∨ t), she knows that beef or
pumpkin or tomato will be served, but chicken will not; as
a result, she can conclude that the probability that she gets
her favored food becomes 2/3 instead of 1/2. Therefore,
we can reasonably conclude that H((b ∨ p) ∨ (b ∨ t)),
which means that Alice would be happier being told (b ∨
p) ∨ (b ∨ t).

It is thus reasonable for an agent to desire ϕ∨ψ even though
the agent neither desires ϕ nor ψ; indeed, the intuition is not
always reliable.

Corollary 7 For any linear and introspective frame F, we
have that

1. F |= Hϕ1 ∧ ¬Hϕ2 ∧ B(ϕ2 ⇒ ϕ1) ⇒ H(ϕ1 ∧ ¬ϕ2)
2. F |= ¬Hϕ1 ∧ Hϕ2 ∧ B(ϕ2 ⇒ ϕ1) ⇒ ¬H(ϕ1 ∧ ¬ϕ2)

Completeness Result

We now give an axiom system or proof theory for beliefs and
pro attitudes, denoted by BPA. Proof theory BPA consists
of the following reasoning rules and axiom schemas.

• Propositional tautologies and inference rules.

• K45 for B,

– � B(ϕ ⇒ ψ) ∧ Bϕ ⇒ Bψ

– � (Bϕ ⇒ BBϕ) ∧ (¬Bϕ ⇒ B¬Bϕ)

• Unit-zero-exclusion for H: � ¬Htrue ∧ ¬H¬true

• BH-introspection,
– � (Hϕ ⇒ BHϕ) ∧ (¬Hϕ ⇒ B¬Hϕ)
– � B(ϕ ⇔ ψ) ⇒ (Hϕ ⇔ Hψ)

• � Hϕ1 ∧ Hϕ2 ∧ B¬(ϕ1 ∧ ϕ2) ⇒ H(ϕ1 ∨ ϕ2)
• � ¬Hϕ1 ∧ ¬Hϕ2 ∧ B¬(ϕ1 ∧ ϕ2) ⇒ ¬H(ϕ1 ∨ ϕ2)

• Inference rules for B: �ϕ
�Bϕ

Theorem 8 Proof theory BPA is sound and complete with
respect to linear, introspective, and unit-zero-exclusive mod-
els.

The soundness part is straightforward. The completeness
is a little more complex, and we only present a succinct out-
line of its proof. As for completeness, we will show that
every consistent set of formulas can be satisfied in some
linear, introspective, and unit-zero-exclusive model. By the
strategies for constructing “canonical models” in both nor-
mal and non-normal modal logics (Chellas 1980), we build
our “canonical model” Mc = 〈Wc, Rc, Nc, Vc〉 as follows:

1. Let Wc be the collection of all maximal consistent for-
mula sets.

2. For every formula set Γ, let Γ/B = {ϕ | Bϕ ∈ Γ}, and
WΓ

c the collection of those maximal consistent sets that
contain Γ/B.

3. Let Rc be a relation on Wc such that, for all w, w′ ∈ Wc,
wRcw

′ iff w′ ∈ Ww
c .

4. For every p ∈ At, Vc(p) = {w | w ∈ Wc and p ∈ w}.
5. For every formula ϕ, let

|ϕ| = {w | w ∈ Wc and ϕ ∈ w}.
It follows that |ϕ1| = |ϕ2| implies that, for every w ∈ Wc,
Hϕ1 ∈ w iff Hϕ2 ∈ w.

6. Neighborhood Function Nc will be constructed such that,
for each w ∈ Wc and each formula ϕ, |ϕ| ∈ Nc(w) iff
Hϕ ∈ w.

The following claims play an important role in the com-
pleteness proof:
1. For every w ∈ Wc and every ϕ, if ¬Bϕ ∈ w, then there

is a w′ ∈ Ww
c such that ¬ϕ ∈ w′.

2. For every w ∈ Wc, every ϕ1 and every ϕ2, if |ϕ1|∩Ww
c ⊆

|ϕ2| ∩ Ww
c then ϕ1 ⇒ ϕ2 ∈ w/B.

3. For every ϕ1 and every ϕ2, |ϕ1| = |ϕ2| implies that, for
every w ∈ Wc, Hϕ1 ∈ w iff Hϕ2 ∈ w.
Now we complete the details of the construction Nc(w)

for every w ∈ Wc. For every X ⊆ Wc, if X is of the form
|ϕ|, then X ∈ Nc(w) iff Hϕ ∈ w. Let U be the collection of
those subsets of Ww

c that are not of the form |ϕ| ∩ Ww
c . By

the choice axiom, we can suppose that there is a well-order,
say <U , on U . For all X ∈ U , we will determine whether X
is in Nc(w) by induction on <U .

We first introduce auxiliary notations cl+(W,W ′) and
cl−(W,W ′). For a pair of collections W,W ′ ⊆ Ww

c , let
cl+(W,W ′) and cl−(W,W ′) be the two smallest sets such
that

499



1. W ⊆ cl+(W,W ′) and W ′ ⊆ cl+(W,W ′)
2. For X1, X2 ∈ cl+(W,W ′), if X1 ∩ X2 = {}, then X1 ∪

X2 ∈ cl+(W,W ′).
3. For X1, X2 ∈ cl−(W,W ′), if X1 ∩ X2 = {}, then X1 ∪

X2 ∈ cl−(W,W ′).
4. For X1 ∈ cl+(W,W ′) and X2 ∈ cl−(W,W ′) , if X2 ⊆

X1, then X1 − X2 ∈ cl+(W,W ′).
5. For X1 ∈ cl+(W,W ′) and X2 ∈ cl−(W,W ′) , if X1 ⊆

X2, then X2 − X1 ∈ cl−(W,W ′).
For every X ∈ U we define two collections of subsets

Wc, denoted by WX and W ′
X , as follows:

1. If X is the least (<U ) among U , let
W0 = {|ϕ| ∩ Ww

c | Hϕ ∈ w}
W ′

0 = {|ϕ| ∩ Ww
c | Hϕ �∈ w}

WX = cl+(W0,W ′
0 ∪ {X})

W ′
X = cl−(W0,W ′

0 ∪ {X})
2. If X is not the least (<U ) among U , there are two cases:

(a) If there is Y <U X such that X ∈ WY or X ∈ W ′
Y ,

then WX =
⋃

Y <UX WY and W ′
X =

⋃
Y <UX W ′

Y .
(b) Otherwise, let

WX = cl+(
⋃

Y <UX WY ,
⋃

Y <UX W ′
Y ∪ {X})

W ′
X = cl−(

⋃
Y <UX WY ,

⋃
Y <UX W ′

Y ∪ {X})
Now we can completely identify the neighborhood function
Nc as follows. For every w ∈ Wc, and every X ⊆ Wc,
• if X is of the form |ϕ|, then X ∈ Nc(w) iff Hϕ ∈ w;
• otherwise, we have that Y = X ∩ Ww

c ∈ U and let X ∈
Nc(w) iff Y ∈ WY .

The Completeness Proof: We first show that model Mc

is linear, introspective, and unit-zero-exclusive, and for any
formula ϕ, (ϕ)Mc = |ϕ|. Given an arbitrary consistent set
Γ0 of formulas in LB,H(At), we can extend Γ0 to a max-
imal consistent formula set w0. Because for any formula
ϕ, (ϕ)Mc = |ϕ|, we have that Mc, w0 |= w0, and hence
Mc, w0 |= Γ0. Thus, Γ0 is satisfiable. This completes the
proof.

Generating the Models by Probabilistic

Programming with Utilities

Computational grounding is an important requirement for
logical theories of agency. To show our logic is computa-
tionally grounded, we now give our logic an interpretation
in terms of some concrete computational model.

We consider those probabilistic programs π. The seman-
tics of π is characterized by a set Wπ of possible runs as well
as probabilistic distributive function Prπ over Wπ . Suppose
that from program π, we can derive a utility function Uπ

such that for each run r ∈ Wπ , Uπ(r) is a real number rep-
resenting the reward for the agent finishing run r. Also, we
assume the agent has incomplete information about the envi-
ronment so that for every run r, there are some runs that are
indistinguishable to the agent. We use r ≈ r′ to denote that
runs r and r′ are indistinguishable to the agent, and [r]≈ the
set of all runs indistinguishable from r. For simplicity, we
assume that Wπ is a finite set, i.e., there are only finitely
many possible runs for the program.

We derive the corresponding hybrid neighborhood frame
Mπ = (Wπ, Rπ, Nπ) as follows.
• Wπ is the set of all possible runs.
• rRπr′ iff r ≈ r′ and Prπ(r′) > 0.

Thus, the agent who is currently at run r, believes a run
r′ is possible iff r′ is indistinguishable from r and the
probability of the run is non-zero.

• Given r ∈ Wπ and X ⊆ Wπ , we have that
X ∈ Nπ(r) iff the following holds
∑

r′∈X, r′≈r Prπ(r′)Uπ(r′)
∑

r′∈X, r′≈r Prπ(r′)
>

∑
r′≈r Prπ(r′)Uπ(r′)
∑

r′≈r Prπ(r′)
.

Notice that
P

r′≈r Prπ(r′)Uπ(r′)
P

r′≈r Prπ(r′) is the interests the agent
expects to get because the agent believes only those runs

in [r]≈ are possible, while
P

r′∈X, r′≈r Prπ(r′)Uπ(r′)
P

r′∈X, r′≈r Prπ(r′) is the
interests the agent expects to get when being told only
runs in X are possible. Therefore, the intuitive meaning of
X ∈ Nπ(r) is that the agent gains the expected interests
when being told only runs in X are possible.

By the construction above, we have the following claim.

Proposition 9 Mπ is a linear, introspective, and unit-zero-
exclusive model.

Thus, we have established a relationship between the present
semantic model for beliefs and pro attitudes and a concrete
computational model. We argue that if a semantic model
of agency does not have such a relationship to any con-
crete computational model, then the semantic model is just
a purely artificial one and can not be thought of as natural
and rational. For example, an alternative semantic model can
be artificially constructed for some logic theory of beliefs
and pro attitudes with an intuitively valid (but problematic
to some extent!) property: � Hϕ1 ∧ Hϕ2 ⇒ H(ϕ1 ∨ ϕ2).
The related soundness and completeness results can also be
carried out. However, this purely artificial semantic model
does not guarantee the rationality of the alternative logic, be-
cause there might not be a relationship between the semantic
model and any concrete computational one.

Related Work

In this section, we discuss some related work from decision
theory and agent theory.

Preferences and Utilities Several logics of desires and
goals have been proposed for modeling preferences and
utilities (Doyle, Shoham, & Wellman 1991; Lang, van der
Torre, & Weydert 2002; Boutilier 1994; Broersen, Dastani,
& van der Torre 2002). These logics are not modal logics
and their focuses are on representational issues, offering AI
languages to represent preferences and utilities compactly
and implicitly.

Modal logics of Beliefs, Desires and Intentions Two in-
fluential modal logics of beliefs and pro attitudes are the the-
ory of intention (Cohen & Levesque 1990) and the formal-
ism of the belief-desire-intention paradigm (Rao & Georgeff
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1998). (Cohen & Levesque 1990) did not provide a com-
plete axiom system, while BDI CTL (Rao & Georgeff 1998)
can be reduced to standard modal logics such as mu-calculus
(Schild 2000) and thus can be axiomatizable. However, both
of them suffer from the so-called side-effect problem (to
some extent). Moreover, as argued by (Wooldridge 2000;
van der Hoek & Wooldridge 2003), they are not computa-
tionally grounded.

Representationalism (Konolige & Pollack 1993) gave a
representationalist theory of intention. They did make their
modal logic of intention fully side-effect free. Nevertheless,
they did not provide a complete axiom system and did not
consider the requirement of “computational grounding”.

Computational Grounding Besides epistemic logics,
another computationally grounded logic is VSK logic
(Wooldridge & Lomuscio 2001), which enables us to repre-
sent what is visible of the environment to individual agents,
what these agents actually perceive (see), and what the
agents actually know about the environment. However, this
work does not concern an agent’s pro attitudes. (Su et al.
2005; 2006) presented a computationally grounded model
of knowledge, belief, desire and intention, called the inter-
preted KBDI-system model. Unfortunately, the notions of
desire and intention they characterized are based on normal
modal logics and thus suffer from the side-effect problem.

Conclusion
In this paper, we have presented a new modal logic formal-
izing agents’ pro attitudes, based on neighborhood models.
The distinguishing features of this logic are on three aspects:
• Firstly, this logic naturally satisfies Bratman’s require-

ments for agents’ beliefs and pro attitudes. We demon-
strate, by a realistic example, some intuitive properties
may surprisingly cause a problem, which, to the best of
our knowledge, have not been discussed before (see the
discussions below Proposition 6).

• Secondly, we have obtained a sound and complete ax-
iom system for capturing valid properties of beliefs and
pro attitudes. Moreover, based on the additivity (or linear-
ity) of the underlying probability and utility expectation
functions, we introduce the notion of linear neighborhood
frame for obtaining the semantic model for beliefs and pro
attitudes, which was not investigated in the literature of
modal. We are not just to borrow from modal logics, but
bring a new member to the family of non-normal modal
logics.

• Finally, the semantic models of this logic can be natu-
rally derived from probabilistic programming with utili-
ties and this logic can be thought of as computationally
grounded, which takes a promising step towards the chal-
lenging open issue of giving a computationally grounded
semantics to goals (Wooldridge 2000).

As for future work, we will consider some specific classes
of pro attitudes such desires, goals and intentions, and relate
them to agents’ actions. The ongoing work is to add the time
dimension to the present semantic framework and to explore
the model checking problem.

Acknowledgement

Thanks to the reviewers for their valuable comments. This
work was partially supported by the Australian Research
Council grant DP0452628, National Basic Research 973
Program of China under grant 2005CB321902, National
Natural Science Foundation of China grants 60496327,
10410638 and 60473004, and Guangdong Provincial Nat-
ural Science Foundation grants 04205407 and 06023195.

References
Boutilier, C. 1994. Towards a logic of qualitative decision theory.
In Proc. of KR’94, 75–86.
Bratman, M. 1987. Intention, Plans, and Practical Reason. Cam-
bridge, MA, USA: Harvard University Press.
Broersen, J.; Dastani, M.; and van der Torre, L. W. N. 2002.
Realistic desires. Journal of Applied Non-Classical Logics 12(2).
Chellas, B. F. 1980. Modal Logic. Cambridge University Press.
Cohen, P., and Levesque, H. 1990. Intension is choice with com-
mitment. Artificial Intelligence 42:23–261.
Doyle, J.; Shoham, Y.; and Wellman, M. 1991. The logic of rela-
tive desires. In Sixth International Symposium on Methodologies
for Intelligent Systems.
Fagin, R.; Halpern, J.; Moses, Y.; and Vardi, M. 1995. Reasoning
about knowledge. Cambridge, MA: MIT Press.
Halpern, J., and Vardi, M. 1986. The complexity of reasoning
about knowledge and time: extended abstract. In Proc. STOC-86.
Halpern, J., and Zuck, L. 1992. A little knowledge goes a long
way: Simple knowledge based derivations and correctness proofs
for a family of protocols. Journal of the ACM 39(3):449–478.
Konolige, K., and Pollack, M. E. 1993. A representationalist
theory of intention. In IJCAI-93, 390–395.
Lang, J.; van der Torre, L.; and Weydert, E. 2002. Utilitarian
desires. Autonomous Agents and Multi Agent systems 5(3):329–
363.
Montague, R. 1970. Universal grammar. Theoria 36:373–398.
Rao, A., and Georgeff, M. 1998. Decision procedures for BDI
logics. Journal of Logic and Computation 8(3):293–344.
Schild, K. 2000. On the relationship between BDI logics and
standard logics of concurrency. Autonomous Agents and Multi-
Agent Systems 3:259–283.
Scott, D. Advice in modal logic. In Lambert, K., ed., Philosoph-
ical Problems in Logic.
Su, K.; Sattar, A.; Wang, K.; Luo, X.; Governatori, G.; and Pad-
manabhan, V. 2005. The observation-based model for BDI-
agents. In AAAI-05, 190–195.
Su, K.; Yue, W.; Sattar, A.; Orgun, M. A.; and Luo, X. 2006.
Observation-based logic of knowledge, belief, desire and inten-
tion. In Proc. of KSEM-06, 366–378.
van der Hoek, W., and Wooldridge, M. 2003. Towards a logic of
rational agency. L.J. of IGPL 11(2):135–159.
Wooldridge, M., and Lomuscio, A. 2001. A computationally
grounded logic of visibility, perception, and knowledge. Logic
Journal of the IGPL 9(2):273–288.
Wooldridge, M. 2000. Computationally grounded theories of
agency. In Durfee, E., ed., ICMAS-00, 13–22. IEEE Press.

501



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


