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Abstract
Bilaitices, whichhavebeenshownto be very useful in logic programming,
are used here for recovering
consistent data from an inconsistent knowledge-base.Our methodis coaseroative in the sense that it
considers the contradictory data as useless, and regards all the remaininginformationunaffected. This
kind of approachis nonmonotonic
and paraconsistent in nature.

1

Introduction

Oneof the most significant drawbacksof the classical calculus is its inability to deduce nontrivial results
in the presence of an inconsistency. The warranty of drawing any conclusion whatsoever just because of
the existence of a contradiction, is certainly unrealistic. Nevertheless, the classical calculus is still a very
convenient frameworkto work with; adding new mechanismsor connectives to it generally cause a considerable growth in the computational complexity needed to maintain the resulting system. The purpose of
this work, then, is to propose means that would allow drawing conclusions from systems that are based on
classical logic, although the information might becometemporarily inconsistent.
The scenario we think of is the following: Supposethat a given first-order classical knowledge-basehas
becomeinconsistent. For the reason stated above, any attempt to deduce meaningful inferences from this
"polluted" knowledge-base is useless. Our approach solves this "dead-end" by temporarily expanding the
semantics to be multi-valued, and this without changing the knowledge-basesyntacticly.
Howdo we practically recover consistent data from an inconsistent knowledge-basewithout changing it?
The first step, as wehave implied, is to switch into a special mnlti-valued framework.For this, weuse a special algebraic structures called bilattices. BUattices were first proposed by Ginsberg (see [Gi88]) as a basis
for a general frameworkfor manyapplications. This notion was further developedby Fitting ([Fig0a, Fi94]),
whoshowedthat bilattices are most suitable for logic programming([Fi89, Fig0b, Fi91, Fi93]). In bilattices the elements (which are also referred to as "truth values") are simultaneously arranged in two partial
orders: one, _<t, mayintuitively be understood as a measure of the degree of truth that each element represents; the other, _<k, describes (again, intuitively) differences in the amountof knowledge(or information)
that each element exhibits on the assertions that it is supposedto represent.
The next step is to develop a mechanismthat enables paraconsistent inferences. For this, we use an
epistemic entailment proposed in [KL92]as the consequence relation of the logic 1. This relation can be
viewed as a kind of a "closed word assumption", since it considers only the ~most consistent" models
I See[AA94c]
for a detaileddiscussiononthe advantages
of the presentlogicwithrespectto the logic of [KL92]
in pa~icular,
a~dto annotated
logics [Su90,~,Su90b,KS92]in general.
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(rectus) of a given set of assertions. As was shownin [AA94a,AA94b],this relation enjoys someappealing
features, such as being non-monotonic,paraconsistent ([dC74]), and a "plausibility logic" ([Le92]).
By using ~ we are able to: a) discover easily the "core" of the inconsistency in KB, and b) construct
consistent subsets of the knowledge-base(called "support sets"), which are useful meansto override the
contradictions whenfocusing the attention on certain (recoverable) formulae. These support sets are the
candidates to be the "recovered" knowledge-base. The commonfeature shared by each support set is
that it considers somecontradictory information as useless, and regards all the remaining information not
depending on it as unaffected. This kind of approach is called in [Wa94]conservative (skeptical), and it
apparently has not yet been studied in the literature (refer also to [Wa94,p.107]).

2

Preliminary definitions

and notations

In this section we briefly review the notions that will be significant in what follows. For a more detailed
presentation of the following notions, refer to [AA94b].
2.1

Bilattices

Definition 2.1 [Gi88] K bilattice is a structure B = (B, <_t, <_k, "~) such that B is a non empty set contalnlug at least two elements; (B, _<~), (B, ___k) are completelattices; and -~ is a unary operation on B s.t.:
(a) if a<_tbthen "~a>_t’~b,(b) if a<_kbthen ",a<_k’~b,(c) -~-~a-a.
Notation 2.2 Following Fitting, we shall use ^ and V for the meet and join which correspond to _<t, and
@, $ for the meet and join under <_k- He suggested to intuitively understand @and $ as representing the
"consensus" and "accept all" operations, respectively 2. f and t will denote, respectively, the least and the
greatest element w.r.t. _<t, while 2. and 1" - the least and the greatest element w.r.t. _<k. While t and f
mayhave their usual intuitive meaning, .L and T could be thought of as representing no information and
inconsistent knowledge,respectively. Obviously, f, t, 2. and T are all different (see lemma2.3).
Lemma2.3 [Gi88] Let 8 = (B, _<t, _<h, "~) be a bnattice, and suppose that a, bEB.
a) -~(aAb) -,a V-~b; -~( aVb) -- -,a A-b; -,( a®b) = - ~a@-~b; -~(a~Bb) -" "~a(B’,b.
b) -,f=t;
-,t=f;
-2.=£; -~T=T.
Definition 2.4 [AA94a]Let B = (B, <_t, _<k, "~)
a) A bifilter is a nonemptyset ~’CB, s.t: (i)
b) A bifflter ~" is prime, if it also satisfies:

be a bllattice.
r.
aAbESriff aE~ and bE.~, (ll) a@bElritf aE~ and bE~
riff aE~" or bE~’, (ii) a~bESritfaEJr or bE~’.
(i) aVbEY

Given a bilattice B, it maycontain manybifilters. The elements of a bifilter
truth values of B; i.e, they represent formulae that are considered true.

are taken to be designated

Definition 2.5 Given a bilattice B = (B,_<t,_<k,-~). Twonatural candidates for being the set of the
designated values of B are ~Tk(B)={bEB[ b >-k t} and Dt(B)f{bEB [ b >>.t T}.
Lemma2.6 Let B=(B,_<t,_<h,-~) be a bilattice. For every bEB, (b,-,b}C_I~,(B) iff b-T.
Proof: {b,-~b}C2~z(B) ifl’b>_t T and -,b_>z T i~ b_>tT and b_<t-~T-- T itfb--Y. 0
Definition 2.7 [AA94a]A logical bilattice is a pair (B, ~’), whereB is a bilattice, and ~’is a prime bifdter.
Example 2.8 Belnap’s FOUR,Ginsberg’s DEFAULT,
and NINE(figure 1) are all logical bilattices with
3r=Dk(.) =~Dt(.). In case FOU
R andDEFA
ULTther e is n o o the r bifi lter. NINEinduces also another
logical bilattice, in which .~’=Dh(NINE)tJ(of, dT, dr}.
2Theseoperatorswouldnot.playa central role in whatfollows,since wewill be mostinterestedin the Uc]assical~
operators
Aandv. However,
our method
allowsthe usageof these operatorswithoutanyfurther effort, so weshall refer to thenas well.
Arieli
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1: FOUR, NINE, and DEFAULT

The logic

Definition 2.9 Let B be an arbitrary bllattice. The language BI,(B) (Bilattice-based Language over B)
is the standard propositional language over {A, V, -,, ®, ~} enriched with a propositional constant for each
element in B. In what follows we shall fix B, so we shall shorten BL(B)to BL.
Definition 2.10 Let KB be a set of formulae above BL.
a) ,A(KB) denotes the set of the atomic formulae that appear in some formula of KB.
b) £(KB) denotes the set of the literals that appear in some formula of KB.
Definition 2.11
a) A valuation v is a function that assigns a truth value from B to each atomic formul&, and mapevery
constant to its corresponding value in B. Anyvaluation is extended to complexformulas in the standard
way. Weshall sometimes denote ~:bEv (or v = {~:b,...}) instead of v(~)
b) Given(B, ~’), wewill say that v satisfies ~ (~ ~ ~), iff v(~) E ~’.
e) A valuation that satisfies every formula in a given set of formulas, KB, is said to be a model of KB.
The set of the models of/t’B will be denoted mod(KB).
The next notion describes the truth values of B that represent inconsistent beliefs:
Definition 2.12 [AA94a]Let (B, ~’) be a logical bilattice. A subset I of B is an ineonsistenctj set, if it
has the following properties: (a) b E I iff -~b E I, (b) b E ~ f3 1 iff b E ~" and -~b E ~"
Example2.13 Ix = {b [ b E F" ^ -~b E ~’} is the min;mal inconsistency set in every logical bilattice.
I2 = {b I b=-,b} is inconsistency set in FOUR,DEFAULT,and NINEwith ~’=D~(-)
In the following discussion we fix somelogical bilattice (B, ~’) as well as an inconsistency set ~ of it.
l E £(KB) will denote aa arbitrary literal, l - its complementary,and p, q E~4(KB)- atomic formulae.
Notation

2.14 Given a valuation

M on KB. Denote: IneM(KB)={pE~4(KB) I M(p)E~}.

3Noteth&t by (b) of definition 2.12, alw,,ys TEZutd t~Z. Hence,by (I),
*Notethxt -L~ZI,whileJ-EZ2.Indeed,one of the majorconsiderationswhenchoosing"u inconsistencyset, is whether
to includeJ. in Z or not. Although
in everybi]attice -~I-- .I. (see lemma
2.3), J. intuitively rdects no knowledse
whatsoever
&bout
the assertionit represents;
in part~scula~
onemightnotta~esuchassertionsas inconsistent.
16
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Definition 2.15 Let M, N be two models of a finite set of formulae, KB.
a) Mis more consistent than N (M >co~ N), iif IneM(KB) C IneN(KB).
b) Mis a most consistent model of KB(mcm, in short), if there is no other model of KB which is more
consistent than M. The set of all the mcmsof KB will be denoted by con(KB).
c) Mis smaller than N (with respect to <k), M<kN, if for any pE.A(KB), M(p)<:k N(p), and there
qE,4(KB) s.t M(q) <k N(q).
d) Mis a minimal model of KB, if there in no other model of KB which is smaller than M. The set of
all the minimal models of KB will be denoted by min(KB).
Definition 2.16 Let KBbe a finite sets of formulae and ~b - a formula. Let ,5" be any set of valuations.
Wedenote KB ~s ~ if each model of KBwhich is in S, is also a model of ~b.
Someparticularly interesting instances of definition 2.16 are the following: (1) KB~mod(KB)~b if every
model of KB is a model of ~b (abbreviation: KB~ ~b), (2) KB~c~,~(KS) ~b if every mcmof KB is a model
of ~# (abbreviation: KB ~ ~b), and (3) KB ~mi,(l~) ~b if every minimal model of KB is a model of ~b
(abbreviation: KB~min ~b ).
Example 2.17 Let KB = {s, -~s, rl, rl --* -~r2, r2 --~ d} and B = FOURwith ~r= {t, T}. The models
of KB are listed in figure 2 below. It follows that con(KB)={M1,M2,M3}provided that .1. ~Z, while
if 2. E I, con(KB) = {M2, M3}. Also, min(KB) = {M1, Mg}, thus KB ~co,~ "~r2, while KB ~ -~r2 and
KB ~min -~r2.
Model No.
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Figure 2: The models of KB
2.3

The knowledge-bases

Definition 2.18 A formula ~b over BL is an eztended clause, if ~b is a literal,
are extended clauses, or ~ = ~b (~ ~, where ~ and ~ axe extended clauses.

or ~ = ~b V ~, where ~ and

Definition 2.19 A formula~ is said to be normalized, if it has no subformu]a,of the form~bV~b,~bA~b,

or
Lemma
2.20 For every formul~ ~ there is an equivalent normalized formul~ ~ such that for every valuation v, v(~) E~"iff v(~/)
Fromnowon, unless otherwise stated, the knowledge-basesthat we shall consider are finite sets of
normalizedextended-clauses. As the next proposition shows, presenting the formulae in an (normalized)
extended clause form does not reduce the generality:
Proposition 2.21 For every formula ~ over BLthere is a set S of normalized extended clauses such that
for every valuation M, M~ ~ iff M~ S.
Proof: By an induction on the structure of the negation normalform of ~. r~
Lemma
2.22 Let ~ be an extended clause over BL, li (i = 1... n) it s li terals, an d v - a valuation on
A(~b). Then~b iff there is l<_i<_n s.t. v~li.
Proof: By an induction on the structure of @. r~
Arieli
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3

Classification

of the atomic formulae

The first step to recover inconsistent situations is to identify the atomic formulae that are involved in the
conflicts. In order to do so, we divide the atomic formulae that appear in the clauses of the knowledge-base
into four subsets as follows:
Definition 3.1 Let KB be a set of formulae, and lE£(KB).
a) IfKB~oo~l and KB~nl, then I is said to be spoiled.
b) If KB~conland KBV%onl,then I is said to be recoverable.
c) If KB~=conI and KB~conl, then I is said to be damaged,s
Example3.2 In example 2.17, s is spoiled, rl and -~r~ are recoverable, and d is damaged.
3.1

The spoiled

literals

Wetreat first those literals that form, as their namesuggests, the ~core" of the inconsistency in KB.As
the following theorem suggests, those literals axe very easy to detect:
Theorem3.3 Let KBbe a knowledge-base, and i E£(KB). The following conditions are equivalent:
(a) I is a spoiled literal of KB. (b) M(l) E ¯ n for ev ery model M ofKB.(c) M~(l) E :~ n for ever y
mcm M’ of KB. (d) {/, ~ C_ KB.
Proof: The only nontrivial transition in the sequence (a) ~ (c) ~ (d) --* (b) --, (a) is (c) ~
that for every mcmM~ of KB, M~(l)E:r f3~. Since KB is finite, then for every model of KBthere is an
mcmof KB which is more consistent or equal to it. Hence I is assigned some inconsistent truth value in
every model of KB. Assumethat l E {p, -,p} for some p E .A(KB), and consider the following valuations:
ut = {q:T ] qE.A(/~’B), q ~ p} U {p:t}, u! = {q:T I qE.A(/~’B), q ~ p} U {p:f}. Since ut is not a model
of KB(because p has a consistent value under ut),"~p E KB (otherwise, every formula ¢ E KBcontains a
literal ! ~ s.t. ut(/~) ", and sout ~Oby lemma 2.22). S|m ilarly, sin ce u! is nota model ofKB, pEKB
. rl
Corollary 3.4 If ~’-:Dt(B) then every model of KBassigns T to every spoiled literal.
Proof: Immediatefrom (d) of theorem 3.3, since {b, -~b} E 7~t(8) iff b- T (see ]~nms2.6). rl
3.2

The recoverable

literals

and their

support

sets

The recoverable literals are those that maybe viewedas the "robust~ part of a given inconsistent knowledgebase, since all the mcms"agree" on their validity. As weshall see, each recoverable literal ! can be associated
with a consistent subset, which preserves the information about I.
Definition 3.5 Let KB be a finite set of normalized extended clause in BL.
a) A model Mof KB is consistent if it assigns a consistent value to every atom that appears in ~4(KB).
b) KBis consistent if it has a consistent model.
c) A subset KB~ (7. KBis consistent in KBif KB~ is a consistent set, and (at least) one of its consistent
models is expandable to a (not necessarily consistent) model of KB.
Example 3.6 KB~ = {q} is a consistent set, which is not consistent in KB= {q,-~q}, since there is no
consistent model of/l’B ~ that is expandable to a model of KB.
Definition 3.T A set of normalized extended clauses aS(l) is support set of I ( or: SS(l) supports l), if
SS(l) satisfies the following conditions: (a) aS(I) C_ I~B ; SS(l) notempty, (b) SS(l) is c onsistent in/{
(c) S,.q(l) ]=,.. 1 and S,.q(l)
SAs noted before, these notions (but not the context) are taken from [KL92].
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Definition 3.8 If SS(I) supports l, and there is no support set SS’(I) s.t. SS(l) C SSf(l), then SS(I) is said
to be a mazimal support set of l, or recovered subset of KB. A knowledge-basethat has a recovered subset
is called recoverable.
Example3.9 Consider again the example given in 2.17 and 3.2: KB = {s, -~s, rx, rl --, -~r~, r2 -, d}.
Here KBis a recoverable knowledge-base,since S = {rx, rx --* -~r2, r2 --* d} is a maximalsupport set of
both rl and ~r2. Note that S does not support d, since S [~co,, d.
Theorem3.10 Every recoverable literai haa a support set.
Outline of proof: Without loss of generality, suppose that l = p, where p E.A(KB) is recoverable. Let M
be an mcmof KB, s.t. M(p) E ~’\~. Suppose that {rl, r2,..., r,~} are the membersof.A(KB) \ IncM(KB).
Define: SS’(p)= {@EKB
[ .A(@)C_{ri}~=z}. This SS’(p) is a support set for p. G
Theorem8.11 If I is a recoverable literal in KB, then no subset of KB supports I.
Proof: Without a loss of generality, suppose that l = p, and assume that SS~(p) is support se t fo r -~ p.
SS’(p) has a consistent model, M’, which is expandable to a model Mof KB. Mpreserves the valuations
of M’ on .A( SS’(p) so in particular M(q) = M’( q) ~2~for every q E. A(SS’(p)). Let N beanmcm
KBs.t.
.N >_conM(such an N exists since KBis finite). Since N >-con Mthen still 2V(q)~2~for every qE.A(SS’(p)).
Also, N is an mcmof KB and p is a recoverable atom of KB, hence N(p) E ~’. Let N’ be the reduction
of N to SS’(p). Since ~ is i dentical t o Non.A(SS’(p) ), and since N is a mod
elof KB,then: ( a) N’ is a
model of SS’(p), (b) N’(q)~2" for every qE,4(SS’(p)), and (c) N’(p)E~. Form(a) and (b), then,
consistent model of SS’(p), and so from (c), N’(-,p)~’. Thus SS’(p)~eo,, ",p; a contradiction.
Preposition 8.12 Let I be a literal s.t. KB~conl.! is recoverable if it has a support set.
Proof: The "only if" part was proved in theorem 3.10. For the "if" direction note that since l has a
support set, it cannot be spoiled, l cannot be damagedeither, since KB ~eon l. This is also the reason
whyI cannot be recoverable. The only possibility left, then, is that I is recoverable. 13
Corollary 8.13 Every literal I such that {/} C KBand (l} ~ KBis recoverable e.
Proof: It is easy to see that if {/-} ~ KBthen SS(I) = {1} is a support set of i (not necessarily maslmal).
Since SS(l)~l and ~ is monotonic, then I~B~l as well, and so KB~l. By 3.12, I is recoverable. 13
Another reflnment of proposition 3.12 is the following: For KB~ C KB denote by con(KB) ~ KB’ the
reductions of the mcmsof KB to the language of KB~. Then:
Proposition $.14 I is & recoverable literal if it has & support set S$(l) s.t. $8(1) ~eo~IcB)iss(O
Proof: If I is recoverable, then by theorem3.10 it must have a support set ,qS(l). Also, since ! is recoverable,
it is assigned a designated truth value by every mcm.These values are kept when reducing the mcmsto
the language of $5(l), hence ,%q(l) ~n(/~)iss(0 I. For the converse, it is easy to verify that I cannot
either spoiled or damaged, and that l cannot be recoverable. 13
Whena recoverable literal has several support sets it seemsreasonable to prefer those that are maximal
(w.r.t. containment relation). Wenext consider such sets:
Definition 8.15 Let I be a recoverable literal in KB, and M- an mcmof KBsuch that M(l) E .~" \
The support set of ! that is a~ociated with M is: SSM(I) = {¢ E KB [ A(¢) f3/neM(KB)=
eTheconverseof corollary3.13is, of course, not true. Consider,e.g. KB= {pv",p, p--* q, ",p.-* f}: f is recover,~ble
although(q}~lfB. Moreovez.
this knowledge-base
contains&recoverableliteral althoughthere is no I E £(KB)~t. (!} C_
7Thisis indeed&supportset of l. Seethe proofof theorem3.10.
Arieli
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Proposition 3.16 Every maximal support sets of a recoverable literal

I is associated with some mcmM

of KBs.t. M(O
Proof: Suppose that 5S’(1) is an arbitrary support set of I. Let N’ be a consistent model of SS’(1), and
N - its expansion to the whole KB. Consider any mcmMthat satisfies N _<oo,z M. Since A(SS’(I))
.A(KB)\IncN(KB) C_ .A(KB)\IncM(KB), then each formula ~b E SS’(I) consists only of iiterals that are
assigned consistent truth values under M. Hence SS’(l)C_ SSM(I). rl
Corollary 3.17 A knowledge-baseis recoverable iff it has a recoverable literal.
Proof: By definition 3.8, a recoverable knowledge-base KB must have a maximal support set, and by
proposition 3.16, such a set is of the form SSM(/), where I is a recoverable literal of KB. The converse
direction: let I be a recoverable literal of KB. Wehave shown that there is an mcmMof KB such that
55M(I) is a support set of I. By the proof of proposition 3.16 this support set is contained in somemaximal
support set of I, and so KBis a recoverable, ra
3.3

The damaged

Uterals

The last class of literais according to the ~co,~-categorization consists of those literals that a consistent
truth value cannot be reliably attached to them (at teast, not according to the most consistent models of
the knowledge-base). The following theorem strengthens this intuition:
Theorem3.18 I is damagediff there exist mcmsMz and M2s.t. Mz(/) -- f and M2(l) =
Proof: "If": follows directly from the definition of d~magedliterais. For the converse, suppose that p is
the atomic part of |. Since [ is damagediff p is damaged,it suffices to prove the claim for p. Now,p is
damaged, thus there are mcmsNz and N2 s.t. Nz(p) g[~r and N2(’,p) ~r. Suppose that Mz is a valuation
that assigns / to p and is equal to Nz for all the other membersof A(KB). Similarly, suppose that M2
assigns t to p and is equal to N2 otherwise. Since N1 and N2 are mcmsof KB, so are Mzand M2.13
Weconclude this subsection with some observations related to damagedliterals:
The existence of a support set for a damagedliteral is not assured. For instance, the damagedliteral
d of example3.9 is a memberof a support set (S). Still, no support set of KBsupports
Even if there are support sets for a damagedliteral, there can be other subsets that support its
negation: For example, in KB = {p, -~pVq, r, -~rV-~q} where B = FOUR,q is damaged. It has a
support set: SS(q)={p, -,pVq}, but there is a support set for -~q as well: SS(-~q)={r, -~rV-~q}.
Consider KB = {pVq, -~pV-~q}. Here both p and q are damagedalthough/l’B is a consistent set.
Intuitively, this is so because there is not enoughdata in A’Babout either p or q. In particular, a
literal can be damagednot just because of ~over" information, but because of a lack of data as well.
In both cases, however, its truth value cannot be recovered safely.

4

The minimal

mcms of KB

In this section we showthat if one is interested only in recovering an inconsistent knowledge-base(that is,
discovering the spoiled, damaged,and recoverable literais of KB,as well as the support sets of the latters),
then it is sufficient to consider only the <_k-mlnlmalmodels of the most consistent modek(m|n~m~ mcms,
in short). The set of the minimal mcmsof KBwill be denoted by fI(KB), or just
Abstractly, we can view the construction of ~ as a composition of the two consequencerelations "~con"
and "~m~=’. First, we confine ourselves to the mcmsof KBby using ~co~, then we mlnlmieJe the valuations
that we have got by using ~,nin- This process is a special case of what is called ~stratification" in [BS88].
20
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Lemma4.1 Let KBbe a finite set of normalized extended clauses. For every mcmMof KBthere is ~n
N E fI(KB) s.t. N <&M and IneN(KB) IneM(KB).
Proof: Let ME mcm(KB)and N E ~(KB) s.t. N _<k M. Suppose also that IncN(KB) #IncM(KB). Since
M, N E mcms(KB),there axe ql, qa E.A(KB) s.t. ql InCN(KB)\IncM(KB) an
d q2E I neM(KB)\Inc~(KB).
Assume that N(ql) E ~’. Since N(ql) E :~ then N(-ql) E .~" as well. Thus M(ql) >1, N(ql) E ~" and
M(-ql) >k N(-ql) E ~’, M(ql) E 2: - a contradiction. Henc e N(ql ) ~ ~’ . S~milarly, N(-q l) ~ ~’ .
consider the valuation N’ that assigns t to ql, and is equal to Non every other pE A(KB). It is easy to verify
that for ~p E KB, N’(~b) E ~" whenever N(~p) E ~’, thus N’ E mod(KB). But IncN(KB) = IncN,(KB) U {ql},
therefore N’>~nN, and so 3[ ~.mcm(KB). In paxticulax N~.fl(KB) - a contradiction. []
Proposition 4.2 Let KB be a finite set of extended clauses in BL. Then:
a) I is spoiled literal in KBifffor every model MES](KB),M(I)E3~ and M(I~EJ:.
¯ b) I is recoverable ifffor every MEfl(KB), M(I)E.~’, and there is NE~(KB)s.t. N(I)E.~’\~-.
e) I is damagedliteral in KBiff there axe M1, M2E fl(KB) s.t. Ml(l)~..~ and M2(l)~.~’.
Proof: Weshow only part (b); the proofs of the other parts axe s~milar. Suppose that for every ME
M(l) E ~’. Since ~ is npwaxdsclosed w.r.t. <~, this is true for every mcmM~, hence KB [=~,~ 1. Since
there is aa N E [I s.t. N(1) E .~" \ :r, then N(1) ~ ~’, and so KB~conl, thus I is recoverable. The other
direction: since I is recoverable, it is assigned a designated truth value in every mcmof KB, in paxticnlax
it is designated in every minimal mcm.Also, there must be an mcmN s.t. N(1)E ~ \ ¯ (otherwise l is
spo;.led). By lemma4.1 there is an N’EI’~ s.t. N’(1)~ as well. Therefore N’(1)E.F\7..
Another result is a chaxacterisatlon of the maximalsupport sets in terms of minimalmcms(cf. 3.16):
Proposition 4.3 Every maximal support set of a recoverable literal
mcmME ft s.t. M(l) ~.~.
Proof: Follows easily from proposition 3.16 and lemma4.1. []

5

Extensions to first-order

! is associated with some minimal

logic

It is possible to directly expand the present discussion to any first-order knowledge-basesprovided that:
(a) there are no quantifiers within the clauses; each extended clause that contains vaxiables is considered
universally quantified, and (b) no function symbolsare allowed. Consequently, a knowledge-basecontaining
non-groundedformula, ~b, will be viewed as representing the corresponding set of ground formnlae formed
by substituting each variable that appears in ~p with every possible memberof the Herbrand universe, U.
Since we have not allowed the appearance of function symbols, and since we deal with finite knowledgebases, U must be finite as well. Formally: KB~ = {p(~b) [ ~p KB
, p : var(,p) -- , U} where p i s ground
substitution from the variables of every ~b ~ KBto the individuals of Herbrand universe U.

6

Examples and discussion

In what follows we consider two benchmark problems which axe given in [Li88]. The illustrations
axe
considered in B = FOUR
with ~ = { T }. As it is shownbelow, our system managesto keep the results very
close to those suggested in [Li88].
Consider the following block world knowledge-base:
KB1 = {heavy(A), hea~y(B), -on_table(A), -red(B), heavy(z) --. on_table(z), heavy(z)
The minimal mcmsof KB1are given in figure 3 s. Their associated support sets are listed below:
S/(B1 has 16 meres. Weomit the other 12, which are not <b-minimal.

Arieli

21

From: Proceedings, Fourth Bar Ilan Symposium on Foundations of Artificial Intelligence. Copyright © 1995, AAAI (www.aaai.org). All rights reserved.
mcm

Mla
Mlb
Mlc
Mld

heavy(A)
t
t
T
T

heavy(B)
t
T
t
T

red(A)
t
t
.l.
±

red(B)
T

/

on_table(A)
T
T

T

f
/

/

on_table(B)
t
l
t
l

Figure 3: The minimal mcmsof KB1
KBla - {heavy(A), heavy(B), heavy(A) --* red(A), heavy(B) -* on_the_table(B)}
gB lb -- {heavy(A), -,red(B), heavy(A) --* red(A)}
KBle = {-,on_the_table(A), heavy(B), heavy(B) ---, on_the_table(B))

Kind={ -on_the_table(
A ), -red(B)} 9
KBla seems to be the preferable support sets according to manycriteria: It is the largest set, it supports
more literais than any other support set, and it contains maximalinformation in the sense of [Lo94] 10
KBla implies that on.the_table(B) and red(A). These are also the conclusions in [Li88, problem A3].
For another example of the block world, consider the following knowledge-base:
KB2- {heavy(A), heavy(B), heavy(C), heavy(x)--, on_table(z), -~on_table(A)y-~on.Jable(B)}
Note that the last assertion in KB2states that there is an unknownexception in the information. The
mcmsof KB2are given in figure 4.
mcm
A~2a

M2b
M2e
M2d

heavy(A)
T
t
t
t

heavy(B)heavy(C)on_table(
t
t
/
T
t
t

t
t
t

on_table(B)
t

I

t
T
t

t
T

on_table(C}
t
t
t
t

Figure 4: The (minimal) mcmsof KB2
Hence, heavy(X) for X = A, B, C and on_table(C) are all recoverable, while on_table(A) and on_table(B)
are damaged. The support sets of KB2are listed bellow:
{heavy(B),
{heavy(A),
{heavy(A),
{heavy(A),

heavy(C), heavy(B) --* on_table(B),
heaw( C), heavy(A) --, on_table(A),
heavy(B), heavy(C), heavy(B)--,
heavy(B), heavy(C), heavy(A) --,

heavy(C) --. on_table(C), -on_table( A ) V-~on_table(
heavy(C) --, on_table(C), -~on_table( A) V -on-table(
on_table(B), heavy(C)--,
on_table(A), heavy(C) --,

Note that every recovered knowledge-basepreserves the intuitive conclusions of KB2, i.e.: (a) block C
on the table, and (b) either block A or block B is on the table, but there is no evidence that both are
the table. Again, these conclusions are similar to those of [Li88].
Due to the lack of space we have not considered here all the benchmarksof [Li88]. Weconfined ourselves
to two representative examples of category A (default reasoning). However,the reader might want to check
that manyother test criteria mentioned there are met in our system. Most notable are the inheritance
features, and the autoepistemic characterizations.
9The "conservative"
nature of the system is emphasized here: each solution
contradictory,
and leaves all the other data unchanged.
X°See [AA94c] for a detailed discussion of methods for choosing the preferred
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