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Abstract

Jean-Yves Béziau (Classical Negation can be expressed by
One of its Halves) (Béziau 1999) has given an example of a
phenomenon that people consider as translation paradox. We
elaborate on Béziau’s case, which concerns classical negation
to the half of classical negation, as well as giving some rela-
tive background to this discussion. The translation in question
turns out, not to deliver the new results but instead in the in-
terests of illustrating the development of logic translation that
widely discussed in various modern applications to computer
science.

Introduction

The immediate stimulus for this chapter came from some
ambiguous concepts found in the analysis about the con-
cept of the sub-logic. In some relative discussions about
the conceptual analysis of translation paradox where people
found the following situation paradoxical with an assump-
tion of stronger-weaker distinction about the strength of log-
ics by weakening the condition of some logical constant on
purpose: given two logics, one is weaker than the other in
the sense of proving everything the former proves, while at
the same time the stronger logic can be translatable to the
weaker one (Beziau 1999) (Humberstone 2006) (Humber-
stone 2005) (Mossakowski 2009) (Priest 2008).

We present two logics one is the classical logic Lcjassical
with the well-known semantic conditions for implication
and negation, the other is £¢jqssicar/2 Which is a logic with
classical implication but with only the half part semantic
conditions of classical negation: given any truth-assignment
such that if ¢ is 1, then —¢ is 0. We demonstrate transla-
tion paradox in Béziau’s case and exploit it to discuss the
historical development of the translation of logics between
classical logic and intuitionistic logic. Historically speak-
ing, we see intuitionistic logic firstly appears as a sublogic
of classical logic. By intuition, it means intuitionistic logic,
which is a sub-logic should be weaker than classical logic.
However, as we will see that CPL can be translated into IPL
but not vice versa, in this way, it indicates that IPL is, in a
sense, stronger than CPL. It seems to be that the meaning
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of sublogic and that of the strength of logics are not clear
enough.

Many papers about the negative translation from classical
to intuitionistic logic have been written, since the proposal of
Godel-Gentzen negative translation. Over the last seven-
ties years, there have been various discussions on this logic
translation, moreover some general concept of logic transla-
tion has been discussed that should be pertained to the area
of abstract model theory (Mossakowski 2009). However, the
focus of this chapter is on the survey and systematic the de-
velopment of logic translation begun from 1930 with respect
to the study of general logic originated from Alfred Tarski in
history. Thus, we would like to relate it to the discussion be-
tween Universal Logic project and the fundamental concepts
about the deviance of logics.

From Sub-logic to Logic Translation

Studies about logic translation could be traced back to (Kol-
mogorov 1925) (Glivenko 1929) (Gentzen 1933) (Godel
(1933). In this chapter, the discussion on Béziau’s case of
the translation paradox provides an easier way for peo-
ple to understand how it is possible for people to consider
a more general and abstract logic by the bivaluation ap-
proach. Moreover, it makes us realize the contents of what
logic translation is caring about, especially from the abstract
logical points of view. Logic translation is a relatively new
realm in logical society. Not only some new logical results
are generated, but the old results and concepts are also re-
examined by these translation methods in recent years. For
example, “proof methods” used in the “decidability prob-
lem”, originally raised in (Rabin 1965); “Translation of su-
perintuitionistic logics into normal extensions of S4” (Gab-
bay 2005)and “accomplishing belief revision with AGM
postulates by translation” (Gabbay 1999).

Translation Paradox

Recalling the definitions shown in (Béziau 1999): an arbi-
trary logical structure £ = (S,F,) and the bivaluation,
which is a set of functions BIV from the set of formulas
into the set {0, 1}.

The IOgiC ['Classical = <S»_>7_‘7 ):Classical> with its
bivaluation BIV ¢4ssicqi means the classical propositional
logic (CPL) with classical implication — and classical



negation —. The well-known two classical semantic condi-
tions for implication and negation are as follows:

B8 € BIV(¢igssicar iff given any two formulas ¢, v
€ S the following two conditions hold: 1. (¢ — ) = 0
iff B(¢) = 1and B(zp) = 0; 2. B(p) = Liff B(—p) = 0.

Other classical connectives could be defined by
implication and negation in Lcjgssica; and then
define the whole CPL. We consider the logic
EClassical/2 = <S’7[>a®7 ’:Classical/2> with its bival-
uation BIV ¢y4ssicat/2 as follows:

a. S’ is a set of formulas constructed by one binary connec-
tive > and one unary connective ©.

b. 8 € BIV ciassical/2 iff given any two formulas ¢, ¢ € S’
the following two conditions hold:

(1) Ble>) =0iff 5(¢) = 1and B(x)) =0
() B(g) = 1 implies () = 0

c. T }:Classical/2 ¥ iff for every B € BIVClassical/Q, if
B(a) =1, forevery a € T, then B(p) = 1.

Lciassicaly2 18 a weaker classical propositional logic
(CPL) with classical implication > and “half classical
negation” ©. Note here that “half classical negation” means
we take only the following “half” condition: if S(«) = 1,
then B(O«) 0 instead of the condition for classical
negation: 8(«) = 1 if and only if S(O«a) = 0.

Let us say that two formulas ¢ and v, ¢ is logical
equivalent to 1/} in £Classical/2 iff ¥ |:Classical/2 77[] and
¢ |:Classical/2 ®.

Lemma 1. In Lcyassical/2, for any formula o, ), ¢,

(1) o> (¢ 1> @) is logically equivalent to 1 1> (¢ > ).
(2) O(pr> (P> ¢)) is not logically equivalent to O (1) 1> (¢ >
9))-

In the following, we define some necessary concepts we
will use in the discussion of Béziau’s translation paradox.

Definition 2. A function f : X — Y is injective (one-to-
one) if for any z,y € X, f(z) = f(y) implies z = y. A
function f : X — Y is surjective (onto) if for any y € Y/,
there is a x € X such that y = f(x). A function is bijective
(one-to-one and onto) if and only if it is both injective and
surjective.

Take f as an bijection between the atomic formulas
of A and the atomic formulas of B. Given two algebras
absolute free algebras (A,>,0) and (B,—,—), there
is an unique extension g of f which is an isomorphism
upto g between these two absolute free algebras, i.e.,
gla>b) = gla) — g(b) and g(©a) = —(g(a)), such that

|:Classz'cal/2 ¥ 1mphes g(T) ':Classical g(@) Here g is
called as a language-isomorphism.

Consider an atomic formula @ and the bivaluation
B € BIV, in ‘CClassical/Qv B(G) = 0, B(@a) =0
and B(p) = 0, where ¢ = ((©a > a) > a) such that

Classical/2 - By the language-isomorphism, we get
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a tautology (—ma — a) — a in Loygssicals such that
!:Classical 9(90) HCHCC, Q(T) ':C'lassical g(@) does not
lmply T |:Classical/2 P-

Here, we call the logic Lcgssicar/2 is strictly included,
up to language-isomorphism, in the logic Lciqssicqr in the
sense of the relation E=cyqssical /2 is strictly included in the
relation |=cyqssical- In this way, here is such a voice (Béziau
1999):

“[...] it seems that we can say that the logic
Lciassicaly2 18 strictly weaker than the logic
Lciassical - One might want to interpret this fact say-
ing that L:Classical/Q isa proper SuthgiC of 'CClassical
[...]”

Apart from the presentations of these two logics, it is the
attempt to interpret the fact that the Loiqssicar/2 1s strictly
weaker than the logic Lo4ssical @s the former is the proper
sub-logic of the latter to make the paradoxical situation
via the understanding of the contained-relation of deductive
sense to sub-logic.

The Translation Relation

As a prelude to study Béziau’s translation paradox, we set up
the general idea of translation between logics, as well as dis-
cussing the historical perspective adapting to the translation
between classical logic and intuitionistic logic.

Definition 3. Given two logics K1 and K5, consider a func-
tion ® from A to A’, ®(X) is a translation of signature X
from K to K5, ax is a sentence translation function from
the X-sentence to ®(3)-sentences, and + is a model transla-
tion function from /;-models to K5-models, such that the
My 2 a(pq) if and only if v(Ma2) 1 @1 holds for any
o1 € Aand any M, € Ky-model.

One can say that the translation from Lcigssicai tO
Ltassical)2 as follows:

The logic Lciassical = <S, T ':> and £Classical/2 =
(8',>,0, F1/2) have sets ¥ and X' of propositional
symbols as signatures, respectively. Lcoiqssicar-S€Ntences
are built from X with the propositional connectives — and
—, and L¢iassical/2-Sentences are built from 3 with the
propositional connectives © and >. Take the function ®
from X to ' as the translation of signature, and the function
p as the translation of sentences from L¢yqssicqi-S€Ntences
10 Loiassical j2-s€ntences as follows:

1. p(p) = p, for any atomic formula p

2. pp = q) = p(p) > plq)

3. p(=p) = p(p) > ©p(p):

such that the models translation ~ along the &
make the following holds: for any ¢ € S and any
M1/2 € ﬁClassical/?'mOdel, M1/2 ':Classicall/g ,0(80) if
and 0111}’ 1f7(M1/2) |:Classical ®.

We can not get a similar translation from Loigssical/2
10 Loiassical- The sentences of Leygssicar/2 are the same as
in Leojassical DUt the models are valuations of all sentences



that respect the truth-table semantics of the implication
> and the negation ©, which is only with the half of the
condition in Lcygssicat /2

e o> =1ifandonlyifp =0o0r¢y =1
o Op=0,ifp=1.

(Béziau’s Translation Paradox) Following up the previ-
ous discussions that =cassical /2 18 strictly included (up
to language-isomorphism g¢) in the relation Fcigssicar- It
might imply that Lojgssicars2 18 strictly weaker (up to
language-isomorphism ¢) than Lcygssica;- Here, the im-
mediate connection to the idea of translation is perhaps
given that Leygssicar 1S thought of as translatable to
Lciassical/2 (but not vice versa). Thus, for two logics
Lciassical a4 Lcigssical/2> the situation becomes  that
Lciassicat/2 18 strictly included into Loiassicar that sug-
gests the Loiassical /2 18 strictly weaker than Loiassical> but
Lciassical 18 translatable into £cojqssicar/2- In other words,
while Lciassicar “specify a copy” of the Lcjassicai/2s
Lciassical/2 should be at least strong as Lciassical- The
Lciassical 18 @ “sub-logic” of the Lcyassicar/2 1n the sense
of translatable.

The so-called Béziau’s translation paradox (Humber-
stone 2005) is actually originated from a quite similar sit-
uation that already discussed about the development of in-
tuitionistic logic. “ [...] If an inference is intuitionistically
valid, it is therefore classically valid (when — and J are
replaced with = and D, respectively). The converse is not
true, as we shall see. Hence, intuitionist logic is a sub-logic
of classical logic [...] This is not true of intuitionist math-
ematics in general. Intuitionist mathematics endorses some
mathematical principles which are not endorsed in classical
mathematics; in fact, they are inconsistent classically. But
because intuitionist logic is weaker than classical logic, the
principles are intuitionistically consistent. For the record, it
is worth noting that there is a certain way of seeing classical
logic as a part of intuitionist logic too [...]” (Priest 2008)

It is this “in a certain way” that makes the phenomenon
philosophically arguable, say, a weaker logic is a “sub-logic”
of a stronger logic but the latter is “contained” in the former
that suggests the former one is at least as strong as the latter.

The Development of Logic Translation with
Abstract Logic

In order to understand this logic translation better, let us dis-
cuss it in a bit more detail. An abstract logical perspective
will run between different ideas of translation, ranging from
the “rough” to the “rigorous”. Béziau’s statement is a very
specific case to provide us an approach to exam the relation-
ship between the classical logic and intuitionistic logic in an
abstract logical point of view. For example, we even do not
have to know much about what the statement of Glivenko’s
theorem is and what principles intuitionistic logic endorses
or not. We only need to own basic knowledge about some
sort version of classical propositional logic.
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Consequence Relations and Logic Translation

Most ideas about logic translation in literature were founded
on the discussion of Tarskian logic. Some backgrounds
about Tarskian logic have been mentioned in the previ-
ous chapter, we further offer some definitions to gain a
deeper understanding of logic translation. First, we consid-
ered a consequence relation - to define a logical structure
L = (F,F). Second, we consider a consequence operator
Cn to define a logical structure £ = (F,Cn). The idea of
logic translation, in this way, can be traced back to different
sources by these two conceptions of logical structure.

Recalling the conception of Tarskian logic, an arbitrary
logical structure is said Tarskian when it obeys the reflexiv-
ity, monotonicity, and cut. Now, we explore various ideas on
translation.

Definition 4. (Rough Translation) A franslation from one
logic £ into logic Lo is defined as mapping: f : L1 — Lo,
that is to map the set of formulas in £; to the set of formulas
in Lo, such that for any formula , if ¢ is a theorem of L1,
then f(p) is a theorem of Ls.

Definition 5. (Revised Rough Translation (i)) Follow
Rough Translation with a stronger condition:

(a) For any formula ¢, ¢ is a theorem of Ly iff f(v)
is a theorem of L.

Definition 6. (Revised Rough Translation (ii)) Follow
Rough Translation with another stronger condition:

(b) For any set of formulas I', formula ¢, if I' k-, ¢
then f(T') bz, f(p)-

Definition 7. (Conservative Translation) Follow Revised
Rough Translation (ii) with a stronger condition than (b):

(c) For any set of formulas I', formula ¢, I' ., ¢ iff
f@) Fey fle)

The more noteworthy idea on translation is schematic
mapping. Schematic mapping relies on homomorphism
among formal languages, and involves some diagrammatic
representation of the structures of language expressions.
Here, “some” preserved diagrammatic representations are in
the sense of algebraic, which is in tune with Tarski’s par-
adise.

Definition 8. (Schematic Translation) Let two formal lan-
guages Ly and Lo with only unary é# and binary connectives
IT be given. If for any atomic formulae ag, a1, ...,a,, - €
L4, there are schemata of formulae A, Bg, Ct1 € Lo such
that the mapping r : L; — Lo satisfies the following condi-
tions, then r is a schematic mapping.

(1) r(a) = A(a), for every atomic formula a € Ly,
(2) r(#dyp) = Ba(r(y)), for every unary connective # and

formula ¢ of L4,

(3) r(Il(p, ) = Cu(r(e),r(¢))), for every binary connec-

tive IT and formula ¢, ¥ of L.

Definition 4-7 with schematic mapping are schematic trans-
lation.



The Systematic Discussions of Logic Translation

As mentioned in the introduction, in the development of
logic translation and abstract logic, three systematic discus-
sions arise: firstly, the Prawitz and Malmnés in th article
of A survey of some connections between classical, intu-
itionistic and minimal logic (Prawitz and Malmnis 1968),
notably as the primary systematic discussion in literature,
had the the definition of the term “translation” in the gen-
eral level. Secondly, the Ryszard Wéjcicki’s discussions that
adopt the abstract logical perspective fashioned in the Pol-
ish school (Wéjcicki 1988). Thirdly, the Richard Epstein’s
discussions on the translations between propositional log-
ics (Epstein 1990) and the translation within predicate logic
(Epstein 2006). These systematic discussions and integra-
tions relied on some given original materials about transla-
tion, such as (Kolmogorov, 1925) (Glivenko 1929) (Godel
1933) (Gentzen 1933), and (Bloom, Brown and Suszko
1973). Moreover, we will bring forward two lines that the
concepts of logic translation have been written in many dif-
ferent materials in literature.

History: 1968 — 1933 — 1929 — 1925 The first system-
atic definition of the term “translation” has been discussed
in (Prawitz and Malmnis, 1968) as follows:

(i) Consider two logical systems Sp, S, an interpretation’
from S; to Ss is a mapping ¢ from formulas of S7 to So

in a perfectly general manner (IV, § 2).” (Kolmogorov
1925), pp. 414-415.

Note here that we provide Hao Wang’s introduction before
the English translation of this article; however, in the trans-
lation, we replace the outdated terms with the modern terms.

(Kolmogorov, 1925) For H (Hilbert’s formal system of
classical propositional logic) and B (Brouwer’s formal sys-
tem of intuitionistic propositional logic), there is a trans-
lation * from # to B such that for any atomic formula p
there is a correspondent formula (p)* which expresses the
double negation of p, denoted as ——p and formulas (—¢p)*,
(¢ — )* are defined as —=—(—p*), = (p* — ¥™*), respec-
tively.

Theorem 9. [fT" = {T'y,..., T} is a set of axioms in H
and T* = {T'5,... Tk}, then for any formula o, T' 3, ¢
implies I'* Fp ©*.

Theorem 10. (Glivenko’s Theorem, 1929) (Glivenko’s
translation) An arbitrary propositional formula ¢ is a theo-
rem of the classical propositional logic, i.e. classically prov-
able if and only if == is a theorem of the intuitionistic
propositional logic, i.e. intuitionistically provable.

(Godel, 1933) For a system of classical propositional logic
A, and a system of intuitionistic propositional logic ', the
translation x from A to H' is defined as follows:

such that for any formula ¢, g, ¢ iff g, t(¢).

(ii) For each set I' U {¢} of formulas in S;, ' Fg, ¢ iff
t(T') kg, t(¢) where ¢(T") is the set of replacing all el-
ements ¢ of I by ¢(1).

The idea in (i) is the same as the revised rough translation
(i) (Definition 5). With regard to (i), we can say that S is
intepretable into So, and also that Sy is interpretable into

(1) ©* =g ¢

2) (=¢)* =ar ¢

B) (P ANY)* =g " N

@ (V) =g ~(-¢* A=)

(5) (¢ = V)" =g —(¢* A "), for every atomic formula

So with respect to derivability. Note here that (ii) does not
coincide with the conservative translation (Definition 7)
that always been studied later in literature. As Mossakowski
et al. stated: “Prawitz and Malmnis also use a more permis-
sive notion of conservative translation where the equivalence
is only required for T' = (" (Mossakowski 2009). Prawitz
and Malmnis also describe the idea of schematically inter-
pretable as we mentioned in Definition 8.

These works shown by (Prawitz and Malmnis 1968) is
actually the first survey paper on other original materials
in literature on translation, including (Kolmogorov 1925)
(Glivenko 1929) (Godel 1933), and (Gentzen 1933). We pro-
vide the gist of these papers without delving into the details,
after which, we proceed with our main discussion. These
earlier papers focused mainly on the problem of consistency
and the relation between classical logic and intuitionistic
logic. To begin with, let us examine Kolmogorov’s idea on
translation reflected in the following quotation:

“The main purpose of this paper is to prove that
classical mathematics is translatable into intuitionis-
tic mathematics. For this purpose, with each formula
& of mathematics there is associated a translation &*

'Specially, they used the term “interpretation”, whereas we
used the term “translation”.

©, 1
Theorem 11. 4 @ implies b4y ©*.
(Gentzen, 1933) For a system of classical propositional

logic A, a system of intuitionistic propositional logic Z, the
translation 4 from A to Z is defined as follows:

(1) o* =g =

2) (~p)* =45 ~p*

3 (pAY)* =i * Np*

@) (pV)* =g ~(—p* A —*)
(57) (o= 9)* =45 p* = *
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Theorem 12. T' 4 o if and only if T'* 1 o*.

Remark 13. Both Kolmogorov and Godel’s ideas on trans-
lation are special cases of Definition 5. We see that there is a
translation * or % that is considered between two formal sys-
tems H (Hilbert’s formalization of propositional calculus)
and B or H’ (Brouwer’s or Heyting’s formalization of propo-
sitional calculus). Gentzen’s idea on translation is a con-
servative translation (Definition 7) which indicates the im-
portance of direction, denoted as “<”. Moreover, Gentzen
translates implication, denoted as “—” directly rather than
in terms of “—"" and “A” (Go6del).



History: 1988 — 1973 — 1971 — The second system-
atic research on translation has been discussed by Ryszard
Wojcicki. Wjcicki based on the conception of conse-
quence operators to develop his idea about logic transla-
tion. Wdjcicki begun by considering language translation,
that is, he considers “the map” between languages. Next, he
considers “preserving” the consequence operators. In other
words, it is a derivability preserving schematic translation.
Apparently, his idea should be further taken as a system-
atic study of logic translation from an abstract logical point
of view, which can be traced back to Tarski’s idea of log-
ical consequence. Before going on we should consider one
different research made by Brown-Bloom-Suzuko’s abstract
logic. Brown-Bloom-Suzuko’s idea is considered to be a pi-
oneering point of view on abstract logic. In this way, we
can moreover understand the trend of abstract logic in Pol-
ish school.

Definition 14. (Bloom-Brown-Suszko, 1971, 1973) The ob-
jects of the category of abstract logics are ordered pairs
(S, Cn) consists of an abstract algebra S and a closure op-
erator C,, on S = |S|, the carrier (universe) of S. If S is a
non-empty set, C'n is a closure operator on S then (S, Cn)
is called a closure space.

Definition 15. Let Kl = <Sl, Cn1>, K2 = <SQ,C’I7,2> be
two closure spaces. A mapping [ from S; to Sy is said to
be continuous if f(Z) € Cny, for all Z € Cn. Here f(2)
is the inverse image of Z under f. The set of all continu-
ous maps of K into K is denoted as Hom (K7, Ks). If

both f and its inverse image f are continuous, i.e., f €
Hom(K,,K5) and f € Hom(K, K5), then a bijective
map f : S; — Sy is called as a homeomorphism between
K, and K.

Note here that Brown-Bloom-Suzuko’s idea on abstract
logic is a category-theoretical viewpoint of logic inspired by
topology. Naturally, they consider a logical morphism as the
translation between two abstract logics from a topological
point of view.

Adopting the position of abstract logic in the Polish style
with respect to consequence operations, Wojcicki had a sys-
tematic study on the logic translation as follows:

(Wéjcicki, 1988) Given two propositional languages 51,
So with the same variables, a mapping ¢t : 51 — Sz is a
translation from Sy to Sy iff two conditions is satisfied:

(i) There is a formula ¢(py) € Ss in one variable py such
that for each variable p, t(p) = ¢(p).

(i1) For each connective p; of S; there is a formula ¢; € So
such that for all terms o, ...,y € S1, k being the arity
of p;, we have that

sar)) = gi(tar/p1, ... tag /pr).

For two propositional calculi C; (51,Ch,),Co
(S2,Ch,), if there is a translation ¢ from S into S5 such
that for all X C S; and all « € 57,

a € Ch(X) e tae Cp,(t(X))

Hpi(a, .

then C; has a translation in Cs.
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History: 2006 — 1990 — The third systematic research on
translation has been discussed by Richard Epstein. Epstein’s
study on translation is divided into two parts, one is to study
a general idea on translation between propositional logics
(Epstein, 1990) and the other is to study the translation
within classical predicate logic (Epstein, 2006). Epstein’s
statements regarding translation can be considered at two
different levels— the level of propositional logic and that of
predicate logic level.

Definition 16. (Epstein, 1990) A validity mapping of a
propositional logic £ into a propositional logic £, is a map
t from language of £, to language Lo such that for every ¢,

Er, ¢ eFc, tl).

Definition 17. (Epstein, 1990) For any theory I', formula ¢,
if the mapping relation from ¢ to ¢#(T') = {t(¢) : ¢ € T'},

such that
I'r, o & (D) e, He)
then this mapping relation is a translation form logic £; to

logic Lo, deonted as £1 — Ls.

Definition 18. (Epstein, 2006) Given two theories T, R in
first-order classical predicate logic and a mapping ¢ from the
language of T to the language of R.
L. t is validity-preserving iff for every o, =1 ¢ iff =R .
2. tisatranslation of T into Riiff for every I'and o, T" =1 ¢
T H(T) o t(p).
Recall some basic notions: given a theory ¥ and a class of
models S. Th(S) = {¢ | for every M in S, M |= ¢}. We
have the idea of model-preserving mapping as follows:

(Epstein, 2006) LetT = Th(T) and R = Th(R) be two
theories with respect to classes of models 7, R in classical
predicate logic, 7 is a mapping from language of T to lan-
guage of R. If an onto mapping 7 from R to 7 such that for
every ¢ in language of T, every model M in R, the satisfac-
tion condition: 7(M) = ¢ iff M = 7(¢) holds, then 7 is a
model-preserving mapping with respect to 7 and R.
Theorem 19. (Epstein, 2006) Every model-preserving map-
ping is a translation.

Discussions and Outlook
So far, we have seen many different ideas about logic trans-
lation in literature. These ideas can roughly be classified as
two periods:
(i) Kolmogorov-Glivenko-Godel-Gentzen to  Esptein-
Wjcicki period (KGGG-EW): The point in this period
is to focus on logical relation f-.

(ii) Bloom-Brown-Suszko to Brazilian-Esptein-Wéjcicki pe-

riod (BBS-BEW): The point in this period is to focus con-
sequence relation C'n.

It is worth mentioning the difference here, since it expresses
that a logic has begun to be viewed as a finitary consequence
operator in period (ii). And it also expresses the trend of see-
ing logic in general or considering abstract logic, as Bloom-
Brown-Suszko did. The research line (BBS-BEW) of ab-
stract logic viewpoint from Bloom-Brown-Suszko to Brazil-
ian-Esptein-Wojcicki, which cares about “consequence op-
erator C'n”. Logics is characterized as sets with consequence



operator Cn, and translation as continuous functions be-
tween Cn. Although both lines are from the abstract log-
ical point of view, BBS-BEW line is different from the
KGGG-EW, from Kolmogorov-Glivenko-Godel-Gentzen
to Esptein-Wdjcicki, since the latter one cares about the
translation between classical logic and intuitionistic logic at
the beginning, then coined with the BBS-BEW line. In other
words, it becomes to discuss the concept of logic transla-
tion by considering the abstract logical structures instead of
studying translation of individual logics directly.

By translation paradox, we can see that the concept of the
strength of logics has been taken before beginning the dis-
cussion of translation of two logics. Moreover, we see that
the the stronger logic could be translated into the weakened
logic, but not vice versa. Similarly, historically speaking, we
see intuitionistic logic first appearing as a sublogic of clas-
sical logic. In this sense, people naturally consider intuition-
istic logic to be weaker than classical logic. However, it has
been shown that classical logic can be part of (or translated
into) intuitionistic logic in certain way, but not vice versa. It
means classical logic is weaker in certain way.

As a result of this paper, the relation of “weaker than”
should be clarified and distinct from the relation of sublogic.
Moreover, the relation of “sublogic” should be treated in a
rigorous way. We suggest that the clarification of the mean-
ing of sublogic and that of the strength of logics should be
within the framework of logic translation. Yet to clarifying
the studies of logic translation will express that the differ-
ence of logics can be indicated through translation.
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